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PREFACE. 

This  book  has  been  prepared  in  response  to  a  demand  for 
an  edition  of  the  Secondary  Algebra  containing  some  topics 
not  treated  in  the  latter.  To  the  end  of  Chapter  XXIX.,  it 
is  identical  with  the  second  edition  of  the  Secondary  Algebra. 

The  plan  and  scope  of  the  books  are  stated  in  the  preface 
to  the  latter: 

"  In  the  preparation  of  this  book,  the  aim  of  the  authors  has 
been  to  give  the  student  a  working  knowledge  of  the  ele- 
mentary processes  of  algebra,  with  a  conviction  of  the  truth 
of  principles  through  illustrations  and  particular  examples. 
Each  principle,  or  method,  is  therefore  first  clearly  illustrated 
by  numerous  and  simple  exercises  worked  in  the  text.  But 
the  student  is  not  left  to  assume  that  the  principles  are  thereby 
proved.  Even  a  beginner  should  not  be  encouraged,  by  text- 
book or  teacher,  to  accept  an  illustrative  example  as  a  proof, 
or  he  will  lose  much  of  the  educational  value  of  the  study. 

"  Particular  attention  has  been  paid  to  the  grading  of  the 
exercises. 

"The  introductory  chapter  extends  the  familiar  processes 
of  arithmetic  to  the  corresponding  processes  of  algebra.  The 
pupil  is  led  by  simple  exercises,  similar  to  those  in  arithmetic, 
to  understand  the  use  of  letters  to  represent  general  and 
unknown  numbers.  Negative  numbers  are  naturally  intro- 
duced  in  connection  with   the  extension  of   subtraction  of 
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arithmetical  numbers.  The  meaning  and  use  of  positive  and 
negative  numbers,  in  the  fjandamental  operations,  are  properly 
emphasized. 

"Equations  and  problems  are  distributed  throughout  the 
book.  The  importance  of  equivalent  equations  is  not  over- 
looked, but  is  very  briefly  and  simply  considered  in  Chapter 
IV.  Until  that  chapter  is  reached,  the  solutions  of  equations 
should  be  checked. 

"  All  the  matter  in  the  book  is  printed  in  large  type,  and 
much  pains  has  been  taken  to  make  the  pages  open  and 
attractive." 

To  this  it  may  be  added  that  the  aim  has  been  to  make  these 
books  riot  only  teachable  but  also  sound  in  doctrine.  As  the 
development  of  the  subject  advances,  formal  proofs  of  prin- 
ciples are  introduced,  until,  in  the  later  chapters,  simple,  but 
rigorous,  proofs  of  all  principles  are  given. 

The  complete  edition  not  only  meets  all  requirements  for 
admission  to  colleges  and  scientific  schools,  but  is  sufficiently 
full  for  the  ordinary  work  of  the  first  year  in  college. 


University  of  Pennsylvania, 
Philadelphia,  Pa. 


G.  E.  F. 
I.  J.  S. 
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CHAPTER  I. 

INTRODUCTION. 

GENERAL  NUMBER. 

1.  Algebra,  like  Arithmetic,  treats  of  number. 

2.  The  examples 

11        1        1  11^11       11       11 

are  particular  cases  of  the  following  principle : 

The  sum  of  two  fractions  which  have  a  common  denominator 
is  a  fraction  whose  denominator  is  the  common  denominator,  and 
whose  numerator  is  the  sum  of  the  numerators;  or,  more  briefly 
stated, 

1st  num,   ,    2d  num.  __  1st  num,  +  2d  num.^ 
com.  den,     com.  den.  com.  den. 

This  principle  can  be  stated  still  more  concisely  by  letting 
letters  stand  for  the  two  numerators  and  the  common  de- 
nominator. 

Let  a  stand  for  Ist  num.,  h  for  2d  num.,  and  c  for  com.  den. 
We  then  have 

a  ,  b     a  +  b 
c     c         c 

This  relation  states  by  means  of  letters,  or  symbols,  all  that 
IS  contained  in  the  verbal  statement.  The  letters  a,  b,  and  c 
stand  for  the  terms  of  any  two  fractions,  and  therefore  denote 
any  numbers  whatever. 

In  the  first  example  above,  a  =  2,  6  =  3,  c  =  7  j  in  the  second^ 
a  =  6,  6  =  4,  c  =  11. 
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2  ALGEBRA.  [Ch.  1 

3.  In  ordinary  Arithmetic  all  numbers  are  represented  by 
the  Arabic  numerals,  1,  2, 3,  etc.  Each  of  these  symbols  stands 
for  a  definite  number.  The  symbol  7,  for  instance,  stands  for 
a  group  of  seven  units,  the  symbol  5  for  a  group  oifive  units. 

But  in  Algebra,  such  symbols  as  a,  6,  x,  y,  are  used  to  repre- 
sent numbers  which  may  have  any  values  whatever^  as  in  Art.  2. 

For  the  sake  of  brevity  we  shall  say  the  number  a,  or  simply 
a,  meaning  thereby  the  number  denoted  by  the  symbol  a, 

4.  The  numbers  represented  by  letters  are,  for  the  sake  of 
distinction,  called  Literal  or  General  Numbers. 

EXBRGISES  L 

If  p  is  the  product  obtained  by  multiplying  a  by  b,  express 
in  symbols  the  following  principles  of  multiplication : 

1.  The  multiplicand  is  equal  to  the  product  divided  by  the 
multiplier.     Let  jo  =  35,  a  =  7,  6  =  5 ;  p  =  24,  a  =  3,  6  =  8. 

2.  The  multiplier  is  equal  to  the  product  divided  by  the 
multiplicand.     Let  p  =  63,  a=z9,  b  =  7 ,  p  =  40,  a  =  5,  6  =  8. 

If  q  is  the  quotient  obtained  by  dividing  m  by  w,  express  in 
symbols  the  following  principles  of  division : 

3.  The  dividend  is  equal  to  the  divisor  multiplied  by  the 
quotient.     Let  g  =  9,  m  =  99,  n  =  11 ;  g  =  6,  m  =  42,  w  =  7. 

4.  The  divisor  is  equal  to  the  dividend  divided  by  the  quo- 
tient.   Let  g  =  5,  m  =  45,  w  =  9 ;  g  =  6,  m  =  72,  w  =  12. 

State  in  verbal  language  the  principles  which  are  expressed 
in  symbols  in  the  following : 

_    a     6     a  —  b  It    ^  ^^      axe 

c      c         c  b     d     0  xd 

b     d     b     c  b  b 

^    a     a  xn  _^aa-5-n 

9.        == •  10.    —  = • 

d     d  xn  d     d-^n 

U-ie.  In  Exs.  5-10,  let  a  =  8,  6  =  7,  c=5,  d  =  6,  n  =  2 ; 
a  =  15,  h  =  Sj  c  =  11,  d  =  5,  w  =  5. 


8-8]  GEliTERAL  NUMBER.  8 

5.  As  was  assumed  in  Art.  2,  the  operations  of  Addition, 
Subtraction,  Multiplication,  and  Division  are  denoted  by  the 
same  symbols  in  Algebra  as  in  Arithmetic. 

Just  as  5-f  3,  read  five  plus  three,  means  that  3  is  to  be 
added  to  5 ;  so  a  +  6,  read  a  plus  b,  means  that  6  is  to  be 
added  to  a. 

Just  as  5  —  3,  read  five  minus  three,  means  that  3  is  to  be 
subtracted  from  5 ;  so  a  —  b,  read  a  minus  b,  means  that  b  is 
to  be  subtracted  from  a. 

Just  as  5  X  3,  read  five  multiplied  by  three,  means  that  5  is 
to  be  multiplied  by  3 ;  so  axb,  read  a  multiplied  by  b,  means 
a  is  to  be  multiplied  by  b. 

Just  as  10  -i-  5,  read  ten  divided  by  five,  means  that  10  is  to 
be  divided  by  5 ;  so  a -5-  6,  read  a  divided  by  b,  means  that  a  is 
to  be  divided  by  b. 

6.  Since  5x3  =  3x5,  either  number  may  be  taken  as  the 
multiplier,  the  other  as  the  multiplicand. 

If  the  number  on  the  left  be  taken  as  the  multiplier,  the 
symbol  of  multiplication  is  read  times  or  into. 

As,  5x3,  read  five  times  three,  if  5  be  regarded  as  the 
multiplier. 

A  dot  (•)  is  frequently  used,  instead  of  the  symbol  x,  to 
denote  multiplication ;  as  a  •  6  for  axb. 

7.  The  symbol  of  multiplication  between  two  literal  num- 
bers, or  one  literal  number  and  an  Arabic  numeral,  is  fre- 
quently omitted. 

E.g,,  the  product  a?  x  y  X  «,  or  a?  •  y  • «,  is  usually  written  xyz, 
and  is  read  oo-y-z. 

But  the  symbol  of  multiplication  between  two  numerals 
cannot  be  omitted  without  changing  the  meaning. 

E,g,,  if  in  the  indicated  multiplication,  3x6,  or  3  •  6,  the 
symbol,  x ,  or  •,  were  omitted,  we  should  have  36,  not  18. 

8.  In  a  chain  of  additions  and  subtractions  the  operations 
are  to  be  performed  successively  from  left  to  right. 

]S.g.,        7  +  4-3  +  2  =  11-3-1-2  =  8  +  2  =  10. 
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In  a  chain  of  multiplications  and  divisions  the  operations 
are  to  be  performed  successively  from  left  to  right. 

E.g.,      12x2  +  3x4  =  24-3x4  =  8x4  =  32. 

In  a  chain  of  additions,  subtractions,  multiplications,  and 
divisions,  the  multiplications  and  divisions  are  first  to  be  per- 
formed, and  then  the  additions  and  subtractions. 

E,g.,  2x3  +  8-5-4  =  6  +  2  =  8. 

9.  An  Algebraic  Expression  is  a  number  expressed  by  means 
of  the  signs  and  symbols  of  Algebra ;  as  x,  mn,  ab  —  cd,  etc. 

10.  The  Symbol  of  Equality,  =,  read  is  equal  to,  is  placed 
between  two  numbers  to  indicate  that  they  have  the  same  or 
equal  values ;  as  3  +  2  =  5. 

U.  The  Symbol  of  Inequality,  >,  read  is  greater  than,  is 
used  to  indicate  that  the  number  on  its  left  is  greater  than 
that  on  its  right ;  as  7  >  5. 

12.  The  Symbol  of  Inequality,  <,  read  is  less  than,  is  used  to 
indicate  that  the  number  on  its  left  is  less  than  that  on  its 
right;  as  3  <  4  +  2. 

13.  The  use  of  letters  to  represent  general  numbers  may  be 
illustrated  by  a  few  simple  examples. 

Ex.  1.  If  a  boy  has  3  books  and  is  given  2  more,  he  will 
have  3  +  2  books.  If  he  has  a  books  and  is  given  5  more,  he 
will  have  a-\-5  books.  If  he  has  m  books  and  is  given  n  more, 
he  will  have  m  +  n  books. 

Ex.  2  If  a  man  buys  5  city  lots  at  120  dollars  each,  he  pays 
120  X  5  dollars  for  the  lots.  If  he  buys  a  lots  at  150  dollars 
each,  he  pays  150  a  dollars  for  the  lots.  If  he  buys  u  lots  at  v 
dollars  each,  he  pays  vu  dollars  for  the  lots. 

Ex.  3.  If  a  train  runs  60  miles  in  two  hours,  it  runs  60  -^  2 
miles  in  1  hour.  If  it  runs  a  miles  in  5  hours,  it  runs  a-i-5 
miles  in  1  hour.  If  it  runs  p  miles  in  q  hours,  it  runs  p  -i-  q 
roile«  ID  1  hour. 
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Ex.  4.  If,  in  a  number  of  two  digits,  the  digit  in  the  units^ 
place  is  3  and  the  digit  in  the  tetis'  place  is  5,  the  number  is 
10  X  5  +  3.  If  the  digit  in  the  units'  place  is  a  and  the  digit 
in  the  tens'  place  is  b,  the  number  is  10  6  +  a. 

Ex.  5.   Just  as  2  =  1  + 1,  and    3  =  1+1  +  1, 
so  2 a  =  a  +  a,  and  3a  =  a  +  a  +  a. 

Therefore,  just  as  3  +  2  =  5,  so  3a  +  2a  =  6a. 

In  like  manner,  6a?  —  3a:  =  2a?; 

and  ^x  +  ix^ix. 

BXEBCISES  IL 
Head  the  following  expressions : 

1.   a  +  6.  2.   m  —  w.  3.   axb.  4.   m  -i-  n. 

5.   4a?  +  2y.      6.   3m-8n.      7.   4a  x  56.  8.   7a:-^3y. 

9.   a  +  6  +  c.  10,   X  —  y  +  z.  11.  m  —  n  —  ^. 

12.   4  a  —  c  +  3  d        13.   ab  -\- be  —  cu:.       14.  3  icy  —  5  bed. 

15.  A  father  is  n  years  older  than  his  son.  How  old  is  the 
father,  if  the  son  is  10  years  old  ?     If  the  son  is  x  years  old? 

16.  A  boy  rides  his  bicycle  x  miles  and  then  walks  y  miles. 
How  many  miles  does  he  go  altogether  ? 

17.  A  man  has  $  d.  If  he  spends  $  10,  how  many  dollars 
has  he  left  ?     If  he  spends  $  z,  how  many  dollars  has  he  left  ? 

18.  A  man  is  now  n  years  old.  How  old  was  he  8  years  ago  ? 
m  years  ago?  How  long  must  he  live  to  be  75  years  old? 
How  long  to  be  y  years  old  ? 

19.  If  one  pencil  costs  3  cents,  how  much  do  5  pencils  cost? 
X  pencils? 

20.  If  one  pencil  costs  c  cents,  how  much  do  z  pencils  cost  ? 

21.  How  many  square  feet  are  there  in  a  floor  15  feet  long 
and  20  feet  wide  ?    In  a  floor  a  feet  long  and  b  feet  wide  ? 


6  ALGEBRA.  [Ch.  1 

22.  A  train  runs  m  miles  in  1  hour.  How  many  miles  will 
it  run  in  4  hours  ?     In  6  hours  ? 

23.  A  train  runs  m  miles  in  8  hours.  How  many  miles  will 
it  run  in  1  hour  ?  If  it  runs  m  miles  in  h  hours,  how  many 
miles  will  it  run  in  1  hour  ? 

24.  A  boy  paid  c  cents  for  5  note-books.  How  much  did  he 
pay  for  each  ?  If  he  paid  c  cents  for  n  note-books,  how  much 
did  he  pay  for  each  ? 

25.  In  3  dimes  there  are  10  x  3  cents.  How  many  cents  in 
d  dimes  ?     In  x  dimes  ? 

26.  How  many  cents  in  a  dollars  and  b  dimes  ?  In  a?  dollars, 
y  dimes,  and  z  cents  ? 

27.  10  X  2,  10  X  3,  10  X  4,  etc.,  are  particular  multiples  of 
10.     Write  any  multiple  of  10. 

2a  Write  a  number  containing  8  units  and  5  tens.  Contain- 
ing u  units  and  t  tens. 

29.  Write  a  number  containing  h  hundreds,  t  tens,  and  u 
units.     Containing  a  hundreds,  b  tens,  and  c  units. 

What  are  the  values  of  the  following  expressions  ? 

30.  a  +  a.  31.   a-f  2a.  32.   x  +  Sx. 
33.  a  — a.  3At,  2a-'a  35.   32  — 2?. 
36.  3c-f-5c.  37.   5d  — 3c7.  38.  8aj-f5aj. 
39.  8  aj  — 6  a?.  40.   aj-f^a;.  41.   a;  — ^a;. 
42.  I  a-f- ^  a.  43.   I  a  — J  a.  44.   5  m  — |m. 
45.  a-f-2a-f-3a.  46.   a  +  2a  — 3a.  47.   52;  +  82-f4«. 
48.  82  — 52-f42.  49.   9a;-f 3a;  — 8a?.  50.   9y  — 4y  — 3y. 

51.  A  man  has  $  10  x.  If  he  receives  f  8  a;,  how  many  dol- 
lars will  he  have?  If  he  spends  f  6a;,  how  many  dollars  will 
he  have  left  ? 

52.  A  boy  paid  3  x  cents  for  pencils  and  8  x  cents  for  note- 
books. How  much  did  he  pay  for  both  ?  How  much  more  for 
note-books  than  for  pencils  ? 
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53.  A  girl  has  x  dimes  and  3  x  cents.  How  many  cents  has 
she? 

54.  A  girl  has  a  dollars.  If  she  spends  7  a  dimes,  how  many 
dimes  will  she  have  left?  If  she  spends  85a  cents,  how  many 
cents  will  she  have  left? 

55.  A  man  has  $46  a?.  If  he  spends  $  7  a?  for  a  lot,  and  $  32  a? 
for  a  house,  how  many  dollars  will  he  have  left? 

56.  A  boy  rides  a  wheel  x  miles  and  then  walks  160  ir  rods. 
How  many  rods  did  he  go  altogether  ?  How  many  rods  more 
did  he  ride  than  walk  ? 

57.  The  width  of  a  room  is  x  yards,  and  the  length  is  2  a? 
feet  greater  than  the  width.  How  many  feet  are  there  in  the 
length  of  the  room? 

AziomB. 

14.  An  Axiom  is  a  truth  so  simple  that  it  cannot  be  made 
to  depend  upon  a  truth  still  simpler. 

AJgebra  makes  use  of  the  following  mathematical  axioms  • 
(i.)  Every  number  is  equal  to  itself.    E,g,^  7  =  7,  a  =  a, 
(ii.)  The  whole  is  equal  to  the  sum  of  all  its  parts. 
E.g.,  7  =  3  +  4,  5  =  1  +  1+1  +  1  +  1. 

(iii.)  If  two  numbers  he  equal,  either  can  replace  the  other  in 
any  algebraic  expression  in  which  it  occurs. 

E.g.,  If  a-\-b=Cf  and  6=2,  then  a+2=c,  replacing  b  by  2. 

(i V.)  Two  numbers  which  are  ea^h  equal  to  a  third  number  are 
equal  to  each  other. 

E.g.,  If  a  =  6,  and  c  =  6,  then  a=sc. 

(v.)  The  whole  is  greater  than  any  of  its  parts;  and,  con- 
versely, any  part  is  less  than  the  whole. 
E.g.,  3  +  2  >  2  and  2  <  3  +  2. 

15.  Literal  numbers,  as  has  been  stated,  are  numbers  which 
may  have  any  values  whatever.  But  it  is  frequently  necessary 
to  assign  particular  values  to  such  numbers. 
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16.  Substitution  is  the  process  of  replacing  a  literal  number 
in  an  algebraic  expression  by  a  particular  value.  See  axiom 
(iii.).  Simple  examples  in  substitution  -have  already  been 
given  in  Art.  2. 

Ex.  1.   If,  in  a  +  h,  we  let  a  =  3  and  6  =  5,  then 
a  +  &=34-5  =  8,  or  a+b=zS. 

Ex.  2.  If,  in  a  -f  6  -  2  a  +  3  6  -  c,  we  let  a  =  6,  6  =  11, 
c  =  l,  we  have 

a  +  6- 2a +  36-0=6  +  11-2x6  +  3x11-1 
=  6  +  11-12+33-1  =  37. 

Ex.  3.  If,  in  the  last  example,  a  =  3,  6  =  1,  and  c  =  1,  we 
have  a  +  6-2a  +  36-c  =  3  +  l-6  +  3-l=4-6  +  3-l. 

We  cannot  further  reduce  4—6+3—1,  since  we  are  unable, 
as  yet,  to  subtract  6  from  4. 

EXERCISES  III. 

When  a  =  10,  6  =  5,  c  =  3,  find  the  values  of  the  following 
expressions : 

1.   a  +  6.  2.  a  —  6.  3.  ab, 

4.   a-^6.  5.  a  +  6  — c.  6.  a  — 6  +  c. 

7.   a  — 6  — c.  8.  c  +  3a.  9.  56  — 3c. 

10.   2a  +  36^5c.  11.  5a— 26  — 6c.  12.  3a  — 56  +  8c. 

13.   7a6.  14.  2a6c.  15.  3a66. 

16.   2ab  +  5ac.  17.  3ac  — 56c.  18.  5aa  — 366. 

19.  2a6  — 3ac  +  56c.                    20.  5aa  — 366  +  6cc. 

Fundamental  Principles. 

17.  The  following  principles  are  obtained  directly  from  the 
axioms : 

(i.)  If  the  same  number,  or  equod  numbers,  be  added  to  equal 
numbers,  the  sums  will  be  equal. 
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(ii.)  If  the  same  number,  or  equal  numbers,  be  subtracted  from 
equal  numbers,  the  remainders  uoiU  be  equal. 

(iii.)  If  equcd  numbers  be  multiplied  by  the  same  number,  or 
by  equal  numbers,  the  products  will  be  equal, 

(i  V.)  If  equal  numbers  be  divided  by  the  same  number  (except  0), 
or  by  equal  numbers,  the  quotients  will  be  equal. 

E.g.,  if  Sx  =  6, 

then  3aj  +  2  =  6+2,    3a?-5  =  6-5, 

3ajx4  =  6x4,    3a?-f-3  =  6-H3. 

EquationB. 

18.  An  Equation  is  a  statement  that  two  expressions  are 
equal;  as  7x9  =  63,  4x7+3  =  31. 

The  First  Member  of  an  equation  is  the  expression  on  the  left 
of  the  symbol  = ;  the  Second  Member  is  the  expression  on  the 
right  of  the  symbol  =. 

19.  Ex.  1.   What  is  the  value  of  x  in  the  equation 

Sx-hSx  =  22? 
Since  3  a? +  8  a?  =  11  a,  we  have 

11  a;  =  22. 
Dividing  both  members  by  11  [Art.  17,  (iv.)], 

x  =  2. 
To  check  this  result  we  substitute  2  for  x  in  the  equation 
3a?  +  8a;  =  3x2+8x2  =  6  +  16  =  22. 

Ex.  2.   If  8  a?  —  3  a?  has  the  value  20,  what  is  the  value  of  a;  ? 
We  have  8aj  — 3a;  =  20. 

Or,  since  8aj  —  3a?=5a?,  5aj  =  20. 

Dividing  both  members  by  5,    a?  =  4. 
Check:    8x4-3x4  =  32-12  =  20. 
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20.  An  Unknown  Number  of  an  equation  is  a  number  whose 
value  is  to  be  found  from  the  equation. 

The  Known  Numbers  of  an  equation  are  the  numbers  whose 
values  are  given. 

In  the  equation  a?  + 1  =  3, 

the  unknown  number  is  x,  and  the  known  numbers  are  1  and  3. 

Unknown  numbers  are  usually  represented  by  the  final 

letters  of  the  alphabet,  x,  y,  z,  etc.,  as  in  the  above  examples. 

EXERCISES  IV. 

Find  the  value  of  a?  in  each  of  the  following  equations : 

1.  3a?  =  9.  2.  6aj  =  18.  3.  5aj  =  0. 

4.  ta?  =  4.  5.  iaj  =  5.  6.   ^x  =  0. 

7.  |aj  =  6.  a  |aj  =  16.  9.  |a;  =  21. 

10.  x  +  x  =  S.  11.  x  +  5x  =  24:.       12.   5a?  +  4a;  =  45. 

13.   5aj-4a?=3.      14.  6aj-3ic=9.      15.  7x-5x  =  12. 

16.  X+SX  +  5X  —  1S.  17.   2x+5x  +  Sx  =  20. 

18.   7x  +  Sx  +  5x  =  90.  19.   5ic  +  4a?-6a?=15. 

20.  8a?  — 5aj  +  aj  =  12.  21.   llx+7x  —  5x  =  26. 
22,   x  +  \x=6.                            23.   a;-iic  =  10. 

24.  24aj  +  |aj  =  149,  25.  3a;  +  |a?=:30. 

26.  5aj  — |aj  =  33.  27.   2iaj-|a?  =  14. 

28.  aj  +  iaj  +  |aj  =  28.  29.  2a;-^a;  +  |a?  =  34. 

30.  |a?  +  f a?  — ia;  =  54.  31.   5a;  — |a?  — ^a?  =  62. 

Problems  solved  by  Equations. 

21.  A  Problem  is  a  question  proposed  for  solution. 
Another  use  of  literal  numbers  is  shown  by  the  following 

problems : 

Pr.  1.  The  older  of  two  brothers  has  twice  as  many  marbles 
as  the  younger,  and  together  they  have  33  marbles  How 
many  has  the  younger? 
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The  number  of  marbles  the  younger  brother  has  is,  as  yet, 
an  tmknown  number. 

Let  us  represent  this  unknown  number  by  some  letter,  say  x. 

Then,  since  the  older  brother  has  twice  as  many,  he  has 
2x  marbles. 

The  problem  states, 

in  verbal  language :  tJie  xiumber  of  marbles  the  younger  has  plus 
the  number  the  older  Jicta  is  equal  to  33 ; 

in  algebraic  language,   a;  +  2  a?  =  33, 

or,  3  a:  =  33. 

Dividing  both  members  of  the  last  equation  by  3,  we  have 

a:  =  11, 
the  number  of  marbles  the  younger  has. 

The  older  has,    2  a?,  =  2  x  11,  =  22  marbles. 

To  check  this  result,  we  substitute  11  for  x  in  the  equation 
of  the  problem : 

aj4-2aj=  11  4-22  =  33. 

Notice  that  the  letter  x  stands  for  an  abstract  number.  The 
beginner  must  never  put  x  for  marbles,  distance,  time,  etc., 
but  for  the  number  of  marbles,  of  miles,  of  hours,  etc. 

Pr.  2.  Divide  62  into  three  parts,  so  that  the  second  shall 
be  one-half  of  the  first,  and  the  third  one-fourth  of  the  second. 

Let  x  stand  for  the  first  part. 

Then  ^  x  stands  for  the  second  part, 

and  i  X  i  a?,  =  J^  a?,  stands  for  the  third  part. 

The  problem  states, 

in  verbal  language :  the  first  part,  plus  the  second  part,  plus  the 
third  part,  is  equal  to  52 ; 

in  algebraic  language,  a?-f^a;4-J^aj  =  52, 

or,  i^a;  =  52. 
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Dividing  both  members  of  the  last  equation  by  13, 

Multiplying  both  members  of  this  equation  by  8, 
x  =  S2, 
the  first  part.    Then  the  second  part  is 

^x,  =^x32,  =16, 
and  the  third  part  is 

ix,  =ix32,  =4. 

Check:  aj4-iaJ4-iaJ  =  32-1-16  4-4  =  52. 

22.  In  stating  problems  in  algebraic  language,  the  beginner 
should  observe  the  following  directions : 

(i.)  Read  the  problem  carefully,  and  note  what  are  the  numbers 
whose  values  are  required. 

(ii.)  Let  some  letter,  say  x,  stand  for  one  of  the  required 
numbers. 

(iii.)  The  problem  will  contain  statements  about  the  values  of 
other  numbers.  Use  these  statements  to  express  their  values  in 
terms  of  x. 

(iv.)  Express  concisely  in  verbal  language  a  statement  in  the 
problem  which  furnishes  an  equation, 

(v.)  Express  this  statenient  in  algebraic  language. 

EXERCISES  V. 

1.  What  number  is  five  times  x?    Twelve  times  x? 

2.  Five  times  a  number  is  80.    What  is  the  number  ? 

3.  Twelve  times  a  number  is  132.     What  is  the  number  ? 

4.  The  greater  of  two  numbers  is  four  times  the  less.  If 
the  less  is  a;,  what  is  the  greater  ?  What  is  their  sum  ?  Their 
difference  ? 

5.  The  greater  of  two  numbers  is  four  times  the  less.  If 
their  sum  is  75,  what  are  the  numbers  ? 
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6.  The  greater  of  two  numbers  is  seven  times  the  less.  If 
their  difference  is  72,  what  are  the  numbers  ? 

7.  A  father  is  three  times  as  old  as  his  son.  If  the  son  is 
X  years  old,  how  old  is  the  father  ?  What  is  the  sum  of  their 
ages  ?    How  much  older  is  the  father  than  the  son  ? 

8.  A  father  is  three  times  as  old  as  his  son,  and  the  sum  of 
their  ages  is  48  years.     How  old  is  each  ? 

9.  A  father  is  five  times  as  old  as  his  son.  If  the  father  is 
32  years  older  than  his  son,  what  are  their  ages  ? 

10.  At  an  election  A  received  twice  as  many  votes  as  B,  and 
his  majority  was  138.     How  many  votes  did  each  receive  ? 

11.  In  a  company  are  32  persons.  The  number  of  children 
is  three  times  the  number  of  adults.  How  many  are  there  of 
each  ? 

12.  Two  trains  leave  Philadelphia  in  opposite  directions. 
After  one  hour  they  are  60  miles  apart.  If  one  has  gone  three 
times  as  far  as  the  other,  how  many  miles  is  each  from  Phila- 
delphia ? 

13.  Two  trains  leave  Chicago  in  the  same  direction.  After 
one  hour  they  are  20  miles  apart.  If  one  has  gone  twice  as  far 
as  the  other,  how  far  is  each  from  Chicago  ? 

14.  A  man  pays  $  55  in  one-dollar  bills  and  ten-dollar  bills, 
if  he  pays  the  same  number  of  one-dollar  bills  as  of  ten-dollar 
bills,  how  many  of  each  does  he  pay  ? 

15.  In  a  number  of  two  digits,  the  tens'  digit  is  three  times 
the  units'  digit,  and  their  sum  is  8.  What  are  the  digits  ? 
What  is  the  number  ? 

16.  In  a  number  of  two  digits,  the  units'  digit  is  twice  the 
tens'  digit,  and  their  difference  is  3.     What  is  the  number  ? 

17.  What  is  the  sum  of  twice  x  and  six  times  x?  The 
difference  ? 

18.  If  twice  a  number  is  added  to  six  times  the  same  num- 
ber, the  sum  will  be  96.     What  is  the  number  ? 
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19.  If  four  times  a  number  is  subtracted  from  seven  times 
the  same  number,  the  remainder  will  be  72.  What  is  the 
number  ? 

20.  A  traveller  first  rides  his  bicycle  9  miles  an  hour.  He 
then  rides  the  same  number  of  hours  in  a  car  35  miles  an  hour. 
If  he  travels  132  miles,  how  many  hours  did  he  ride  his  bicycle  ? 

21.  Two  trains  run  out  of  New  York  in  opposite  directions. 
One  runs  42  miles  an  hour,  the  other  34  miles  an  hour.  After 
how  many  hours  will  they  be  228  miles  apart  ? 

22.  Two  trains  run  out  of  New  York  in  the  same  direction. 
One  runs  38  miles  an  hour,  the  other  34  miles  an  hour.  After 
how  many  hours  will  they  be  32  miles  apart  ? 

23.  A  boy  has  75  cents  in  dimes  and  fivetcent  pieces.  He 
has  the  same  number  of  dimes  as  of  five-cent  pieces.  How 
many  coins  of  each  kind  has  he  ? 

.  24.  A  owes  B  $40.  He  pays  his  debt  in  ten-dollar  bills, 
and  receives  in  change  the  same  number  of  two-dollar  bills. 
How  many  ten-dollar  bills  did  A  pay  B  ? 

25.  A  cistern  has  two  pipes.  One  lets  in  8  gallons  a  minute, 
and  the  other  15  gallons  a  minute.  If  the  cistern  holds  207 
gallons,  how  many  minutes  will  it  take  the  pipes  to  fill  it  ? 

26.  A  cistern  has  two  pipes.  One  lets  in  11  gallons  a  minute, 
and  the  other  lets  out  6  gallons  a  minute.  How  many  minutes 
will  it  take  the  one  pipe  to  let  in  85  gallons  more  than  the 
other  lets  out  ? 

27.  What  is  the  sum  of  a?,  four  times  x,  and  seven  times  x  ? 
Of  X,  twice  a;,  and  five  times  x  ? 

2a  The  sum  of  a  certain  number,  four  times  the  number, 
and  seven  times  the  number  is  96.     What  is  the  number  ? 

29.  Three  boys.  A,  B,  and  C,  together  have  21  pencils.  B 
has  twice  as  many  as  A,  and  C  four  times  as  many  as  A. 
How  many  has  A  ?     How  many  has  each  ? 

30.  Divide  147  into  three  parts,  so  that  the  second  part  shall 
be  four  times  the  first,  and  the  third  part  twice  the  first. 
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31.  A  merchant  receives  $  64  in  ten-dollar  bills,  five-dollai 
bills,  and  one-dollar  bills.  He  receives  the  same  number  of 
each  kind.     How  many  of  each  does  he  receive  ? 

32.  At  an  election  726  votes  were  cast.  A,  B,  and  C  were 
candidates.  B  received  three  times  as  many  votes  as  C,  and  A 
twice  as  many  as  C.    How  many  votes  did  each  receive  ? 

33.  A  cistern  has  three  pipes.  The  first  lets  in  6  gallons  a 
minute,  the  second  9  gallons  a  minute,  and  the  third  12  gallons 
a  minute.  If  the  cistern  holds  243  gallons,  hpw  long  will  it 
take  the  pipes  to  fill  it  ? 

34.  A  cistern  has  three  pipes.  The  first  lets  in  5  gallons  a 
minute,  the  second  14  gallons  a  minute,  and  the  third  lets  out 
10  gallons  a  minute.  How  many  minutes  will  it  take  the  two 
pipes  to  let  in  108  gallons  more  than  the  third  pipe  lets  out  ? 

35.  An  estate  of  $9600  is  divided  among  2  sons  and  2 
daughters.  The  sons  receive  equal  amounts,  and  a  daughter 
receives  three  times  as  much  as  a  son.  How  many  dollars 
does  each  receive  ? 

36.  What  is  twice  S  x?    Seven  times  5x?    Four  times  9x? 

37.  A  receives  x  dollars,  B  receives  three  times  as  much  as 
A,  and  C  receives  twice  as  much  as  B.  How  many  dollars 
does  C  receive  ?     How  many  dollars  do  all  receive  ? 

38.  Three  boys.  A,  B,  and  C,  together  receive  $  70.  B  re- 
ceives three  times  as  much  as  A,  and  C  twice  as  much  as  B. 
How  many  dollars  does  each  receive  ? 

39.  A  merchant's  profits  doubled  each  year  for  three  years. 
If  his  profits  for  the  three  years  were  $  8750,  what  were  his 
profits  the  first  year  ? 

40.  In  a  company  are  50  persons.  The  number  of  women  is 
three  times  the  number  of  men,  and  the  number  of  children  is 
twice  the  number  of  women.  How  many  of  each  are  in  the 
company  ? 

41.  What  number  is  i  of  a?  ?    fofa?? 
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42.  If  ^  of  a  number  is  16,  what  is  the  number  ? 

43.  The  less  of  two  numbers  is  f  of  the  greater.  If  the 
greater  is  x,  what  is  the  less  ?  What  is  their  sum  ?  Their 
difference  ? 

44.  The  less  of  two  numbers  is  f  of  the  greater.  If  their 
sum  is  91,  what  are  the  numbers  ? 

45.  A  and  B  together  have  $  1133.  If  B  has  ^  as  much  as  A, 
how  many  dollars  has  each  ? 

46.  A  has  f  31  more  than  B.  If  B  has  f  as  much  as  A,  how 
many  dollars  has  each  ? 

47.  Two  boys,  A  and  B,  catch  36  fish.  If  A  catches  f  as 
many  as  B,  how  many  fish  does  each  catch  ? 

48.  A  workman  pays  ^  of  his  wages  for  board.  If  he  has 
left  $  8  each  week,  what  are  his  wages  ? 

49.  Two  boys  together  solve  65  problems.  If  the  first 
solves  I  as  many. as  the  second,  how  many  problems  does 
each  solve  ? 

50.  A  solves  21  more  problems  than  B.  If  B  solves  |  as 
many  as  A,  how  many  problems  does  each  solve  ? 

51.  A  tree  126  feet  high  is  broken  by  the  wind.  If  the  part 
left  standing  is  ^  of  the  part  broken  off,  how  long  is  each 
part? 

52.  What  is  the  sum  oi\oix  and  f  of  a;  ?    The  difference  ? 

53.  If  ^  of  a  number  is  added  to  f  of  the  same  number,  the 
sum  will  be  39.     What  is  the  number  ? 

54.  If  f  of  a  number  is  subtracted  from  f  of  the  same  num- 
ber, the  remainder  will  be  3.     What  is  the  number  ? 

55.  If  to  a  number  is  added  \  of  itself  and  f  of  itself,  the 
sum  will  be  50.     What  is  the  number  ? 

56.  Three  boys,  A,  B,  and  C,  together  have  29  pencils.  B 
has  f  as  many  as  A,  and  C  has  f  as  many  as  A.  How  many 
pencils  has  each? 
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57.  Divide  104  into  three  parts,  so  that  the  first  shall  be 
three  times  the  second,  and  the  third  ^  of  the  second. 

58.  A  man  makes  a  journey  of  69  miles.  He  goes  f  as  far 
by  boat  as  by  train,  and  ^  as  far  by  stage  as  by  train.  How 
many  miles  does  he  go  by  each  conveyance  ? 

59.  What  is  I  of  three  times  a?    Twice  |  of  a??    f  off  of  a? 

60.  The  second  of  three  numbers  is  three  times  the  first,  and 
the  third  is  ^  of  the  second.  If  the  first  number  is  x,  what 
is  the  second  ?  The  third  ?  What  is  the  sum  of  the  three 
numbers  ? 

61.  The  sum  of  three  numbers  is  99.  The  second  is  four 
times  the  first,  and  the  third  is  |  of  the  second.  What  are 
the  numbers  ? 

62.  The  width  of  a  field  is  |  of  its  length,  and  the  distance 
around  it  is  88  rods.  What  is  the  width  and  the  length  of 
the  field? 

63.  The  sum  of  $420  is  divided  among  A,  B,  and  C. 
B  receives  -J  as  much  as  A,  and  C  as  much  as  A  and  B 
together.     How  many  dollars  does  each  receive  ? 

64.  A  sells  a  nimiber  of  apples  at  2  cents  apiece,  and  B  sells 
J  as  many  at  3  cents  apiece.  If  they  receive  together  87  cents, 
how  many  apples  does  each  sell  ? 

Parentheses. 

23.  Parentheses,  (),  and  Brackets,  [],  are  used  to  indicate 
that  whatever  is  placed  within  them  is  to  be  treated  as  a  whole. 

E.g.,  10  —  (2  +  5)  means  that  the  result  of  adding  5  to  2,  or 
7,  is  to  be  subtracted  from  10 ;  that  is, 

10  -  (2  4-  5)  =  10  -  7  =  3. 

But  10  —  2  +  6  means  that  2  is  to  be  subtracted  from  10  and 
5  is  then  to  be  added  to  that  result;  that  is, 

10-2  +  5  =  8-1-5  =  13. 
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In  like  manner,  [27  —  (3  +  2)  x  6]  -f-  2  means  that  the  result 
of  multiplying  the  sum  3  +  2  by  5  is  first  to  be  subtracted 
from  27,  and  the  remainder  is  then  to  be  divided  by  2 ;  that  is, 

[27  -  (3  4- 2)  X  6] -h  2  =  [27  -  26]  +  2  =  2  +  2  =  1, 

Likewise,  (a+b)c  is  the  result  of  midtiplying  a+b  by  c,  etc. 

BXEBCSISBS  VI. 
Find  the  value  of  each  of  the  following  expressions : 

X.  10  +  (3  +  2).       2.  10-(3  +  2).  3.  10  +  (3-2). 

4.  l0-(3-2).       5.  27-(18-ll).      6.  63  +  (40  +  7). 

7.  97 +  (11 -8).     a  58 -(16 -7).        9.  99+(18-17). 
XO.  6(8  +  2).  U.  6(11-6).  12.  (10 +  16) +  6. 

13.  10+(16+6).      14.  (12-4)^-2.        15.  12 -(4^-2). 
16.  (16 -3) +  (18 -6).  17.  (16 -2) -(20 -8). 

la  (4  +  6)(8-3).  19.   (8  +  12)-^(7-2). 

20.  20  +  [11  -  (6  +  2)].  21.  28 -[16 -(6 +  3)]. 

22.   [26-(14  +  6)]x6.  23.   [27 -(18 -12)] +  7. 

When  a  =  12,  6  =  6,  c  =  3,  find  the  values  of : 
24.   a4-(&  — c).  25.  a  — (6  4-c).  26.  a  —  (b  —  c). 

27.  c4-5(a-6).        28.  4a-2(64-c).     29.  6[c  +  (a-6)]. 
30.  a[a-K^4-c)].     31.  [a-(6-c)]-hc.   32.  [6+(a-c)]-f-c. 

POSITIVE  AND  NEGATIVE  NUMBERS,  OR  ALGEBRAIC 
NUMBERS. 

24.  In  ordinary  Arithmetic  we  subtract  a  number  from  an 
equal  or  a  greater  number.  We  are  familiar  with  such  opera- 
tions as 

5  4  3         minuend 

3  3  3         subtrahend  (i.) 

2  10         remainder 
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But  such  operations  as 

2  10         minuend 

3  3  3         subtrahend  ("•) 

?  ?  ?         remainder 

have  not  occurred  in  ordinary  Arithmetic.  In  Arithmetic  we 
cannot  subtract  from  a  number  more  units  than  are  contained 
in  the  number. 

Now,  as  the  minuend  in  (i.)  decreases,  the  remainder  de- 
creases. When  the  minuend  is  equal  to  the  subtrahend,  the 
remainder  is  0.  If  then,  as  in  (ii.),  the  minuend  become  less 
than  the  subtrahend,  the  remainder  must  become  less  than  0. 

The  operation  of  subtracting  a  greater  number  from  a  less  is 
therefore  possible  only  when  numbers  less  than  zero  are  assumed, 

25.  Numbers  less  than  zero  are  called  Negative  Numbers. 
Numbers  greater  than  zero  are,  for  the  sake  of  distinction, 
called  Positive  Numbers. 

Positive  and  negative  numbers  are  called  Algebraic  or  Rela- 
tive Numbers. 

A  positive  number  may  be  indicated  by  placing  a  small  sign, 
+,  before  the  symbols  for  one,  two,  three,  etc. ;  as  +1,  +2,  +3,  etc., 
read  positive  one,  positive  tioo,  positive  three,  etc. 

A  negative  number  may  be  indicated  by  placing  a  small  sign, 
"",  before  the  symbols  for  one,  two,  three,  etc. ;  as  ~1,  "2,  ~3,  etc., 
read  negative  one,  negative  two,  negative  three,  etc. 

We  can  now  write  (i.)  and  (ii.)  as  follows : 

+5  +4  +3  +2  +1  0    min. 

+3  +3  +3  +3  +3  +3    sub.  (iii.) 

+2  +1  0  -1  -2  -3    rem.  J 

26.  From  the  preceding  article  we  have : 

Zero  is  the  result  of  subtracting  a  number  from  an  equal 
number. 

E.g,,  0  =  +7  -  +7  =  -5  -  -5  =  +/I  -  +/I  =  -/I  -   n. 
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27.  We  thus  have  in  Algebra  the  series  of  numbers, 

...,  +5,  +4,  +3,  +2,  n,  0,  -1,  -2,  -3,  -4,  S,  ..-, 

wherein  the  signs,  •••,  indicate  that  the  succession  of  numbers 
continues  without  end  in  both  directions.  This  series  is  usu- 
ally written  with  the  positive  numbers  on  the  right,  as 

.  .,  -5,  -4,  -3,  -2,  -1,  0,  +1,  +2,  +3,  +4,  +6,  .... 

28.  In  this  series  the  numbers  increase  by  one  from  left  to 
right,  and  decrease  by  one  from  right  to  left.  Or,  a  number  is 
greater  than  any  number  on  its  left,  and  less  than  any  number 
on  its  right. 

Thus,  '^2  is  one  unit  greater  than  +1,  two  units  greater  than 
0,  three  units  greater  than  ~1,  etc.  Again,  "3  is  three  units 
greater  than  ~6,  two  units  less  than  ~1,  three  units  less  than 
0,  etc. 

29.  The  signs  "*"  and  "  are  called  signs  of  quality;  the  signs 
4-  and  — ,  signs  of  operation.  The  two  sets  of  signs  must,  as 
yet,  be  carefully  distinguished. 

30.  The  Absolute  Value  of  a  number  is  the  number  of  units 
contained  in  it  without  regard  to  their  quality, 

E.g,y  the  absolute  value  of  +4  is  4,  of  ~5  is  5. 

31.  From  the  results  of  the  preceding  articles,  we  obtain  the 
following  general  relations : 

(i.)  Of  two  positive  numbers,  that  number  is  the  greater  which 
has  the  greater  absolute  value;  and  that  number  is  the  less  which 
has  the  less  absolute  value, 

(ii.)  Of  two  negative  numbers,  that  number  is  the  greater  which 
has  the  less  absolute  value;  and  that  number  is  the  less  which  has 
the  greater  absolute  value. 

For  example,  ~3  >  ~5,  or  ~5  <  ~3,  since  ~5  is  five  units  less 
than  0,  and  "3  is  only  three  units  less  than  0. 
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32.  It  is  important  to  notice  that  a  negative  remainder  does 
not  mean  that  more  units  have  been  taken  from  the  minuend 
than  were  contained  in  it ;  such  a  remainder  indicates  that  the 
subtrahend  is  greater  than  the  minuend  by  as  many  units  as  are 
contained  in  the  remainder. 

Thus,  in  '•"15  —  '•"25  =  "10,  the  remainder,  "10,  indicates  that 
the  subtrahend  is  10  units  greater  than  the  minuend. 

33.  It  is  evidently  necessary  thus  to  enlarge  the  meaning 
of  subtraction  in  such  an  expression  as  a  —  &.  For,  if  a  and  b 
are  to  have  any  values  whatever,  the  case  in  which  b  is  greater 
than  a,  that  is,  in  which  the  subtrahend  is  greater  than  the  minu- 
end, must  be  included  in  the  Operation  of  subtraction. 

34.  Negative  numbers  have  been  introduced  by  extending 
the  operation  of  subtraction.  But  it  is  necessary  to  treat  them 
as  numbers  apart  from  this  particular  operation,. 

As  in  Arithmetic,  so  in  Algebra,  any  integer  is  an  aggregate 
»f  like  units. 
Just  as  4  =  1  +  14-1  +  1, 

BO       +4=+l  ++1  ++1  ++1,  and  "4  ="1  +"1  +'1 +-1. 

Just  as  i  =  i  +  h 

so  +(|)  =-^a)  +ni),  and  "(f)  =-a)  +-0. 

EXBBCISBS  VII. 

Simplify  the  following  expressions : 

1.  +17- +4.  2.   +17 -+17.  3.  +17 -+27. 

4.  +25 -+18.  5.   +25 -+25.  6.  +25 -+35. 

7.  +88 -+95.  a   +56 -+27.  9.  +101  - +105. 

What  value  of  x  will  make  the  first  member  of  each  of  the 
following  equations  the  same  as  the  second  ? 

10.   0?— +5=+7.         11.   a; -+5  =  0.  12.   a; -+5=^2. 

.13.   aj-+ll=+9.       14.    a; -+15  =-13.       15.   a;-+12=-10 
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How  many  units  is  each  of  the  following  numbers  greater  or 
less  than  0  ? 

16.   +5.  17.    -3.  18.    -11.  19.   +14.  20.    -20. 

Which  of  each  of  the  following  pairs  of  numbers  is  the 
greater,  and  by  how  many  units? 

21.    +7,  +4.  22.    -7,  -4.  23.    +7,  -4.  24.    "7,  +4. 

25.    +19, +9.         26.    -29, +1.         27.    +32,-3.         28.    -14,-3. 

Positive  and  Negative  Numbers  are  Oppoaite  Numbers. 

35i  In  Arithmetic  we  have :  the  remainder  added  to  the  sub- 
trahend is  equal  to  the  minuend.  This  principle,  like  all  princi- 
ples of  Arithmetic,  is  retained  in  Algebra.  We  therefore  have 
from  (iii.)  Art.  25 : 


+3 

+3 

+3 

+3 

+3 

+3 

Sttbtr. 

+2 

+1 

0 

-1 

-2 

-3 

rem. 

+5 

+4 

+3 

+2 

n 

0 

min. 

36.  The  equation  +3  +  "3  =  0  gives  us  the  following  impor- 
tant principle : 

The  sum  of  a  positive  number  and  a  negative  number  having 
the  same  absolute  value  is  equal  to  zero;  i.e.,  two  such  numbers 
cancel  each  other  when  united  by  addition, 

E.g,,      +1  +-1  =  0,  +3  +-3  =  0,  -17^  ++17|  =  0. 

In  general,  +/?  4--/1  =  0. 

For  this  reason,  positive  and  negative  numbers  in  their  rela- 
tion to  each  other  are  called  opposite  numbers.  When  their 
absolute  values  are  equal,  they  are  called  equal  and  opposite 
numbers. 

37.  Any  quantities  which  in  their  relation  to  each  other  are 
opposite,  may  be  represented  in  Algebra  by  positive  and  negative 
numbers ;  as  credits  and  debits,  gain  and  loss. 
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Ex.  1.  100  dollars  credit  and  100  dollars  debit  cancel  each 
other.  That  is,  100  dollars  credit  united  with  100  dollars  debit 
is  equal  to  neither  credit  nor  debit;  or, 

100  doUars  credit  + 100  dollars  debit  =  neither  credit  nor  debit 

If  credits  be  taken  positively  and  debits  negatively,  then  100 
dollars  credit  may  be  represented  by  "*^100,  and  100  dollars  debit 
by  "lOO.  Their  united  effect,  as  stated  above,  may  then  be 
represented  algebraically  thus : 

+100 +-100  =  0. 

The  result,  0,  means  neither  credit  nor  debit. 
Similarly  for  opposite  temperatures. 

Ex.  2.  If  a  body  is  first  heated  10°  and  then  cooled  down  8**, 
its  final  temperature  is  2°  above  its  original  temperature ;  or, 
stated  algebraically, 

+10 +-8  =+2. 

The  result,  +2,  means  a  rise  of  2°  in  temperature. 

EXBBCISES  VIII. 
Express  algebraically  each  one  of  the  following  statements : 

1.  $  45  gain  and  $  45  loss  is  equivalent  to  neither  gain  nor 
loss. 

2.  $  95  gain  and  $  50  loss  is  equivalent  to  $  45  gain. 

3.  $  37  gain  and  $  57  loss  is  equivalent  to  $  20  loss. 

4.  If  a  man  travels  220  miles  due  west  and  then  220  miles 
due  east,  he  is  at  his  starting  place. 

5.  If  a  man  ascends  2250  feet  in  a  balloon  and  then  descends 
200  feet,  he  is  2050  feet  above  the  earth. 

6.  If  a  man  walks  90  feet  to  the  right  and  then  110  feet  to 
the  left,  he  is  20  feet  to  the  left  of  his  starting  point. 

7.  A  rise  of  20°  in  temperature,  followed  by  a  fall  of  27°,  is 
equivalent  to  a  fall  of  7°. 

a  A  rise  of  15°  in  temperature,  followed  by  a  fall  of  12°,  is 
equivalent  to  a  rise  of  3°. 


CHAPTER  II. 

THE  FOUR   FUNDAMENTAL   OPERATIONS  VTITH 
ALGEBRAIC  NUMBER. 

ADDITION  OF  ALGEBRAIC  NUMBERS. 

1.  The  Addition  of  two  numbers  is  the  process  of  uniting  them 
into  one  aggregate. 

The  numbers  to  be  added  are  called  Summands. 

Addition  of  Numbers  with  Like  Signs. 

2.  Ex.  1.   Add +3  to +4. 

The  three  positive  units,  '•"3,  when  added  to  the  four  positive 
units,  ■•"4,  give  an  aggregate  oi  four  plus  three,  or  seven,  positive 
units.     That  is,, 

+4 ++3  =+(4 +  3)  =+7. 

In  like  manner, 
'  Ex.  2.   -4  4- "3  =-(4  4-  3)  =  -7, 

These  examples  illustrate  the  following  method  of  adding 
two  numbers  with  like  signs : 

Add  arithmetically  their  absolute  values,  and  prefix  to  the  sum 
their  common  sign  of  quality. 

Addition  of  Numbers  with  Unlike  Signs. 

3.  Ex.  1.   Add  -2  to  +5. 

The  two  negative  units,  ~2,  when  added  to  the  five  positive 
units,  """S,  cancel  two  of  the  five  positive  units.  There  remain 
then  five  minus  two,  or  three,  positive  units.     That  is, 

+5 +'2  =+(5 -2)  =+3. 
24 
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.  Ex.  2.   Add  +2  to  -5. 

The  two  positive  units,  +2,  when  added  to  the  five  negative 
units,  ~5,  cancel  two  of  the  five  negative  units.  There  remain 
then  five  minus  two,  or  three,  negative  units.    That  is, 

-5  4-+2=-(6-2)=-3. 

Observe  that  in  both  examples  the  sum  is  of  the  sam^e  quality 
as  the  number  which  has  the  greater  absolute  value.  Also,  thai 
the  absolute  value  of  the  sum  is  obtained  by  subtracting  the  less 
absolute  valite,  2,  from  the  greater,  5. 

These  examples  illustrate  the  following  method  of  adding 
two  numbers  with  unlike  signs  : 

SubtroAst  arithmetically  the  less  absdute  value  from  the  greaJter. 
To  that  remainder  prefix  the  sign  of  quality  of  the  number  which 
has  the  greater  absolule  value. 

The  examples  given  in  Ch.  I,  Art.  37,  are  concrete  illustra- 
tions of  the  preceding  principles. 

4.  Observe  that  a  positive  number  increases  a  number  to 
which  it  is  added,  while  a  negative  number  decreases  it. 


Add: 

BXEBCISBS  I. 

1. 

2. 

3. 

4. 

S. 

6. 

+2 

-4 

+9 

-8 

+13 

-21 

+6 

-6 

+3 

-7 

+19 

-15 

7. 

a 

9. 

10. 

IX. 

12. 

+8 

-8 

-7 

+13 

-21 

+37 

-3 

*3 

+4 

-17 

+32 

-22 

SUBTRACTION  OF  ALGEBRAIC  NUMBERS. 

5i   Subtraction  is  the  inverse  of  addition.     In  addition  two 
numbers  are  given,  and  it  is  required  to  find  their  sum,  as 

in  +9  4-^2  =+11. 


26   .  ALGEBRA.  [Ch.  II 

In  subtraction  the  sum  of  two  numbers  and  one  of  them  are 
given,  and  it  is  required  to  find  the  other  number,  as  in 

+11  -+2  =  (+9  ++2)  -+2  =+9. 

That  is,  if  from  the  sum  of  two  numbers  either  of  the  numbers 
he  subtracted,  the  remainder  is  the  other  number. 

In  general,  (a  +  b)  —  a  =  b. 

6.  Ex.  1.  A  man's  net  profits  last  year  were  1200  dollars. 
This  year  his  income  is  150  dollars  less,  and  his  expenditures 
are  the  same.     What  are  his  net  profits  this  year  ? 

To  take  atoay  150  dollars  income  is  equivalent  to  adding  160 
dollars  expenditures. 

If  net  profits  and.  income  be  taken  positively,  and  expendi- 
tures negatively,  the  last  statement,  expressed  algebraically,  is 

+1200  -+150  =+1200  +-150. 

Ex.  2.  A  man's  net  profits  last  year  were  1200  dollars.  This 
year  his  income  is  the  same  and  his  expenditures  are  150  dol- 
lars less.    What  are  his  net  profits  this  year  ? 

To  take  away  150  dollars  expenditures  is  equivalent  to  adding 
150  dollars  profits. 

The  algebraic  statement  of  this  relation  is 

+1200  --150  =+1200  ++150. 

These  examples  illustrate  the  following  principle : 

To  subtract  one  number  from  another  number,  reverse  the  sign 
of  quality  of  the  subtrahend,  and  add. 

E.g.,  +2  -+3  =+2  +-3,  =-1.  -2  -+3  ="2  +"3  =-5. 

+2  --3  =+2  ++3,  =+5.  -2  --3  ="2  ++3  =+1. 

7.  It  is  important  to  notice  that  the  preceding  examples  do 
not  prove  this  principle.  The  following  examples  illustrate  a 
method  of  proof  which  may  be  used. 
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Ex.1.    Subtract +5  from +7. 

In  +7  —  """S,  the  minuend,  "•"7,  is  to  be  expressed  as  the  sum  of 
two  numbers,  one  of  which  is  +5.  Since  -5  +'^6  =  0,  we  may 
T^rnte 

+7  =+7  +-5  +^5  =  (+7  +-5)  ++5. 

That  is,  "•"7  may  be  regarded  as  the  sum  of  two  numbers,  one 
of  which  is  "'"7  +~5,  and  the  other  is  """S.  Therefore,  by  defini- 
tion of  subtraction, 

+7  -+5  =  [(+7  +-5)  ++5]  -+6 
=+7 +-5  =+2, 

That  is,  to  subtract  "•"5  is  equivalent  to  adding  "6. 
Ex.  2.   Subtract  "5  from  +7. 

We  have         +7  -"5  =  [(+7  ++5)  +"5]  -"6 
=+7  ++5  =+12, 

That  is,  to  subtract  "5  ts  equivalent  to  adding  +6. 

8.  We  thus  see  that  every  operation  of  subtraction  is  equivar 
lent  to  an  operation  of  addition.  On  this  account  it  is  conven- 
ient to  speak  of  a  chain  of  additions  and  subtractions  as  an 
Algebraic  Sum. 

EXBRCISBS  II. 

Subtract : 


1. 

2. 

3. 

4. 

s. 

6. 

+9 

+2 

+8 

+3 

-9 

-4 

+2 

+9 

+3 

+8 

-4 

-9 

7. 

a 

9. 

10. 

11. 

12. 

-8 

-7 

+6 

-6 

+6 

-6 

-7 

-8 

+6 

-6 

-9 

+9 

MULTIPLICATION  OF  ALGEBRAIC  NUMBERS. 

9.   In  multiplication,  the  multiplicand  and  multiplier  are 
called  Factors  of  the  product. 


28  ALGEBRA.  [Ch.  n 

10.  In  ordinary  Arithmetic,  multiplication  by  an  integer 
is  defined  as  an  abbreviated  addition.     Thus, 

4x3  =  4  +  4  +  4; 

that  is,  the  number  4  is  taken  three  times  as  a  summand. 

But  3  =  1  +  1  +  1. 

We  thus  see  that  the  product  4  x  3  is  obtained  from  4  just 
as  3  is  obtained  from  the  positive  unit,  1. 

We  are  thus  naturally  led  to  the  following  definition  of 
multiplication : 

The  product  is  obtained  from  the  mvUiplicand  just  as  the  mul- 
tiplier is  obtained  from  the  positive  unit 

11.  The  above  definition  is  an  extension  of  the  meaning  of 
arithmetical  multiplication  when  the  multiplier  is  an  integer, 
and  gives  an  intelligible  meaning  to  arithmetical  multiplication 
when  the  multiplier  is  a  fraction. 

Thus,  I  is  obtained  from  the  unit,  1,  by  taking  one-third  of 
the  latter  twice  as  a  summand ;  or 

In  like  manner,  to  multiply  6  by  J,  we  take  one-third  of  5 
twice  as  a  summand ;  or 

12.  There  are  two  cases  to  be  considered  in  the  multiplicar 
tion  of  algebraic  numbers. 

(i.)  The  MultipUer  Positive.  —  Ex.  1.   Multiply  +4  by  +3 
By  the  definition  of  multiplication,  the  product, 

+4X+3, 

is  obtained  from  +4  just  as  "•"3  is  obtained  from  the  positive 
unit.    But 

+3  =+1  ++1  ++1. 

Consequently  the  required  product  is  obtained  by  taking  +4 
three  times  as  a  summand,  or 

+4  X  +3  =+4  ++4  ++4  =+(4  +  4  +  4)  =+(4  x  3)  =+12. 
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Ex.  2.   Multiply  '4  by  +3. 
By  the  definition  of  multiplication,  we  have 
.-4  x+3  =-4  +-4  -f -4  =-(4  +  4  +  4)  =-(4  x  3)  ="12. 

(ii.)  The  Multiplier  Negative.  —  Ex.  3.   Multiply  +4  by  -3. 
By  the  definition  of  multiplication,  the  product, 

+4X-3, 

is  obtained  from  +4  just  as  "3  is  obtained  from  the  positive 
unit.     But 

-3  =-1  +-1  +-1  =  -+1  -^+1  -+1 ; 

that  is,  "3  is  obtained  hy  subtracting  the  positive  unit,  +1,  three 
times  in  succession  from  0.  Consequently,  the  required  product 
is  obtained  hy  subtracting  the  multiplicand,  "^4,  three  times  in 
succession  from  0 ;  or, 

+4  x-3  =  -*^4  ~+4  -+4  =  +-4  +-4  +"4  =-(4  x  3). 
Ex.  3.   Multiply  -4  by  "3. 
By  the  definition  of  multiplication,  we  have 

-4  X -3  =  --4  --4  --4  =  ++4  ++4  ++4  =+(4  x  3). 

13.  These  examples  illustrate  the  following  Rule  of  Signs 
for  Multiplication: 

The  product  of  two  numbers  having  like  signs  is  positive;  and 
the  product  of  two  numbers  having  unlike  signs  is  negative.  Or, 
stated  symbolically, 

+fl  X  +6  =+(a6),  -fl  X  +6  =-(ab), 

-a  X  -6  =+(a6),  +a  x 'b  =-(fl6). 


Mtdtiply: 

X.                    2. 

BZBBOISBS 
3. 

m. 

4. 

5. 

6. 

+3               -3 

+3 

-3 

+8 

-7 

+4               +4 

:± 

:4 

15 

~A 

7.              a 

9. 

10. 

11. 

12. 

-9                +8 

-12 

-16 

+20 

+16 

*2               -6 

-6 

+4 

+7 

-5 
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DIVISION  OF  ALGEBRAIC  NUMBERS. 

14.  Division  is  the  inverse  of  multiplication.  In  multiplica- 
tion two  factors  are  given,  and  it  is  required  to  find  their 
product.  In  division  the  product  of  two  factors  and  one  of 
them  are  given,  and  it  is  required  to  find  the  other  factor. 

E,g.,  Since  "28  ="4  x+7, 

therefore,         -28-s-+7=-4,  and  -28-5- "4  =+7. 

15.  From  the  definition  of  division  we  infer  the  following 
principle : 

If  the  product  of  two  numbers  he  divided  by  either  of  them,  the 
quotient  is  the  other  number. 

16.  Since  +a  x+6=+(a6),  therefore  +(a6)-^+a=+6 
since  "a  x+6="(a6),  therefore  "(a6)-5-"a=+6 
since  "a  x"6=+(a6),  therefore  +(a6)-^"a=~6 
since  +a  X"6=~(a6),  therefore  -(a6)-5-"'"a  ="6. 

From  these  equations  we  derive  the  following  Rule  of  Signs 
for  Division : 

Like  signs  of  dividend  and  divisor  give  a  positive  quotient; 
unlike  signs  of  dividend  and  divisor  give  a  negative  quotient. 


E.g., 

+8-t 

■+2  = 

=+4;  -8 -4- -2  =+4; 

+8  + 

-2  = 

=-4;  -8 ++2  =-4. 

BXEBOI8BS  IV. 

Divide : 

1. 

2. 

3.                        4. 

s. 

+4)+8 

+4)-8 

-4)+8              -4]r8 

-6)-16 

6. 

7. 

a                 9. 

10. 

-7)-^28 

+6)-30 

+8)+24            -9)+18 

+3)-27 
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ONE  SET  OF  SIGNS  FOR  QUALITY  AND  OPERATION. 

17.  Most  text-books  of  Algebra  use  the  one  set  of  signs, 
-f-  and  — ,  to  denote  both  quality  and  operation.  We  shall  in 
subsequent  work  follow  this  custom.  For  the  sake  of  brevity, 
the  sign  +  is  usually  omitted  when  it  denotes  gucdity;  the 
sign  -    is  never  omitted. 

Thus,  instead  of  +2,  we  shall  write  +  2,  or  2 ; 
instead  of  "2,  we  shall  write  —  2. 

1&  We  have  used  the  double  set  of  signs  hitherto  in  order 
to  emphasize  the  difference  between  quality  and  operalion.  It 
should  be  kept  clearly  in  mind  that  the  same  distinction  still 
exists. 

We  now  have 

+3  ++2  =  +  3  +(+  2)=  3  +  2,  omitting  the  signs  of  quality,  +; 

■♦•3 +"2  =  +  3 +(—2),  wherein  +  denotes  operation,  and  —  de- 
'  notes  quality, 

+3  — +2  =  +  3  —  (+  2)  =  3  —  2,  omitting  the  signs  of  quality,  + ; 

+3  —  ~2  =  +  3  —  (—  2),  wherein  the  first  sign,  — ,  denotes  operor 
tion,  the  second  sign,  — ,  denotes  quality, 

19.  In  the  chain  of  operations 

(+2)  +  (-6)-(+2)-(-ll) 

the  signs  within  the  parentheses  denote  quality,  those  without 
denote  operation.    That  expression  reduces  to 

(+2)-(+5)-(+2)  +  (+ll), 
or  2-5-2  +  11, 

dropping  the  sign  of  quality,  +. 

In  the  latter  expression  all  the  signs  denote  operation,  and 
the  numbers  are  all  positive. 
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20.  The  following  examples  illustrate  the  double  use  of  the 
signs  +  and  — . 

Ex.1.   +4++3  =  +  4  +  (+3)  =  4  +  3  =  7. 

Ex.2.  -5++2  =  -5  +  (+2)  =  -5  +  2  =  -3. 

Ex.3.  +7--5  =  +  7-(-5)  =  7-(-5)  =  7  +  5=:12. 

Ex.4.   -4x+3  =  -4x(+3)=-4x3  =  -12. 

Ex.5.   -4x-3  =  -4x(-3)  =  12. 

Continaed  Produots. 

21.  The  results  of  Article  13  may  be  applied  to  determine 
the  value  of  a  chain  of  indicated  multiplicatioDS,  i.e.,  of  a 
continued  product. 

E,g.  (+  a)  (+  6)  (+  c)  =  (+  fl6)  (+  c)  =  +  abc, 
(+  a)  (+  6)  (-  c)  =  (+  ab)  (-  c)  =  -  abc, 
(+  a)  (-  6)  (~  c)  =  (-  ab)  (-  c)  =  +  abc, 
(-fl)(-6)(-c)  =  (+fl6)(-c)  =  -aA£?. 

These  equations  illustrate  a  more  general  rule  of  signs : 

A  continued  jyroduct  which  contains  no  negative  factor,  or  an 
even  number  of  negative  factors,  is  positive;  one  that  contains 
an  odd  number  of  negative  factors  is  negative. 

In  practice  the  sign  of  a  required  product  may  first  be  deter- 
mined by  inspection,  and  that  sign  prefixed  to  the  product  of 
the  absolute  values  of  the  factors  in  the  continued  product. 

E.g.,  the  sign  of  the  product 

2  X  (-  3)  X  (-  7)  X  (+  4)  X  (-  5) 

is  negative,  since  it  contains  three  negative  factors;  the  product 
of  the  absolute  values  is  840.     Consequently, 

2  X  (-  3)  X  (-  7)  X  (-f  4)  X  (-  5)  =  -  840. 
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BXBBCISBS  V. 

In  the  expressions  in  ^xjl  1-4^  which  signs  denote  quality 
and  which  operation  ? 

1.    +6  +  (-3)-(+8).  2.   -7  +  (+6)-(-9). 

a   -3  +  (-5)x(+4).  4.   (+12)^(-4)x(-3). 

5-&   Find  the  value  of  the  expressions  in  Exx.  1-4. 

Find  the  values  of  the  expressions  in  Exx.  9-20,  first  chang- 
ing them  into  equivalent  expressions  in  which  there  is  only 
one  set  of  signs  +  and  ~: 

9.  +8 +  +2.     10.   +7- +3.      U.   +3- +7.      12.   "5 +  -7. 

la  -8- +3.     14.   -9 --5.      15.   +4X+5.      16.   +5  x  "2. 

17.  -5x2.     la  +12-^+3.    la   +12-«.-3.    20.   -12-^-3. 

Simplify  the  following  expressions  : 

21.  10-4.  22.   4-10.  23.    -8-7. 

•    24.  9-2.  25.   2-9.  26.    —10  +  10. 

27.  8  X  5.  2a    -  8  X  6.  29.   8  x  (-  6). 

30.  (-8)x(-5).    31.   20-^4.  32.    -20-5-4. 

33.  20-«-(-4).        34.    (- 20) -J- (- 4).     35.    -45-!-9. 

36.  3x5  +  4x2.  37.  3  x  (5  +  4x2). 

3a  8x6-10^6.  39.   (8x6-10)-5-5. 

4a  12-3-4-10-5-2.  41.   12-5-(4-10-5-2). 

Whena  =  16,  6  =  —  8,  c=:  —  2,  d  =  —  4,  find  the  values  of : 

42.   a  +  6  +  c.  43.   a  +  6  — c.  44.   a  — 6  +  c. 

45.   a  — 6  — c  46.   a  —  (b  —  e).  47.   ^-(b  —  a), 

4a   dbc.  49.   a&-5-c.  50.   a-5-(&c). 

51.   a  -^  6  x  c.  52.    dbcd.  53.    (ab)  -f-  (cd). 

54.   (ibc-^d.  55.   ab-j-cd.  56.   a-5-6  — d-^c. 

57.  A's  assets  are  $2600  and  B's  are  $2200.  How  much 
do  A's  assets  exceed  B's,  taking  assets  positively? 
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58.  A  owes  $200,  and  B's  assets  are  $1800.  How  much 
do  A's  assets  exceed  B's,  taking  assets  positively? 

59.  The  temperature  in  a  room  is  72°  above  zero,  and  out 
of  doors  it  is  8°  above  zero.  How  much  higher  is  the  tem- 
perature in  the  room  than  out  of  doors,  taking  degrees  above 
zero  positively? 

60.  The  temperature  in  a  room  is  70®  above  zero,  and  out 
of  doors  it  is  4°  below  zero.  How  much  higher  is  the  tem- 
perature in  the  room  than  out  of  doors,  taking  degrees  above 
zero  positively? 

PARENTHESES. 

22.  The  Terms  of  .an  algebraic  sum  are  the  additive  and  sub- 
tractive  parts  of  the  sum. 

'^        E,g.,tYie  terms  of  2-5-2  +  11  are  +2,  -5,  -2,  +11 
The  Sign  of  a  Term  is  its  sign  +  or  — . 
A  Positiye  Term  is  one  whose  sign  is  + ;  as  +  2. 
A  Negative  Term  is  one  whose  sign  is  —  ;  as  —  6. 

Removal  of  Parentheses. 

23.  We  have       9  +  (5  +  6)  =9 +  5 +  6, 

since  to  add  the  sum  5  +  6  is  equivalent  to  adding  successively 
the  single  numbers  of  that  sum. 

Again,  9  +  (5-6)  =  9+[5  +  (-6)], 

since  to  add  —  6  is  equivalent  to  subtracting  6. 
Therefore,  removing  brackets, 

9  +  (5-6)  =  9  +  5+(-6),  =9  +  5-6. 

The  above  example  illustrates  the  following  principle : 

(i.)  When  the  sign  of  addition,  +,  precedes  parentheses,  they 
may  he  removed,  and  the  signs,  +  and  — ,  within  them  he  lefl 
uncJianged;  that  is, 

^  +  (+fl  +  6)  =  ^  +  fl  +  6, 
^  +  (+  a  -  6)  =  ^  +  a  -  A,  etc. 
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It  is  important  to  notice  that  if  the  first  term  within  the 
parentheses  has  no  sign,  the  sign  +  is  understood. 

24L  We  also  have 

9-(5  +  6)  =  9-5-6, 

since  to  subtract  the  sum  5  +  6  is  equivalent  to  subtracting 
successively  the  single  numbers  of  that  sum. 

Again,  9-(5-6)  =  9-[5  +  (-6)], 

since  to  add  —  6  is  equivalent  to  subtracting  6. 
Therefore,  removing  brackets, 

9-(5-6)  =  9-5-(-6),  =9-5  +  6. 

This  example  illustrates  the  following  principle : 

(ii.)  When  tJie  sign  of  subtra^ion,  — ,  precedes  parentheses, 
they,  may  be  removed,  if  the  signs  within  them  be  reversed  from  + 
to  — ,  and  from  —  to  +;  that  is, 

^-(+fl  +  6)  =  ^-fl-6, 

iK  —  (+a  —  6)  =  iK  —  a  +  6,  etc. 

Observe  that  the  sign  before  the  parentheses  affects  each 
term  within  them. 

Insertion  of  Parentheses. 

25i  The  insertion  of  parentheses  is  the  converse  of  the 
process  of  removing  them. 

(i.)  An  expression  may  be  inclosed  within  parentheses  preceded 
by  the  sign  +,  if  the  signs  of  the  terms  inclosed  remain  unchanged. 

E.g.,  7-5  +  3-4  =  7  + (-5  +  3-4), 

=  7-5  +  (3-4). 

(ii.)  An  expression  may  be  inclosed  within  parentheses  pre- 
ceded by  the  sign  — ,  if  the  signs  of  the  terms  inclosed  be  reversed^ 
from  +  to  —  and  from  —  to  +. 

E.g.,  7-5  +  3-4  =  7-(5-3  +  4), 

=  7-6-(-3  +  4). 
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BXBBOISBS  VI. 

Find  the  value  of  each  of  the  following  expressions,  first 
removing  parentheses: 

L  9+(4+3).  2.  9+(4-3).  3.  10-(3+4). 

4.  10-(3-4).  5.   12+(6+8).  6.   12-(6+8). 

7.   12-(6-8).  a   12+(-6+8).         9.   12-(-.6+8). 

10.   15+(9-6+2).     11.   15-(9-6+2).     12.  20-(7-.9-l). 

13.   18+(-4+5-8).  14.   18-(-4+6-8). 

Insert  parentheses  in  10  —  7  +  4  —  6  and  7  +  8  —  9  —  4, 

15.  To  inclose  the  last  two  terms,  preceded  by  the  sign  +  ; 
preceded  by  the  sign  — . 

16.  To  inclose  the  last  three  terms,  preceded  by  the  sign  +  ; 
preceded  by  the  sign  — . 

The  Associative  Law. 

26.  The  principle  for  inserting  parentheses  enables  us  to 
group  successive  terms  in  algebraic  addition. 

E.g.y     8  +  (4  +  l)  =  (8  +  4)  +  l,  or  8  +  5  =  12  +  1. 

In  general,  a  +  (6  +  c)  =  (a  +  6)  +  c. 

That  is,  the  algebraic  sum  of  three  or  more  numbers  is  the 
same  in  whatever  way  successive  numbers  are  grouped  or  asso^ 
dated  in  the  process  of  adding. 

This  principle  is  called  the  Associative  Law  for  addition  and 
subtraction. 

27.  In  finding  the  value  of  a  continued  product  in  Art  21^ 
the  indicated  operations  were  performed  successively  from  left 
to  right. 

E.g.,  4  X  3  X  (-2)  =  12  X  (-2)  =-24. 

But.  the  result  will  be  the  same  if  3  be  first  multiplied  by 
—  2,  and  then  4  be  multiplied  by  this  product. 
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E.g.,  4  X  [3  X  (-2)]  =  4  X  (-6)  =  -24. 

In  like  manner, 

32  x4-s-2=  128^2  =  64,  and  32  x  (4 -h 2)  =32  x  2  =  64; 

32^4x2=     8x2  =  16,  and  32-5-(4h-2)  =  32-!-2  =  16; 

32^4--2=     8-!-2=   4,  and  32h-(4  x  2)  =  32-j-8  =  4. 

In  general,  (a6)c  =  a(6c);  a6 -s- c  =  a (6 -s- c) ; 

a-^6xcJ  =  a-^(6-!-c);  a -s- 6 -!- c  =  a -s- (6c). 

That  is,  if  a  chain  of  multipliccUions  and  divisions  be  inclosed 
in  parentheses^  the  symbols  x  and  -s-,  preceding  the  numbers 
indosed, 

(i.)   are  unchanged  if  the  symbol,  x ,  precede  the  parentheses; 

(ii.)  are  reversed,  from  x  to  -i-  and  from  -i-  to  x^if  the  sym- 
bol, -i-,  precede  the  parentheses. 

This  principle  is  called  the  Associative  Law  for  multiplication 
and  division. 

The  Commutative  Law. 

2&  In  an  indicated  addition,  the  number  on  the  right  of  the 
symbol  is  to  be  added  to  the  number  on  its  left. 

E.g.,  in  5  -f  3,  =  8,  3  is  added  to  8,  while  in  3  -f  5,  =  8,  5  is 
added  to  3.     But  the  results  are  the  same. 

That  is,  54-3  =  34-5. 

In  like  manner,  8  —  5  =  —  5  4-  8. 

In  general,         a4-6  —  c  =  a--c4-6  =  etc. 

That  is,  the  algebraic  sum  of  two  or  more  numbers  is  the  same 
in  whatever  order  they  may  be  added. 

This  principle  is  called  the  Commutative  Law  for  addition  and 
subtraction. 

29.  We  have 

4x3x2  =  12x2  =  24,  and    4x2x3=8x3  =  24; 
14h-2x7=   7x7  =  49,  and  14  x  7-8-2  =  98-«-2  =  49; 

8^4-^2=   2^2=   1,  and    8-!-2-^4=  4-^4  =  l. 
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In  general, 
axbxc=axcxb\  a-^6xc=axc-^6;   a-5-6-f•c=a-^c-5-6. 

That  is,  the  result  of  a  chain  of  multiplications  and  divisions  is 
the  same  in  whatever  order  these  operations  are  performed. 

This  principle  is  called  the  Commutative  Law  for  multiplica- 
tion and  division. 

30.  By  the  preceding  articles  we  have  : 

8-.3-f2-5  =  8  +  2-3-5=10-8  =  2  .  (i.) 
25  X  27  X  4  =  25  X  4  X  27  =  100  X  27  =  2700,  (ii.) 
75   X  29-^25  =  75^-25x29=     3x29  =  87.       (iii.) 

In  changing  the  order  of  the  operations,  it  is  important  to 
cari^  the  symbol  of  operation  with  the  number, 

31.  Thus,  by  the  methods  of  the  preceding  article,  we  secure 
the  following  advantages : 

In  a  succession  of  additions  and  subtractions,  add  the  positive 
terms  separately,  then  the  negative  terms,  and  unite  the  results. 

In  a  succession  of  multiplications  and  divisions,  W3  may,  by- 
changing  the  order  of  the  operations,  often  simplify  the  work. 

EXERCISES  VII. 

Find  the  value  of  each  of  the  following  expressions : 
1.   8-3  +  2-5  +  9.  2.-6  +  4-14  +  12-7. 

3.    19-7  +  3-5-10.  4.   16-7  +  4-9  +  3. 

5.   17  +  2-3  +  9-18.  6.   15-19  +  6-7  +  5. 

Find,  in  the  most  convenient  way,  the  value  of  each  of  the 
following  expressions : 

7.  89-115  +  11.  8.  45f-85  +  54f. 

9.  996+1008  +  4-8.  10.  98  +  96  +  92+2  +  4  +  8. 

11.  25x32x(-4).  12.  12ix(-29)x8. 

13.  -39xl6|x6.  14.  45x28-^9. 

15.  -12^-^20x8.  16.  10^42x21. 
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POSITIVE  INTEGRAL  POWERS. 

32.  The  Sign  of  Continuation,  •••^  is  read^  and  so  on,  or  and  so 
on  to;  as  1,  2^  3,  •••,  read,  one,  two,  three,  and  so  on;  or  1,  2,  3, 
•••,  10,  read,  one,  two,  three,  and  so  on  to  10, 

33.  A  continued  product  of  equal  factors  is  called  a  Power 
of  that  factor. 

Thus,  2  X  2  is  called  the  second  power  of  2,  or  2  raised  to  the 
second  power;  aaa  is  called  the  third  power  of  a,  or  a  raised  to 
the  third  power. 

In  general  a^m  •••  to  n  factors  is  called  the  wth  power  of  a, 
or  a  raised  to  the  nth  power. 

The  second  power  of  a  is  often  called  the  square  of  a,  or  a 
squared;  and  the  third  power  of  a  the  cube  of  a,  or  a  cubed. 

34.  The  notation  for  powers  is  abbreviated  as  follows : 

a^  is  written  instead  of  oa ;  a'  instead  of  a>aa ; 
a"  instead  of  oaa  •••  to  w  factors. 

35.  The  Base  of  a  power  is  the  number  which  is  repeated  as 
a  factor. 

JSJ.g,,  a  is  the  base  of  a*,  a',  •••,  a\ 

36.  The  Exponent  of  a  power  is  the  number  which  indicates 
how  many  times  the  base  is  used  as  a  factor,  and  is  written  to 
the  right  and  a  little  above  the  base. 

J57.gr.,  the  exponent  of  a^  is  2,  of  a*  is  3,  of  a*  is  n. 
The  exponent  1  is  usually  omitted.     Thus,  a^  =  a, 

37.  The  base  of  a  power  must  be  inclosed  within  parentheses 
to  prevent  ambiguity : 

(i.)    When  the  base  is  a  negative  number.     Thus, 

(-5)«=(-5)(-5)  =  25;  while  -6*  =  -(5  x  5)  =  -26. 
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(ii.)  W?ien  the  base  is  a  product  or  a  quotient.    Thus, 
(2  X  5)»=  (2  X  5) (2  X  5)(2  x  6)  =  1000; 
while  2  X  5«  =  2(5  X  5  X  5)  =  250. 

Likewise  r|Y=|x|=.4  while  |  =  ?^  =  1 
V3y      3     3     9'  3         3        3 

(iii.)   WJien  the  base  is  a  sum.     Thus, 

(2  +  3)«=(2  +  3)(2+3)=5  x5  =  26; 

while  2  +  3*  =  2  +  3x3  =  2  +  9  =  ll. 

(iv.)  WTien  the  base  is  itself  a  power.    Thus, 

(2«)«  =  2»  X  2«  =  (2  X  2  X  2)(2  X  2  X  2)  =  64. 

while  2*^  =  2»><»=  2»  =  2  X  2x2x2x2x2x2x2  x  2  =  512. 

BXBBOISES  VIII. 

Express  each  of  the  following  powers  in  the  abbreviated 
notation : 

1.   ax  a.       2.  4x4.        3.  2  x  2  x  2.        4.   (-a)(-a). 
5.   -ax  a.        6.   (-3)(- 3)(-3)(-3).         7.   -nnnnn. 

8.  2x2x2...  to  8  factors. 

9.  (—  a) (—  a) (—  a) ...  to  9  factors. 

10.   (a  +  b)(a  +  b)(a  +  b).         11.    {x - yy) (x - yy) (x ^ yy). 
12.   (a  +  b)(a  +  b) (a  +  5)  •••  to  12  factors. 

Express  each  of  the  following  powers  as  a  continued  product : 
13.  3«.  14.   6«.  15.    -4».  16.   (-4)». 

17.  xt^.  18.   (xyy.  19.  (—a)\  20.    —a*. 

Write : 

21.  Four  times  x.  22.  a;  to  the  fourth  power. 

23.  The  sum  of  the  cubes  of  a  and  6. 

24.  The  cube  of  the  sum  of  a  and  b. 

25.   The  length  of  a  side  of  a  square  floor  is  a  feet.    How 
many  square  feet  in  the  floor  ? 
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26.  A  field  is  3  a  rods  long  and  2  a  rods  wide.    How  many 
square  rods  in  its  area  ? 

27.  A  box  is  4  a?  feet  long,  3  x  feet  wide,  and  2  x  feet  high. 
How  many  cubic  feet  does  it  contain  ? 

'  Properties  of  Positive  Integral  Powers. 

3&  (i.)  Ml  {even  and  odd)  powers  of  positive  btxses  are  positive, 

E.g.y  2»  =  2x  2x2  =  8.  3*  =  3  x  3  x  3  x  3  =  81. 

(ii.)  Even  powers  of  negative  bases  are  positive;  odd  powers 
of  negative  bases  are  negative, 

E,g,,  (-  2/  =  (-  2)  (-  2)  (-  2)  (-  2)  =  16 ; 

(_6)«=(-6)(-5)(-5)  =  -125. 
In  general,  ( +  a)*"  =  +  a« ; 

(-a)2»  =  a2'»;    (-a)2«+i  =  -a2«+i. 

EXBBOISES  IX. 
Find  the  value  of  each  of  the  following  powers : 
1.  2^.  2.   61         3.   (-2/,      4.    -2«.  5.   (-3)*. 

6.   (-2)«.     7.    -3».     a   (-3/.      9.    (-a)«.      10.   (-a)». 

Express  as  powers  of  2 : 

U.  8.        12.   32.        13.  128.        14.   1024.        15.  4096. 

Express  as  powers  of  —  3: 

16.   9.      17.    -27.      la    -243.      19.   729.      20.    -2187. 

Find  the  value  of  each  of  the  following  expressions : 

21.   2^  +  3^         22.    (2+3)2.     2a   3»-2».         24.    (3-2)8. 

25.    (4x3)1       26.    6x4*.        27.   2(-3)».       2a    [2(-3)]«. 

When  a  =  5,  6  =  —  4,  c  =  2,  find  the  value  of  each  of  the 
following  expressions : 

29.    a^  30.    6*.  31.    (a6)^  32.    &c*.  33.    {obey, 

34    (a-b-cy.  35.   a^-V-c",  36.    (a^-V  +  (?y. 


CHAPTER  III. 

THE    FUNDAMENTAL    OPERATIONS    WITH    INTEGRAL 
ALGEBRAIC  EXPRESSIONS. 

DEFINITIONS. 

L  An  Integral  Algebraic  Expression  is  an  expression  in  which 
the  lUercd  numbers  are  connected  only  by  one  or  more  of  the 
symbols  of  operation,  +,  — ,  x,  but  not  by  the  symbol  -^. 

E,g.,  1+x  +  a?,  5a?b  +  lccP,  etc. 

2.  The  word  integral  refers  only  to  the  literal  parts  of  the 
expression. 

E,g,,  a  +  6  is  algebraically  integral ;  but  when  a  =  ^,  6  =  f  , 
we  have 

3.  Coefficients.  —  In  a  product,  any  factor,  or  product  of  fac- 
tors, is  called  the  Coefficient  of  the  product  of  the  reinaining 
factors. 

E.g.,  in  3  abc,  3  is  the  coefficient  of  abc,  3  6  of  oc,  etc. 
A  Numerical  Coefficient  is  a  coefficient  expressed  in  figures. 
E.g.,  in  ^  3  ad,  —  3  is  the  numerical  coefficient  of  ab. 
A  Literal  Coefficient  is  a  coefficient  expressed  in  letters,  or  in 
letters  and  figures. 

E.g.,  in  3  ab,  a  is  the  literal  coefficient  of  3  b,  and  3  a  of  6. 
The  coefficients  +  1  and  —  1  are  usually  omitted. 

4.  A  coefficient  must  not  be  confused  with  an  exponent. 

E.g.,  4a  =  a  +  a  +  a-|-a;  while  a*  =  axaxaxa. 

42 
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5-  The  sign  +,  or  the  sign  — ,  preceding  a  product,  is  to  be 
regarded  as  the  sign  of  its  numerical  coefficient. 

Thus  +  3  a  means  the  product  of  positive  3  by  a ;  —  5  as 
means  the  product  of  negative  5  by  x.  In  particular,  +  a  means 
the  product  of  positive  1  by  a,  and  —  a  means  the  product  of 
negative  1  by  a,  unless  the  contrary  is  stated. 

BXBBOISES  I. 

What  is  the  coefficient  of  x  in 
1.  2x?  2.    -3x?  3.  Box?  4.    -76aj? 

5.  If  the  sum,  a  +  a  +  a  +  a,  be  represented  as  a  product, 
what  is  the  coefficient  of  a  ? 

6.  If  the  algebraic  sum,  — 6  —  6  —  6  —  6  —  6,  be  represented 
as  a  product,  what  is  the  coefficient  of  —b?    Of  b? 

7.  If  the  sum  ax  +  ax  +  ax+  •'-  to  10  terms  be  represented 
as  a  product,  what  is  the  coefficient  of  ax?    Of  aj ? 

6-  Like  or  Similar  Terms  are  terms  which  do  not  differ,  or 
which  differ  only  in  their  numerical  coefficients. 

E.g.f  in  the  expression  -\-Sa  +  6(ib—5a-\-7db,  +Sa  and 
—  5  a  are  like  terms ;  so  are  -\-6ab  apd  -\-7ab. 

Unlike  or  Dissimilar  Terms  are  terms  which  are  not  like. 

E.g,,  +  3 a  and  +  Tab  in  the  above  expression. 

7.   A  Monomial  is  an  expression  of  one  term ;  as  a,  —  7  &c. 

A  Binomial  is  an  expression  of  two  terms ;  as  —  2  a*  +  3  6c. 

A  Trinomial  is  an  expression  of  three  terms. 

E.g.,  a-\-b-'C,  -Sa^  +  7br^-5c\ 

A  Multinomial*  is  an  expression  of  two  or  more  terms,  in- 
cluding, therefore,  binomials  and  trinomials  as  particular  cases. 

E.g.,  a  +  b^,  a'  +  6  —  c*,  ab+bc  —  cd  —  ef. 

*  The  word  Polynomial  is  frequently  used  instead  of  MultinomiaL 
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ADDITION  AND  SUBTRACTION. 
Addition  of  Uke  Terms. 

&  Like  Terms  can  be  united  by  addition  into  a  single  like 
term. 

•    Just  as  2  =  1  +  1,  so  2ajy  =  ajy4-a?y; 

just  as  3  =  1  +  1  +  1,  so  3ajy  =  ajy  +  a?y  +  a?y. 

Therefore,  just  as  2  +  3  =  5, 

so  2  ajy  +  3  ajy  =  (2  +  3)  ajy  =  5  ajy. 

That  is,  to  add  like  terms,  add  their  numerical  coeffidenta  and 
annex  to  the  sum  their  commxm  literal  part. 

Ex.  1.    Add  - 7a6  to  4a5. 

Wehave    4a5  +  (- 7a6)  =  [4  +  (- 7)]a6  =  -3a6. 

Ex.  2.    Find  the  sum  of  3  a,  —  5  a,  8  a,  —  4  a. 

Uniting  the  positive  terms  by  themselves,  and  the  negative 
terms  by  themselves,  we  have 

3a  +  8a  +  (-5a)+(-4a)  =  [3  +  8  +  (~5)  +  (-4)]a  =  2a. 

Ex.  3.     Add  ax  to  bx. 

Since  the  sum  of  the  coefficients  of  x  is  a  +  b,  we  have 
a>x  +  bx=:(a  +  b)x. 


Add: 

JSI^ 

XJ.. 

1. 

2. 

3. 

4. 

5. 

e. 

a 

-36 

2a! 

-  3 

m 

7a 

--Bx 

2  a. 

-66 

7a! 

-16 

m 

12  a 

-4aj 

3a 

-26 

6a: 

-11 

m 

^5a 

Sx 

7. 

a 

9. 

10. 

11. 

12. 

-9<f 

Axy 

-7a^ 

oo; 

ay 

—  ma* 

11a' 

—  16a!y 

Sa^ 

bx 

^by 

«aj* 

-5a* 

12  xt, 

-6«?y 

ex 

cy 

-ixc* 
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Find  the  sum  of : 

la  4a,  5a,  7a,  9a,  14.    ^5x,  —3a?,  — 9»,  — 13x. 

15.  6a«,  -3a»,  lla^  -2al 

16.  —  llajy,  17  aj^,  5ajy,  --4a;y. 

17.  Sa%  -  3  a%,  27  a%  -  11  a%,  -  21  a%. 

la  m  +  n,  —  5(m  +  n),  9(m  +  n),  —  4(m  +  n). 

19.  3(a«  +  &),  -8(a2  +  6),  -14(a»  +  6),  a^  +  b. 

Simplify  the  following  expressions : 

20.  5a?— 13a?  +  9a?.  21.   7a  — 9a  — 4a. 
22.  5m  +  13m -8m.            23.   a^  —  Ta^  +  ^a*. 

24.  —  (3ffi  +  15a%-8a*6  +  14a%. 

25.  2a«-15a»4-lla'  +  12a«-9a«. 

26.  -7a?y  +  13a;y-8a?»2/*-3a?V  +  5a?y. 

27.  12a?6-15a%-8a»6  +  20a«6-8a»6. 

2a   a  +  6 - 3(a  +  6)  +  8(a -I- 6)  +  5(a  +  6) -  10(a  +  b). 

30.  x  +  ^x  —  ^x-^x.  aL  Sy  +  \y  —  :^y-iy. 

32.  |a  — ^a  +  f a  — |a  +  f a  +  |a  — Jg>-a. 

Simplify  the  following  expressions,  first  removing  paren- 
theses : 

33.  2a-[— 4a-(-6a)].      34.  m+[2m- (3m-4m)]. 

35.  6y-[52^-42^-(-3y  +  23^)]-y. 

36.  a?  — [a?  — 2a?—  (a?  — 3a?)  —  (a?  — 4a?)]. 

Subtraction  of  Like  Terms. 

9.  Like  Terms  can  be  united  by  subtraction  into  a  single 
like  term. 

Just  as  5-2  =  3, 

so  5a  —  2a  =  (5  —  2)  a  =  3  a. 

That  is,  to  subtract  like  terms,  subtract  their  numerical  coeffi' 
dents,  and  annex  to  the  remainder  their  commxm  literal  part. 
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Ex.  1.     Subtract  —bahf  from  —  7  ahf. 
We  have 
-- 7aj^ -  (- 5ajV)  =  - 7a^  +  5a^2^  =  (- 7  +  5)aj2y  =  -2aj«y. 


Subtract; 

1. 

2. 

a 

4. 

a. 

6. 

6o 
a 

7x 
3a! 

• 

-6 

2 

m 
m 

_8y 
4y 

6a 
-3o 

11  a> 
-5a; 

7. 

a 

9. 

la 

11. 

12. 

-3o 
-5a 

— 

11  m 

12  m 

3a» 
5o» 

7m» 
8m» 

o*6 
-3a'6 

-2a^ 

13.   13  a%  from  15  a%.  14.    -7ajy  from  3aY. 

15.   Ja?y*  from  ficy*.  16.    —  f  aft*  from  faft*. 

17.  2(a  +  6)  from -3(a  + 6).     18.  ic^  +  j/*  from  -  2 (ai*  +  2rO- 

Addition  of  Multinomials. 

10.  Unlike  Terms  are  added  by  writing  them  in  succession 
each  preceded  by  the  sign  +. 

Ex.  1.    Add  36  to  2a.    We  have  2a  +  36. 

Ex.  2.    Add  -'^a?\x>2f.    We  have 

22/'  +  (-3aj»)  =  2y2_3aj^ 

Such  steps  as  changing  +(— 3a^  into  —3  a?,  should  be 
performed  mentally. 

11.  A  multinomial  consisting  of  two  or  more  sets  of  like 
terms  can  be  simplified  by  uniting  like  terms. 

Ex.1.    2a-36-5a  +  46  =  2a-5a-36  +  46 

=  -3a  +  6. 

12.  If  two  or  more  multinomials  have  common  like  termsi 
these  terms  can  be  united. 
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Ex.1.    Add  -2a  +  3bto3a-5b. 

We  have  (3a-56)  +  (-2a  +  36)  =3a-56-2a  +  36, 

In  adding  multinomials,  it  is  often  convenient  to  write  one 
underneath  the  other,  placing  like  terms  in  the  same  column. 

Ex.  2.     Find  the  sum  of  -4:a?  +  3f-S^y  2aj*-3«*,  and 
Wehave  -4aj*  +  32/»-82* 

23?*  -32" 

2y»  +  gg' 
-2a:»  +  52r*-6«» 

It  is  evidently  immaterial  whether  the  addition  is  performed 
from  left  to  right,  or  from  right  to  left,  since  there  is  no  carry- 
ing as  in  arithmetical  addition. 

BXBBOISBS  IV. 
Add: 

1.  2.  3.  4.  5.  6. 

a            2                3            -4  a  -m 

16  £  c  6  — n 

7.  a  to  a'.  a   —a;  to  0?.  9.    —2m  to  n. 

10.   a?  to  —  2  a«/.  11.  a^  to  yz.  12.   a^b  to  db^. 

Simplify  the  following  expressions  by  uniting  like  terms : 
13.   a  +  2  +  a-2.  14.  56-3-46  +  4. 

15.   10aj-8  +  5-7aj.  16.   9m-3n-8m  +  4ii. 

17.  -a?-5a2  +  4a2  +  2a2  +  2a». 

18.  a6-3a%«  +  5a6-8a262  +  4a6  +  a«6«. 

19.  «3(a«  +  6)+5(a  +  6«)+4(a2  +  6)-4(a  +  6«). 

Simplify  the  following  expressions,  first  removing  paren- 
theses : 

20.  a  +  l-(2-3a).  21.  5a?-(-22^  +  3a?). 
22.   x-2y—(2y  +  Sx)-{3x-4:y), 
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23.  2m  +  3n— (5m  — 4w)  — (— 3m  +  7n). 

24.  2xy  +  Byz-(2xy'-3yz)+2xy^(3xy---2yz)+5yz. 

25.  a-[3a-(2a  +  6)]--(36-5). 

26.  3aj-[aj  +  3y-(y-2a?)]. 

27.  8m-[m-(3m-n)  +  (2m-3n)]. 

Find  the  values  of  the  expressions  in  Exx.  20-24, 

2a   When  a  =  l,  a?  =  3,  y  =  — 5,  2;  =  10,  m  =  4,  n=— 7. 

29.  When  a  =  — 3,  aj  =  6,  2^=— 7,  2;  =  8,  m=— 1,  »  =  — 2. 

Find  the  sum  of  the  following  expressions : 

30.  5a  +  26,  3a-46,  — 7a-f  36,  9a-b. 

31.  Tx  —  Sy,  5aj  +  4y,  — 10aj4-4y,  Sx-^Ty. 

32.  a  +  26-3c,  2a-36  +  c,  2a  +  56  +  2c. 

33.  a*  +  2a  +  l,  a*-3a-2,  a*  +  4a  +  2. 

34.  a^-5a?  +  6,  3a^  +  2a;- 7,  6aj*  +  3aj  +  l. 

35.  2a6  +  3ac  — 4,  3ab  —  5ac  +  2,  —  5a5  +  3ac  +  8. 

36.  a2-3a6  +  6^  2a2  +  2a6-6^  a6-2a2. 

37.  d'-Ba'b,  ^a^h--W,  a^  +  fe^. 

3a   iB«-3aj2  +  5aj-l,  7a5«  + 20:^-60? +  4, 

-2iB8-3a^  +  4a?— 5. 

39.  a^  +  6a?y^7xf--2f,      - 2 ar*  +  6 a^j^  +  11  a?2^ -  16 2/«, 

4ar»-7aj*y-5a?2^+32/«. 

40.  a*  +  2a^-5a-3,  -3a*  +  2a'  +  6a-4, 

2a*-7a3  +  3a*  +  9,  5a*- 7a?-5a«-h  a. 

41.  2(aj  +  2^)«  +  3(^  +  .y),  -  (a? +  2^)^  + (a? +  2^),  -2  (a? +  3^) -hi. 

42.  a2-2(a  +  6)2  +  6',  a2  +  3(a+6)^  -a2-26«. 

43.  \x  +  \y,  -^\x  +  \y,  ^x-^y. 

44.  |a%-ia6^  --^d?h  +  \ab\  ^^a'h-i^aJli'. 

45.  |a^-ia52/+iV2^»   ia^+*ajy-^2/«,   -^aj«+Jajy-^y« 
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Subtraction  of  Multinomials. 

13.  Unlike  Terms  are  subtracted  by  writing  them  in  succes- 
sion, each  preceded  by  the  sign  — . 

Ex.   Subtract  — 11  m  from  2  n.    We  have 

2  n  —  (- 11  m)  =  2  n  +  11  m. 

14.  If  two  multinomials  have  common  like  terms,  these 
terms  can  be  united. 

Ex.1.   Subtract -2a  +  36from3a-56. 
We  have  (3a -56) -(-2a +  36)  =  3a -56  + 2a -36, 

=  5a-86. 

Ex.2.   Subtract  2aj*-6a?-3  from  3aj*-5a?  +  l. 

Changing  mentally  the  signs  of  the  terms  of  the  subtrahend 
and  adding,  we  have 

3a?-5iB  +  l 

2aj«-6aj-3 


aj2+    a?  +  4 


Ex.  a  Subtract  2aj*-32;*  from  -4aj*  +  33^,  and  from  the 
result  subtract  2y*  +  52*. 

When  several  multinomials  are  to  be  subtracted  in  succes- 
sion, the  work  is  simplified  by  writing  them  with  the  signs  of 
the  terms  already  changed.    We  then  have 

.    -4a?  +  33^ 
"20?  +3»« 

-^22/«-5»« 


-6^+    f- 

-2«» 

BXBBOISBS  V. 

Subtract : 

1.                2. 

3.                4. 

& 

6. 

1                 3 

X                a? 

—  mn 

d«6 

a            -b 

y          -« 

m 

-a6» 
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7.  3a--26  from  4a  — 36.    a    ^Bx  +  4:y  fvom  —4,x+5y. 

9.  7m  +  2n  from  —  3m  +  3w. 

10.  2a^-3a;from3aj*-2a;. 

11.  5a  — 76  +  8cfrom6a  —  66  +  9c. 

12.  2aj»-53^  +  ll22from3aj»-73^  +  14»». 

13.  2a!y  +  5xz  —  7yztTom5xy  +  3xz  —  6yz. 

14.  2a«-3a6-12yfrom3a»-a6-116». 

15.  7a3y-6ajy  +  8from8a3y-3ajy  +  7. 

16.  ar^-Saj'  +  Sa?-!  from  2ar»-2aj*  +  6a. 

17.  2a»-a%-6«from3a»  +  2a%  +  3a6^. 

18.  a^  — aj  — 1  from  ar*  + 2aj*. 

19.  2(aj  +  y)  — 5«  from  3(a?  +  2^)  — 4«. 

20.  6(a  — 6)-3a  +  6'from5(a  — 6)-2a  +  a'. 

21.  From  the  sum  of  5x--5y  +  Sz  and  4aj  +  4y  —  2^  sub- 
tract Sx  —  2y  —  2z. 

22.  From  a*  —  aft  +  6^  subtract  tte  sum  of  2a*  — 3a6  +  55* 
and  a'  +  a5  —  4  6*. 

23.  How  much  does  m'  +  w'  exceed  m^  —  v??  ^ 

24.  How  much  does  1  —  a^  exceed  2^ 3a?? 

25.  What  expression  must  be  added  to2a  —  36  +  4cto  give 
4a  +  26-2c? 

26.  What  expression  must  be  added  to  ocy  +  xz  +  yz  to  give 
a^  +  f  +  z"? 

27.  What  expression  must  be  subtracted  from  a^  +  db  +  V  to 
givea2-2a6  +  &2? 

2a  What  expression  must  be  subtracted  from  a?  —  2  a^  +  y* 
to  give  a?  +  2xy  +  y^? 

29.  What  expression  must  be  added  to  a^  +  a?  + 1  to  give  0  ? 

If  a?  =  2a-36  +  4c,  y  =  -3a  + 26-7c,  2;  =  9a-76  +  6c, 
find  the  values  of 

30.  x+y+z,       31.   x—y-\-z,       32.   x+y—z,       33.   x—y — «. 
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find  the  values  of 

3^.  A+B-\-a  35,  A -3+ a 

36.  A  +  B-C.  37.  A-B^-C. 

PARENTHESES. 

15.  The  use  of  parentheses  has  been  briefly  discussed  in 
Ch.  II.,  Arts.  23-25.  It  is  frequently  necessary  to  employ 
more  than  two  sets  of  parentheses,  and  to  distinguish  them 
the  following  forms  are  used: 

Parentheses,  (  ) ;  Brackets,  [  ] ;  Braces,  {  |. 

A  Vinculum  is  a  line  drawn  over  an  expression,  and  is 
equivalent  to  parentheses  inclosing  it. 

E.g.,  (a  +  b)(c  —  d)=  a  +  b  •  c—d. 

16.  The  principles  given  in  Ch.  II.,  Arts.  23-24,  are  to  be 
applied  successively  when  several  sets  of  parentheses  are  to  be 
removed  from  a  given  expression. 

17.  In  removing  parentheses  we  may  begin  either  with  the 
inmost  or  with  the  outmost. 

The  following  example  will  illustrate  the  method  of  remov- 
ing parentheses,  beginning  with  the  inmost : 

Ex.  4a-{3a+[2a-(a-l)]} 

=  4a-{3a+[2a-a  +  l]{ 
=  4a-{3a  +  a  +  l} 
=  4a-4a-l=-l. 
When,  in  such  examples,  we  come  to  one  of  a  pair  of  paren- 
theses, (,  or  [,  or  {,  we  must  look  for  the  other  of  like  form. 
We  then  treat  all  that  is  contained  in  each  pair  as  a  whole. 

BXEBCISBS  VI. 
Simplify  each  of  the  following  expressions : 

1.  2a?~32^-[5a?-(2y-3a?-2^)]. 
Z  a  +  26-[6a-{36-(6a-66)}]. 
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3.  2a?-{3y-[4aj-(52^-6a?)]}. 

4.  6a -[7a -|8tt- (9 a -10a -6)}]. 

5.  a-{56-[a-(3c-36)  +  2c-(a-26-c)]}. 

6.  (7a- 6)  -  {4a -[2a- 1- (3 -4a -6)]}. 

7.  aj-[aj-{2a:-3-[4aj-5-(6a?-7aj-8)]{]. 

a  a-[3a-[a-6  +  {5d-&;^(7a-6-8a-6)}]i. 

9.  Find  the  values  of  the  expressions  in  Exx.  1-6,  when 
a  =  —  3,  6  =  4,  c=  —  5f  a;  =  8,  y  =  —  9. 

18.  Ex.  1.  Express  4:(x  —  y)+y  —  x  as  a  product,  of  which 
one  factor  is  a;  — 2^. 

We  have  4(a?  —  y)  +  y  —  a?  =  4(aj  —  y)  —  (a?  —  y)  =  3(a?  — y). 

The  sign  +  or  —  before  a  pair  of  parentheses  can  evidently 
be  reversed  from  +  to  — ,  or  from  —  to  +,  if  the  signs  of  the 
terms  within  the  parentheses  be  reversed. 

Ex.2.  7(a?-l)-3(l-aj)=7(iB-l)  +  3(a?-l)  =  10(aj-l)- 

EXBB0ISB8  Vn. 

Write  each  of  the  following  expressions  as  a  product,  of 
which  the  expression  within  the  parentheses  is  one  of  the 
factors : 

1.  3(a  — 6)-a  +  &.  2.  6(aj"-2^)-a?  +  y. 

3.  3m-5»-4(6ri-3m).      4.  1 -a"  +  3(a*-l). 

5.  6(a?  — a?+l)— aj'  +  aj— 1.      6.  a;  — y  — «  — 6(y  +  2f  — a?). 

Write  each  of  the  following  expressions  as  a  single  product, 
of  which  the  expression  within  the  first  parentheses  is  a  factor : 

7.   (2a? -1)- 3(1 -2a;).  8.   2(2m-3n)+(3n-2m). 

9.   5(a?-f)  +  2(f--a?).         10.   7 (a^ - «) - (2 - ajy). 

Simplify  the  following  expressions  without  removing  the 
parentheses : 
U.  (a  — 6)c  +  (6  — tt)c  IZ.  5(x  —  y}z  +  5(y  —  x)z. 
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EQUATIONS  AND  PROBLEMS. 

19.  Ex.    Find  the  value  of  x  from  2a?  —  5  =  7  + a?. 
Adding  5  to  both  members  of  the  equation,  we  obtain 

2a;-5  +  5  =  7  +  5  +  aj; 

or,  since  — 5  +  6  =  0,         2a;  =  7  +  6  +  a;. 

Subtracting  x  from  both  members  of  the  last  equation,  we 
have 

2a;  — a;  =  7  +  6  +  aj  — aj; 

or,  since  a?  —  a?  =  0,     2a?  — a?  =  7  +  6.  (1) 

Uniting  terms,  x  =  12. 

(Jheek:  2x12-6  =  7  +  12,  or  24-6  =  7  +  12,  or  19  =  19. 

20.  Observe  that  equation  (1),  Art,  19,  could  have  been 
obtained  directly  from  the  given  equation  by  transferring  the 
term  —  6,  with  sign  changed,  to  the  second  member,  and  the 
term  +  a?,  with  sign  changed,  to  the  first  member. 

That  is,  any  term  may  he  transferred  from  one  m^Kinber  of  an 
equation  to  the  other ^  if  its  sign  be  reversed  from  +  to  —,  or 
from  —  to  +. 

2L  Ex.   Find  the  value  of  a?  from  the  equation  a?- 3=8— 3. 
Adding  3  to  both  members  of  the  equation,  we  obtain : 

a;-3  +  3  =  8-3  +  3; 

or,  since  — 3  +  3  =  0,  aj  =  8. 

Check:  8  -  3  =  8  -  3,  or  5  =  6. 

Observe  that  this  step  is  equivalent  to  dropping  the  common 
term  —  3  from  both  members. 

That  is,  the  same  term,  or  equal  terms,  may  he  dropped  from 
both  members  of  an  equation. 

This  step  is  called  cancellation  of  equal  terms. 
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22.  These  examples  illustrate  the  following  method : 
Transfer  all  the  terms  containing  the  unknown  number  to  one 

member  of  the  equation,  usually  to  the  first  member,  and  aU  the 
terms  containing  known  numbers  to  the  other  m£mber. 

Unite  like  terms. 

Divide  both  members  by  the  coefficient  of  the  unknown  number. 

Check  by  substituting  the  value  thus  obtained  in  the  given 
equation, 

23.  Pr.  A  boy  being  asked  his  age,  replied,  "  If  10  is  added 
to  twice  the  number  of  years  in  my  age  the  sum  will  be  40.*' 
How  old  was  the  boy  ? 

Let  X  stand  for  the  number  of  years  in  his  age. 
Then  2  x  stands  for  twice  that  number  of  years. 
The  problem  states, 

in  verbal  language :  twice  the  number  of  years  in  the  boy^s  age 
plus  10  is  equal  to  40 ; 

in  algebraic  language :        2  a?  + 10  =  40. 

Transferring  10,  2  a?  =  30. 

Dividing  by  2,  a?  =  15. 

The  boy  was  15  years  old. 

Check:  2  x  15  + 10  =  40,  or  30  + 10  =  40,  or  40  =  40. 

BXERCISBS  VIU. 
Solve  each  of  the  following  equations :  • 

1.   aj  +  4  =  9.  2.   3  +  aj  =  10.  3.   x  —  ^^^^. 

4.   15-aj  =  10.  5.   ll-aj  =  13.  6.   3a?  +  2  =  ll. 

7.   5aj-3  =  17.  8.   7  +  12a?  =  31.        9.   41-17aj=7, 

10.   15  =  3  +  4aj.        11.  19  =  13-6aj.      12.   14  =  8-3a?.  ' 
13.   9  +  5a;  =  13  +  4a?.  14.   8a;-6  =  10aj-ll. 

15.   18-5a;  =  33-8aj.  16.   14aj-13  =  7aj  +  29. 

17.  3a5-4  +  5a  =  7a?  +  9.        la  4ic-9  =  8aj  — 3-2a?. 
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19.  2a;  +  5a?-33  =  8aj-37-16. 

20.  lla;-15-4aj  =  2a?  +  5-5iB. 

21.  13aj-25  +  7aj  =  87  +  9a?  +  9. 

22.  5a?  +  14  — 8aj  =  3a?  — 16  — 4a?. 

23.  6x  +  7  —  15x  +  23  =  S6x  +  lB. 

24.  6a?  — 25  +  3aj  — 14aj  =  26  — 3a?. 

25.  4a?  +  (2a?-3)  =  15.  26.   2a?— (5a?  +  5)  =  7. 

27.  6a?-(3aj-7)  =  17.  2a   7a?- (3 a?- 11)  =  4. 

29.   14a?-{3a?-(2-a?)}=22.     30.   3a?-7- (5a? +  17)=  0. 

31.  6a?-[7a?-(8a?-18)]=16. 

32.  6-{5-(4-{3-[2-(l-a?)]})}  =  4. 

33.  If  19  is  added  to  a  number,  the  sum  will  be  40.  What 
is  the  number  ? 

34.  A  man  invests  $2100.  How  much  must  he  gain  to 
have  $3600? 

35.  What  number  increased  by  43  gives  its  double  ? 

36.  What  number  is  16  less  than  three  times  itself  ? 

37.  A  pole  34  feet  long  is  divided  into  two  parts,  so  that 
one  part  is  8  feet  shorter  than  the  other.  What  is  the  length 
of  each  part  ? 

3a  In  a  numl3er  of  2  digits,  the  tens'  digit  exceeds  the  units' 
digit  by  3.  If  the  sum  of  the  digits  is  13,  what  is  the  units' 
digit  ?     What  is  the  number  ? 

39.  What  is  the  number  next  greater  than  8  ?  Next  less  ? 
Next  greater  than  a?  ?    Next  less  ?    Next  greater  than  a?  +  4  ? 

40.  The  sum  of  two  consecutive  numbers  is  31.  What  are 
the  numbers  ? 

41.  The  sum  of  three  consecutive  numbers  is  24.  What  are 
the  numbers  ? 

42.  The  difference  between  two  numbers  is  7,  and  the  smaller 
number  is  9.  What  is  the  greater  number?  If  the  greater 
number  is  a?,  what  is  the  smaller  number  ? 
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43.  The  difference  between  two  numbers  is  8,  and  their  sum 
is  38.     What  are  the  numbers  ? 

44.  The  difference  between  two  numbers  is  3,  and  their  sum 
is  equal  to  nine  times  their  difference.    What  are  the  numbers  ? 

45.  A  father  is  40  years  older  than  his  son.  If  six  times 
the  son's  age  is  equal  to  the  sum  of  their  ages,  how  old  is 
each? 

46.  The  length  of  a  room  is  three  times  the  breadth.  If  the 
length  is  20  feet  more  than  the  breadth,  what  are  the  dimen- 
sions of  the  room  ? 

47.  A  man,  being  asked  the  time,  replied,  "If  18  is  sub- 
tracted from  four  times  the  hour  it  now  is,  the  remainder  will 
be  the  hour."    What  was  the  hour  ? 

4a  Three  times  a  number  exceeds  12  by  as  much  as  12 
exceeds  the  number.    What  is  the  number  ? 

49.  A  has  $  125  and  B  has  $  45.  How  many  dollars  must 
A  give  B  in  order  that  they  may  have  equal  amounts  ? 

50.  A  pile  stands  3  feet  above  the  water.  If  ^  is  in  the 
water  and  ^  in  the  earth,  how  long  is  the  pile  ? 

51.  Two  vessels  together  hold  9  gallons.  If  the  smaller, 
when  empty,  is  filled  from  the  larger,  when  full,  there  will 
remain  3  gallons  in  the  latter.  How  many  gallons  does  each 
vessel  hold  ? 

52.  Three  boys.  A,  B,  and  C,  pull  100  pounds.  A  pulls  20 
pounds  more  than  B,  and  B  pulls  8  pounds  less  than  C.  How 
many  pounds  does  each  boy  pull  ? 

53.  A  pole  is  divided  into  three  parts.  The  second  is  three 
times  as  long  as  the  first,  and  the  third  is  6  feet  longer  than 
the  first.  The  length  of  the  pole  is  equal  to  the  excess  of  60 
feet  over  the  smallest  part.  What  are  the  lengths  of  the 
parts,  and  the  length  of  the  pole  ? 

54.  In  a  number  of  two  digits,  the  units'  digit  is  three  times 
the  tens'  digit.  The  number  is  equal  to  8  more  than  three 
times  the  units'  digit.     What  is  the  number? 
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MULTIPLICATION. 
Product  of  PowetB. 

24.  Ex,  1.   a^  xa^=i  (aaa)  (aaaa)  =  aaaaaxm  =  a^  =  c^\ 

Ex.  2.   xa^a?  =  x  (xx)  (qsqcx)  =  xxxxxx  =  a?  =  a^'^^ 

These  examples  illustrate  the  following  principle : 

The  eocponeitt  of  the  product  of  two  or  more  powers  of  tfie  saane 
base  is  the  sum  of  the  given  exponents;  or  stated  symbolically, 

a^'aP  =  a"*-^" ;  a"'a"cif*  =  h'w+^+p  j  etc. 

EXERCISES  IX. 

Express  each  of  the  following  products  as  a  single  power : 

1.  3^x3.  2.  5^xS'.         3.  6*x6».  4.  (~5)*5l 

5.   (-6)»(-6)^       6.  2*(-2/.       7.  8»(-8)*.  8.  (-7)«7». 

9.  jc^xai^.  10.  (-y)V.     11.  (-a)»(--a)^     12.  (-aj)V. 

13.  o^a'a^  14.   a?*(-a;)V.  15.   d?a^a^a\ 

la  {xy)\xy)\  17.  (2a6)8[-(2a6)]^ 

la  (a  +  6)»(a  +  6)».  19.  [~(a;-y)]»(a;-y)*. 

20.  aj"a5^.  21.  a^a^.  22.  x^~^x.  23.  2/"2/^"*. 

24.  ar+V-^  25.  a^  *a?*'+».    26.  ft^+^ft— \  27.   a^a**. 

Degree.    Homogeneous  XbcpresalonB. 

25.  An  integral  term  which  is  the  product  of  n  letters  is 
said  to  be  of  the  nth  degree. 

Thus,  the  Deg^ree  of  an  Integral  Term  is  indicated  by  the  sum 
of  the  exponents  of  its  literal  factors. 

E.g,,  3  a5  is  of  the  second  degree ;  2  a^y,  =  2  ocxt/,  is  of  the 
third  degree. 

The  Degree  of  a  Multinomial  is  the  degree  of  that  term  which 
is  of  highest  degree. 

E,g.,  the  degree  of  a^y  +  xy^  —  a^y^z  is  the  degree  of  a^j^z; 
i.e.,  the  sixth. 
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26.  It  is  often  desirable  to  speak  of  the  degree  of  a  term, 
or  of  an  expression,  in  regard  to  one  or  more  of  its  literal 
factors. 

E.g.,  the  term  aa^  is  of  the  fifth  degree  in  x  and  y,  of  the 
first  degree  in  a,  of  the  second  degree  in  x,  of  the  third  degree 
in  y,  etc. 

The  expression  aa?  -f  2  bxy  +  cy*  is  of  the  second  degree  in 
X,  in  y,  and  in  x  and  y. 

27.  A  Homogeneous  Expression  in  one  or  more  letters  is  an 
expression  all  of  whose  terms  are  of  the  same  degree  in  these 
letters. 

E.g.,        a^  +  2ab  +  b^  is  homogeneous  in  a  and  6. 

28.  If  the  terms  of  a  multinomial  be  arranged  so  that  the 
exponents  of  some  one  letter  increase,  or  decrease,  from  term 
to  term,  the  multinomial  is  said  to  be  arranged  to  ascending, 
or  descending,  powers  of  that  letter.  The  letter  is  called  the 
letter  of  arrangement. 

E.g.,  a^  —  3  a^y^  +  2  a?y  +  xy^  is  arranged  to  descending  powers 
of  X,  which  is  then  the  letter  of  arrangement ;  or,  when  written 
aj*  +  2  ic^^  —  3  a^y^  +  xt/^,  to  ascending  powers  of  y,  which  is  then 
the  letter  of  arrangement. 

BXEBCISBS  X. 
What  is  the  degree  of  2  a^h^ah/^ 
1.  In  a  ?    2.   In  a?  ?    3.  In  h  and  y?    4.   In  a,  b,  x,  and  y  ? 

What  is  the  degree  of  the  expression  a^a^—d  a^b^a?y+5  a^a^y* 

5.   In  a?  6.   Iny?  7.   In  a?  a   In  6? 

9.   Arrange  2ic  —  3aj*  +  7  —  2iB*  +  3aj*to  ascending  powers 
of  a? ;  to  descending  powers  of  x. 

10.  Arrange  3  y  —  7  a?^  +  5  a^y  +  4  a^y*  to  ascending  powers 
of  a;;  to  ascending  powers  of  y. 
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Multtplication  of  MonomiaUi  by  MonomiaUi. 

29.  Ex.  1.  3  a  X  5  6  =  3  X  5  X  a  X  6, 

=  15  oft. 

Ex.2.  2aJx(-4y2)  =  2(-4)a?2/*  =  -8ajy2. 

Ex.  a  |a?x6a6«xll&*  =  |x6xllx  d'db^W  =  44  a^V, 

Ex.  4.  -3aJ-x4aj»  =  -3x4x  oTa?  =  - 12  aJ-+*. 

Ex.  5.   6  af +*  X  7  af-*=  6  X  7  X  of +*af-^  =  35  of +^+*-^  =  35  ar^. 

These  examples  illustrate  the  following  method  of  multiply- 
ing two  or  more  monomials. 

Multiply  the  product  of  the  numerical  coefficients  by  the  product 
of  the  literal  factors. 

BXBBOISBS  XI. 
Multiply : 


L 

2. 

3. 

4. 

5. 

6. 

2a 
3 

3x 
-2 

-5a? 
6 

—  6m 
-8 

5a 
-26 

-5m' 

7n 

7. 

a 

9. 

10. 

11. 

12. 

5a! 
-6a? 

-xy' 

7  a* 
-3(0) 

-6ai^ 
-2x!/> 

-72o»6c 
2a6c» 

-3xy^ 

la  2(a  +  6)by3(a  +  6)«.      14.    -  5(a?-y)«by  3a(a?-y)». 

Simplify  the  following  continued  products 

15.  3abx5bcx6ac.  16.    -7ajV  x(- 2y%)x  3a»«. 

17.    —  aJ2/*x76aj%x26a^2.    la   aj^"+^x5af^x(— aJ*y^^). 

Multiply : 

19.   2rf6«c,  -3a6V,  a*6*c,  -5a2KJ*. 

2L  af^\  -5aJ-^  20^—,  ic-+«. 
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Multiplication  of  a  Multinomial  by  a  Monomial. 

30.  If  the  indicated  operation  within  the  parentheses  in  the 
product,  4(2+3  —  1),  be  first  performed,  we  have 

4(2  +  3-l)  =  4x4  =  16. 

But  if  each  term  within  the  parentheses  be  multiplied  hy  4 
and  the  resulting  products  be  then  added,  we  have 

4x2  +  4x3-4x1  =  8  + 12 -4  =  16,  as  above. 

Therefore    4(2  +  3- 1)  =  4  x  2 +4  x  3-4  x  1. 

This  example  illustrates  the  following  method  of  multiplying 
a  multinomial  by  a  monomial : 

Multiply  each  term  of  the  multinomial  by  the  monomicU,  and 
add  algebraically  the  resulting  products.    That  is, 

a{b  +  G^d)  =  ab+aG  —  ad. 

This  principle  is  called  the  Distributive  Law  for  multiplica- 
tion. 

31.  Ex.  1.   Multiply  (a  -  y)  by  3. 

We  have  3(a?  —  y)  =  3 a?  —  3y. 

Ex.2.   Multiply  3aj-2y- 72  by- 4ar. 
We  have 
-4aj(3aj-2y-72)  =  (-4a;)(3a:)-(-4aJ)(2y)-(-4ar)(7«) 
=  -12aj*  +  8ajy  +  28a». 

Such  steps  as  changing  (— 4aj)(3a;)  into  — 12aj*,  — (— 4a?)(2y) 
into  +8a?y,  and  —(—4  a?)  (7  2)  into  +28a»,  should  be  per- 
formed mentally. 

The  work  may  be  arranged  as  in  arithmetic,  by  placing  the 
multiplier  under  the  multiplicand : 

3a;-2y-70 
—  4a? 

^12x^-\-^xy'\-2%xz 

It  is  customary  to  multiply  from  left  to  right,  instead  of 
from  right  to  left  as  in  arithmetic. 


30-31]  MULTIPLICATION.  61 

BXERCISBS  XII. 

Multiply : 

L  aj  +  1  by  3.  2.   a —  3* by  5.  3.   2m +  5  by  —3. 

4.  3aj-7by-8.    5.   2a  +  36by3a.     6.   5x-Sy  hj  2x. 

7.  6a^  —  5b  by  56.  8.  Sx--5f  by  —Qxy. 

9.  8a? +  52^  by  2xy.  10.  a  +  6-c  by  5. 

U.  x  —  y  —  z  by  —3.  12.  3a  +  26  — 5c  by  4. 

13.  5m-3n-4jp  by  -3.  14.  2a  — 76  +  3c  by  --Sa. 

15.  ^5a?  +  Sf^27^  hj  -2xyz. 

Multiply  rf - 3a  + 1  by 

16.  2a.  17.  —36.  la  5o6.  19.   — Ca^ft*. 

Multiply  afy  +  Sxy  —  dy'  by 
20.   -3a?.         21.    -53^.  22.    -6a?y.         23.   Sa^- 

Simplify  the  result  of  substituting  a  +  b  —  c  for  x,  and 
a—b  +  c  for  y,  in  the  following  expressions: 

24.  5bx-7ay.         25.  3 a^ftaj - 14 a6V-         26.  7abx  +  2bcy. 

Find  the  values  of  the  results  of  Exx.  24-26 

27.  When  a=^—2,  6  =  3,  c  =  -4. 

28.  When  a  =  5,  6=-7,  c  =  -6J. 

Multiply  6  af  -  3  af-y  +  4  af-^y*  +  y*"*  by 
29.   aj».  30.    -5a?y.  31.  3ajY.  32.    -6faj"2/"*. 

Simplify  the  following  expressions : 

33.  4aj-2{[a;-3(2-aj)]a;-4|. 

34.  13a-13{10[7(4a-3)-6]-9a|. 

35.  -  206  -  2{aj  -  5[3  -  2a;  -  6(4 aj  -  7)]-  3(5  -  2a;)]. 
^    {[(i  +  20aJ-(2y-l)]a?-(a?-23/)a;-a?2/«{«. 
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Multiplication  of  Multinomials  by  Multinomialik 

32.  Ex.   Multiply  7  -  5  by  2  +  3. 
If  we  let  a  stand  for  7  —  5,  we  have 

(2+3)a  =  2a  +  Sa. 
Now  replacing  a  by  7  —  5,  we  obtain 

(2  +  3)(7-5)  =  2(7-5)  +  3(7-6) 

=  2x7-2x5  +  3x7-3^5. 

This  example  illustrates  the  following  method  of  multiply- 
ing a  multinomial  by  a  multinomial : 

Multiply  each  term  of  the  multiplicand  by  each  term  of  the  mul- 
tiplier, and  add  algebraicaUy  the  resulting  products. 
In  general, 

(a  +  6)(c  + 1/-  a)  =  a  (c  + 1/-  a)  +  6(c  +  i/-a) 
=  ac-{-ad-'ae  +  bG  +  bd  —  be. 

33.  1.  Multiply -3a  +  26  by  2a-36. 

Wehave  —3a  +   26 

2a  -   Sb 
2a(-3a  +  26)  =  -6a2+   Aab 
^3&(-3a  +  26)=  +   9a6-6y 

-60^  +  1306-66* 

The  work  is  arranged  as  follows :  Write  the  multiplier  under 
the  multiplicand;  the  first  partial  product ,  i.e.,  the  product  of  the 
multiplicand  by  the  first  term  of  the  muUipliery  under  the  multi- 
plier; the  second  partial  product  under  the  first;  and  so  ort, 
placing  like  terms  of  the  partial  products  in  the  same  column. 

Ex.  2.  Multiply  x  +  a  by  x+b. 

We  have  x  -\-a 

x+b 
x^  ^ax 

hx  +  ab 


^  +  (a  +  6)aj  +  a6 
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« 

Ex.3.   Multiply  4a«  +  l-2a-8a»  by  l+2a. 
Arranging  to  ascending  powers  of  a,  we  have 

l_-2a  +  4a*-8a» 
l  +  2a 

l-2a  +  4a«-8a» 

2a-4a«+8a»~16a* 


1  -16a* 

Ex.4.   Multiply  a?  +  y*  +  l  —  a?y  —  aj--y  by  aj  +  y  +  1. 
Arranging  to  descending  powers  of  x,  we  have 

a?^xy-^x  +  f  —  y  +  l 
x+  y  +  1 

a^  — aJ^  — ^  +  ^—    ^-\-^ 

nfy          —0^-     xy         +f-^y'  +  y 
—     Xy  —  X  +y^^y  +  t 

7?  -Sxy        +y^  +1 

Ex.5.  Multiply  2ar+^-5ar  +  7ixr-^  by  a^—x^-\ 
We  have 

2af+i  —  Soj*  +    ToT'^ 


2 aj8-H-i  -  7 a58«  ^.  12 ic'-'-*  -  TaJ*^* 

BXEQCISBS  XIII. 

Multiply: 

1.  a  +  1  by  a  +  2.  2.  a?  +  l  by  a;  — 2. 

3.  «i  — 5  by  m  +  3.  4.  y  — 6  by  y— 6. 

5.  m  — 12  by  m  —  3.  ,               6.  a  — 12  by  a  — 15. 

7.   2a;  +  l  by  aj  +  3.  8.  3a  +  6  by  2a-3. 

9.  llm-6  by  2m-6.  10.  15a?-.8  by  lOaj-a 

11.  «  +  yby»  — y.  12.  2a  +  &  by  3a-6. 
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13.  3m— 2n  by  5m  +  3w.         14.   5a?  — 6y  by  Sx--2y. 
15.   2ix?  +  7y  by  6ay^-3y,         16.   llm^  +  Gw  by  5m*-7n. 
17.   2a*  +  36*  by  4a2-66«.        18.  3a^  +  4:xy  by  2aj2-|-3icy. 
19.   7a'  +  2a6  by  3a2-5a6.      20.   6aj2-5a5y  by  3a^— 2ajy. 
21.  oj*  +  a?  + 1  by  aj  —  1.  22.   aj*  —  a;  + 1  by  a?  + 1. 

23.   a2  +  5a-6  by  a-3.  24.  a^-llaj  +  12  by  a;  — 8. 

25.   2a»  +  3a-5  by  3a-2.       26.   5a.'2-7aj  +  2  by  6aj-7. 
27.   5aj»-2a;  +  l  by  5aj  +  2.       28.  3a^  +  4a;-5  by  3aj  — 4. 
29.  a?-{-2xy-\-f  by  x  +  y.         30.   a^-2ab  +  b^  by  a  — &. 
31.  aj*  — a;^  — aj  +  1  by  a;  +  l.       32.  aj'  +  a^  +  aj+l  by  x^l. 

33.  8ar»-4aj*  +  2a;-lby  2aj  +  l. 

34.  oi?  +  oi?y  +  xi^  +  f  by  aj  — y. 

35.  27a3  +  18a%  +  12a62  +  86«  by  3a-26. 

36.  2a  +  36  +  5c  by  2a  +  36  — 5c. 

37.  6a;*  +  3a;  +  l  by  6a;*-3a?  +  l. 
3a   d  +ajy  +  a5y  by  1-xy-s^. 

39.  2a«-3a6  +  562  by  2a2  +  3a6-52^. 

40.  2aj*  +  3ajy  +  42r*  by  3a?-4ajy  +  2^. 

41.  a;8-2aj*  +  3a;-l  by  a;«-3aj  +  2. 

42.  aJ*-5aj*  +  6aj-3  by  a^  +  Sx-A. 

43.  aJ*-6a;8  +  2a;  +  5  by  3a?-2aj  +  6. 

44.  x^-4:a^-^2xy^--f  hy  a^-3xy  +  f. 
46.  aJ*  +  2a;*  +  a?-4a-ll  by  a?-2aj  +  3. 

46.  a?  — ajy  +  y*  +  «  +  y  +  l  by  a;  +  y  — 1. 

47.  af-2aJ— ^-3af-*  — 5a^  by  a;  +  l. 
4a  5aj*  +  3af-*-8af-«-3  by  «-2. 
49.  o*+*-5o"  +  7a— *-3  by  a^  +  a  +  1. 
5a  a^  — x^-fJJ"-l  by  oT +1. 

SL  a*'-2o«6-  +  ft*'  by  a*»  +  2 a-6*  +  6»». 
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52.  (x  +  m)(x  +  7i).  53.    (x  -  m)  (aj  —  n). 

54.  (x-{-m)(x—n).  55.    (x^m){x  +  n), 

56.  [aj2~(a  +  6)a;  +  a^](aJ-c). 

57.  lQ^+(a-b)x-ab'](x  +  c), 

Simplify  each  of  the  following  expressions : 

58.  (a;  +  4)(a;-3)-(a?  +  2)(aj  +  6). 

59.  (aj  +  8)(aj-4)~(a;  +  16)(a;  +  2). 

60.  (a-2)(a;-f.3)(a;-4)-(aj-3)(a:-6)(a;-7). 

61.  (a  +  l)(a  +  2)(a  +  3)-(a-l)(a-2)(a-8). 

62.  (a  +  by-(a  +  cy--(b  +  cy. 

63.  (a  +  6  +  c)8-3(a  +  6-f c)(a2  +  62  +  c^. 

64.  aj'(2^-2;)+3^(»-aj)  +  »'(aj-y)-f-(a?-y)(y-2j)(2;-a;). 

65.  (a-y)«  +  (y-2j)»  +  (»-iB/-3(aj~y)(y-2;)(«-a;). 

66.  (2m2  +  3m--2)(m-l)(2m+3). 

67.  (a?  +  4.x^l)(si?-2x  +  l)(x  +  2). 

68.  (a  +  y-l-2J)(iB-f-y-»)(2  +  a;-y). 

69.  (a*-a  +  l)(a*  +  a-f-l)(a*-a2  +  l). 

Simplify  each  of  the  following  expressions : 

70.  (ia'  +  \b^(^a'  +  \l^.        n.(^a'  +  ib^(^a'^ib^ 

72.  (|a--J64-fc)(|a-f6  +  fc). 

73.  (ia5-|2^  +  52;)(|aj-3y-i4 

74.  (2J-3ia:  +  3^a0aa^  +  2^aj  +  H). 

75.  (|a«  +  i6«-ic^(|a«-i6«-iO. 

76.  (^aaj  +  i&a^  +  icar»)(^aaj-f-|6aj*--^cx»). 

Zero  in  Multiplication. 
34.   Since        JV'.  0  =  iV(6- 6),  by  definition  of  0, 
=^Nb--Nb  =  0, 
we  have  K  -0  =  0  and  0-11  =  0. 

That  is,  a  2>»*odttci  isO  if  one  of  its  factors  be  zero. 
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BXEBCISES  XIV. 

1.   What  is  the  value  of  2  (a  —  b),  when  6  =  a  ? 

2. .  What  is  the  value  of  (a  +  ft) (c  —  d),  when  c  =  d? 

3.  What  is  the  value  of  (6  +  c) (a -f- 6  —  c),  when  c  =  a+b? 

4.  What  is  the  value  of  (a^  -  9)  (a?*  -  7  aj^  +  2  a;  -  9),  when 
x  =  S? 

For  what  values  of  x  does  each  of  the  following  expressions 
reduce  to  0 : 

5.  a?(a;~2)?         6.   (a?  -  4)  (a?  +  7)  ?        7.    (aj  -  1)  (a?  -  a)  ? 
8.   (a:~6)(aj  +  8)(aj2-25)?         9.   a;  (a?  -  a)  (a;  -  6)  (a?  -  c)  ? 

ZSquationB  and  Problems. 
35.  Ex.   Find  the  value  of  x  from  the  equation 

3(aj-4)-h5  =  4(aj-3). 
Removing  parentheses,  3  a?  — 12  +  5  =  4  a?  — 12. 
Cancelling  — 12,  3aj  +  5  =  4a;. 

Transferring  terms,  3aj  —  4aj  =  --6, 

or  --x^  —  S. 

Dividing  by  —  1,  x  =  5. 

Check:  3(5-4) +  5  =  4(6-3),  or  3  +  5  =  4x2,  or  8  =  8. 

To  solve  such  equations :  Remove  parentheses,  and  proceed  as 
in  Art,  22. 

Pr.  A  number  of  persons  were  to  raise  a  fund  by  paying  $  5 
each.  Had  there  been  4  persons  more,  each  would  have  had 
to  contribute  only  $  3.     How  many  persons  were  there  ? 

Let  X  stand  for  the  number  of  persons. 

Then  the  number  of  dollars  contributed  was  5  x. 

Had  there  been  4  persons  more,  there  would  have  been 
a; +  4  persons. 

Then  the  number  of  dollars  contributed  Would  have  been 
3(aj  +  4). 
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The  problem  implies, 

in  verbal  language :  the  number  of  dollars  contributed  in  the  one 
case  is  equal  to  the  number  of  dollars  contributed  m  the  other; 

in  algebraic  language :         5  a;  =  3  (a?  -f-  4). 

Eemoving  parentheses,  5x  =  3x  +  12. 

Transferring  3x,  2  a;  =  12. 

Dividing  by  2,  a?  =  6. 

Check :  6  persons  contributed  6  x  5,  =  30  dollars ;  6  +  4, 
or  10,  persons  would  have  contributed  10  x  3,  =  30  dollars. 

EXERCISES  XV. 

Solve  the  following  equations : 
1.  6(a;  +  l)=^6.  2.  4(2aj-l)  =  5. 

3.  3(a;  +  5)  +  17  =  26.  4.  14  +  3(7-2a;)  =  29. 

5.  15  +  4(8-2a;)  =  7.  6.  25 -3(5 -4 a?)  =  22. 

7.  27+4(2aj-8)  =  12.  8.   ll(2-5a;)  =47-30aj. 

9.  12(4a;-5)  =  13-98a;.       10.   7 a? -6(10 -a?)  =33 a?. 
U.   4(2a;  +  3)-3(2aj  +  4)  =  10. 

12.  6(3a;  +  4)-2(4aj-3)  =  54. 

13.  7(2a?-3)-ll(5a;-4)  =  64. 

14.  (aj-3)(a;-4)  =  a^  +  5. 

15.  (aj-4)(aj-6)  =  a;(aj-9). 

16.  (aj  +  l)(a;  +  2)  =  (aj-3)(aj-4). 

17.  6aj(2a;-h3)  =  (3aj  +  2)(4aj  +  3). 

18.  The  sum  of  two  numbers  is  50.  If  five  times  the  less 
exceeds  three  times  the  greater  by  10,  what  9,re  the  numbers  ? 

19.  Two  boys,  A  and  B,  had  the  same  number  of  apples. 
A  said  to  B:  "Give  me  5  apples  and  I  shall  have  twice  as 
many  as  you  will  have  left."    How  many  apples  had  each  ? 


68  ALGEBRA.  [Ch.  HI 

20.  Add  10  to  a  certain  number,  and  multiply  the  sum 
by  2,  or  subtract  8  from  the  same  number,  and  multiply  the 
difference  by  5.  The  results  will  be  equal.  What  is  the 
number? 

21.  A  is  30  years  old,  and  B  is  12  years  old.  After  how 
many  years  will  A  be  twice  as  old  as  B? 

22.  A  father  is  30  years  older  than  his  son;  5  years  ago 
he  was  four  times  as  old.     What  are  the  ages  of  father  and  son  ? 

23.  A  and  B  invested  equal  amounts.  A  gained  $  200,  and 
B  gained  $2600.  If  B  then  had  three  times  as  much  as  A, 
how  much  did  each  invest  ? 

24.  Three  boys.  A,  B,  and  C,  catch  128  fish.  If  B  catches 
10  more  fish  than  A,  and  C  catches  three  times  as  many  as  A 
and  B  together,  how  many  fish  does  each  boy  catch. 

25.  In  one  room  there  are  twice  as  many  persons  as  in  a 
second  room.  If  10  persons  pass  from  the  first  room  into  the 
second,  there  will  be  three  times  as  many  persons  in  the  second 
as  in  the  first.    How  many  persons  are  there  in  each  room  ? 

26.  A  woman  has  enough  money  to  buy  11  yards  of  cloth 
of  one  kind,  or  8  yards  of  another  kind.  If  the  latter  costs 
30  cents  more  a  yard  than  the  former,  how  much  does  a  yard 
of  each  kind  cost  ? 

27.  In  a  stairway  there  are  45  steps  of  a  certain  height.  If 
the  steps  had  been  made  1  inch  higher,  there  would  have 
been  only  40.    How  high  are  the  steps  ? 

28.  The  capacity  of  a  certain  vessel  is  90  gallons.  One 
'pipe  lets  in  2  gallons  a  minute  and  a  second  pipe  1  gallon.  If 
the  first  pipe  is  opened  15  minutes  before  the  second,  how  long 
after  the  first  pipe  is  opened  will  the  vessel  be  filled  ? 

29.  A  farmer  has  two  fields  containing  together  5'  acres.  A 
offers  to  pay  f  62  an  acre  for  the  first  field  and  f  72  an  acre 
for  the  second.  B  offers  to  pay  $  60  an  acre  for  the  firs't  field 
and  $  75  an  acre  for  the  second.  If  both  offers  amount  to  the 
same,  how  many  acres  are  there  in  each  field  ? 
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30.  The  capacity  of  a  certain  cistern  is  2200  gallons.  One 
pipe  lets  in  80  gallons  in  a  minute,  and  a  second  pipe  50 
gallons.  How  many  minutes  must  the  first  pipe  be  opened 
before  the  second  in  order  that  the  cistern  may  be  filled  4 
minutes  after  the  second  pipe  is  opened? 

31.  One  cask  contains  70  gallons,  and  another  60  gallons. 
If  three  times  as  many  gallons  are  drawn  from  the  larger  as 
from  the  smaller,  the  contents  of  the  smaller  will  be  equal  to 
three  times  the  contents  of  the  larger.  How  many  gallons 
are  drawn  from  each  cask  ? 

32.  A  man  has  $  115  in  two-dollar  bills  and  five-dollar  bills. 
If  he  has  35  bills  altogether,  how  many  of  each  kind  has  he  ? 

33.  A  rides  his  bicycle  12  miles  an  hour,  and  B  his  10  miles 
an  hour.  A  rides  a  certain  number  of  hours,  and  B  rides  2 
hours  longer.  If  they  ride  the  same  distance,  how  many  hours 
does  each  ride  ? 

34.  Twenty-five  men  were  to  raise  a  certain  fund  by  con- 
tributing equal  amounts.  But  5  men  failed  to  contribute,  and 
in  consequence  each  of  the  remaining  men  had  to  contribute 
$  2  more.  What  was  to  be  the  original  contribution  of  each  ? 
What  was  the  amount  of  the  fund  ? 

DIVISION. 

36.  One  power  is  said  to  be  higher  or  lower  than  another 
according  as  its  exponent  is  greater  or  less  than  the  exponent 
of  the  other. 

E.g.,  a*  is  a  higher  power  than  a?  or  h\  but  is  a  lower  power 
than  a*  or  V. 

Quotient  of  Powers  of  One  and  the  Same  Base. 

37.  Ex.     dJ  -^a^  =  (acumaaa)  -j-  (aaa), 

=  (aaaa)  x  (aaa)  -r-  (aau),  by  Ch.  II,  Art.  16. 
=  aaaa  =  a*  =  a'"". 
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This  example  illustrates  the  following  method  of  dividing  a 
higher  power  by  a  lower  power  of  the  same  base : 

The  exponent  of  the  quotient  is  the  exponent  of  the  dividend 
minus  the  exponent  of  the  divisor;  or,  stated  symbolically, 

Qftt  .2.  n't  =  A"'"'', 

We  also  have 

a*" -5- a"  =  1,  when  m  =  n. 

EXERCISES  XVI. 
Express  each  of  the  following  quotients  as  a  single  power : 

1.  2^^2.      2.  3*-j-3l      3.  aj'-f-a^.  4.   a«-i-a*. 

5.  x^-i-a?.     6.   a^-i-a\     7.  (-a)«-^a^     8.  (3aj)*-i-(3aj). 

9.   (aby-h(-ab)\        10.   5''-i-5\  U.   a"+^-i-a. 

12.  af»+^-^ic~.  13.  aj«+* -J- ic«+^         14.   a^^-^a*-*. 

Division  of  Monomials  by  Monomials. 
3a  Ex.1.   12a-i-4=(12-f-4)xa  =3xa  =  3a. 
Ex.2.   ~27i»^^3aj2  =  (~27^3)x(aj^^a?)  =  -9xar'=-9a^. 
Ex.3.  15a%2-^(-5a52)  =  [i5^(-5)]x(a»^a)x(&^-*-6^ 
=  -3a2. 

Ex.  4.    — 16  ar^y«+i  -h  (-  8  af^**-^) 

=  [-16-5-(-8)]  X  (x^^x^^)  X  Qr^^-htT"^) 
=  2  a^"»^»+i-(n-i)  _.  2  aj«»^. 

These  examples  illustrate  the  following  method  of  dividing 
a  monomial  by  a  monomial : 

Multiply  the  quotient  of  the  numerical  coefficients  by  the  quotient 
of  the  literal  factors, 

EXERCISES  XVII. 

Divide 

1.  2.  3.  4.  5. 

2)6  g.     6) -10  a?.     4) -16  m.      ^5y)-25y.     -7m)-49m^. 
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6.  5a?  by  a?.  7.  -6a^  by  2a. 

a  25m*  by  -Bm^  9.  -4a%  by  -2o. 

10.  6a6c3  by  -3ac.  11.  -9a«6  by  Sa^b. 

12.  30a^*  by  Sa^y*.  13.  -15aW  by  -3a%«. 

14.  35a^6^V3  by  -5a*6V.  15.  12  mVp^  by  -2m*ny. 

16.  15(a  +  6)  by  3(a  +  6).  17.  25aj8(a?+l)»  by  -5a;(a;+l)». 

la  10  a^b^  by  —  5a"6^  19.  —  27af+'2^  by  -9xy^. 

20.  a^->2/*"+2  by  a;«+i^-8.  21.  a'*~*6'*~^  by  a"-^6"-^ 

Simplify 
22.  cfa^^(-.aoci')  x  2aajy.       23.  35a?/«  x  2 xf -^  (7 a^h). 
24.  6  aj*+y-*  -J-  (-  af -y-")  x  (3  aj*2^). 

DiviBion  of  a  Multinomial  by  a  Monomial. 

39.  If  the  indicated  operation  within  the  parentheses  in  the 
quotient  (8  +  6  —  4)  •+■  2  be  first  performed,  we  have 

(8  +  6-4)-2  =  10-i-2  =  5. 

But  if  each  term  within  the  parentheses  be  first  divided  by 
2,  and  the  resulting  quotients  be  then  added,  we  have 

8^2  +  6^2-4^2  =  44-3-2  =  5,  as  above. 

Therefore   (8  +  6-4)-^-2  =  8-i-24-6-^2-4-^2. 

This  example  illustrates  the  following  method  of  dividing  a 
multinomial  by  a  monomial : 

Divide  each  term  of  the  multinomial  by  the  monomial,  and  add 
algebraically  the  resulting  quotients. 

That  is, 

(64-c  —  (/)-^fl  =  6-^fl  +  c-^fl  —  (/-hfl. 

This  principle  is  called  the  Distribtttive  Law  for  division. 

40.  Ex.  1.   Divide  6ar*-12a;  by  3a?. 

We  have  (6a;'-12a?)H-3a?  =  6ar^-5-3a?-12a?-f-3a;  =  2aj-4 

Ex.  2.  (4  a*— ^  -  8  a^+^)  -^  4  a""^ 

=  4  a^-^  -5-  4  a*-^  -  8  a^+^  ^  4  a—^  =  a"  -  2  a^+K 
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EXERCISES  XVIII. 

Divide 
1.  5  +  10  a  by  5.  2.   4  a  -f  8  6  by  -  4. 

3.   cLx-\-bx  by  x,  4.  3  a^  —  6  a5  by  —  3  a. 

5.  21a^h-Uab^  by  -lab. 

6.  8  am^  —  2  a^m  +  4  a^m^  by  2  am. 

1.   25(a  +  6)8 - 20(a  +  6)  by  5(a -f- 6). 

8.  2[x-yf-12a(x-yf-%(x--yf\s^2ix-y)\  ' 

.  Simplify 

9.  2a8-(a«-^3a)-^a. 

10.  (6a;  — 4a^-5-2a?— (— 2aj22/  +  3a^)-*-ajy. 

11.  (a6-a*6  +  3a36)-5-a6-(4a8-4a2)^-2a. 

Divide  9  a^a^  -  6  aV  + 12  aV  by 

12.  3a2.        13.    -3  ar».       '    14.   ao^.  15.    -faV. 

Divide  105  a^feV  -  21  a*6V.  +  42  a«6V  by 

16.   7a«.        17.    -3a862.        is.    -a%&.  19.   fa^V. 

Divide  15  o^n+y  -  12  ar^»+y  -  18  a^+y  by 

20'    3af».        21.    -^y^'^Y^      22.    -3a2n+y        23.    \^-^]f. 

Zero  in  Division. 

41.   Since  0  -^  ^=  (a  —  a)  -^  ^,  by  definition  of  0, 

=  a-^iV^-a^iV^=0. 

We  have     0  -5-  /If  =  0,  when  H  is  not  equal  to  0. 

Observe  that  this  relation  is  proved  only  when  N  is  not 
equal  to  0. 
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Diviaion  of  a  Multinomial  by  a  Multinomial. 

42.  The  division  of  one  multinomial  by  another  is  performed 
in  a  way  similar  to  that  of  dividing  one  number  by  aoother  in 
Arithmetic. 

Ex.   Divide  125  by  5. 

We  have 

12515 


20x5  =  100  20  +  5  =26 

125~20x5  =  "25 
25 

The  work  is  equivalent  to  the  following : 
125  ^  5  =  20  +  (125  -  20  X  5)  -f-  5  =  20  +  25  +  5  =  25. 

43.  The  number  20,  obtained  by  the  first  step  of  the  division, 
is  called  the  Partial  Quotient  at  that  stage.  It  is  the  greatest 
number  whose  product  by  the  divisor  is  equal  to  or  less  than 
the  dividend. 

In  general,  if  D  be  the  given  dividend,  d  the  given  divisor, 
and  q  the  partial  quotient,  the  principle  used  above,  stated 
symbolically,  is : 

44.  The  following  example  illustrates  the  application  of 
this  principle  in  dividing  one  multinomial  by  another. 

Ex.   Divide  aj"  +  3aj  +  2  by  a?4- 1. 

We  have 

(a^4.3aj+2)-j-(aj+l)=»+[(aj2+3a?-h2)--a;(a;+l)]-5-(a?+l)  (1) 

=a?+(aj2-f-3a?-f2-ar^-aj)-5-(ic-fl)  (2) 

=a?+(2a;+2)^(a;+l)  (3) 

=a;+2+[(2x+2)-2(a;+l)]-h(a?+l)  (4) 

=x-\-2,  since  0-5-(a;-f-l)=0. 
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We  take  the  quotient  of  the  term  containing  the  highest 
power  of  X  in  the  dividend  by  the  term  containing  the  highest 
power  of  X  in  the  divisor  as  the  partial  quotient  at  each  step. 

The  work  may  be  arranged  more  conveniently  thus ; 


a^  +  3a?  +  2 


a?  +  l 


a?  4- 2,  quotient. 


a^  -^    X  ...  x  (a  +  1)  to  be  subtracted  from  a:?  +  3  x  +  2 ;  see  (1) 
and  (2)  above. 

2a;  +  2  ...  Remainder  to  be  divided  by  x  +  1 ;  see  (3)  above. 

2  a;  -h  2  —  2  (x  +  1)  to  be  subtracted  from  2  a;  +  2 ;  see  (4). 

45.  The  method  of  applying  the  principle  of  Art  43  to  the 
division  of  multinomials^  as  illustrated  by  this  example^  may 
be  stated  as  follows : 

Arrange  the  dividend  and  divisor  to  ascending  or  descending 
powers  of  some  common  letter,  the  letter  of  arrangement 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor,  and  write  the  resvM  as  the  first  term  of  the  quotient. 

Multiply  the  divisor  by  this  first  term  of  the  quotient,  and  sub- 
tract the  resulting  product  from  the  dividend. 

Divide  the  first  term  of  the  remainder  by  the  first  term  of  the 
divisor,  and  write  the  result  as  the  second  term  of  the  quotient. 

Multiply  the  divisor  by  this  second  term  of  the  quotient,  and 
subtract  the  product  from  the  remainder  previously  obtained. 
Proceed  with  the  second  remainder  and  all  subsequent  remainders, 
in  like  manner,  until  a  remainder  zero  is  obtained,  or  untU  the 
highest  power  of  the  letter  of  arrangement  in  the  remainder  is  less 
than  the  highest  power  of  that  letter  in  the  divisor. 

In  the  first  case  the  division  is  exact;  in  the  second  case  the 
quotient  at  this  stage  of  the  work  is  called  the  quotient  of  the 
division,  and  the  remainder  the  remainder  of  the  division, 

46.  Ex.  1.  Divide  »^  —  4a?  —  5  by  a  —  5.    We  have 


»^  — 4a?  — 5 
7?  —  6x 

x^6 


X  —  5 


a?  +  l 
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Ex.  2.  Divide 

a«6~156^  +  19a6«  +  a*-8a2y  by  a»-56«  +  3a5. 

Arranging  to  descending  powers  of  a,  we  have 

a*+    a^b - Sa'b^  +  19 al)^ -Wb^  \  a^-{-Sab^5V 

a^  +  Sa^b-^5aV l^^ZZJab  +  SV 

-2a36~3a262  4.i9a6« 

3a%«+   9a6»--156* 
3a^y+   9aft»~lg6^ 

Ex.  3.   Divide  Sa?  —  f  by  2 icy  +  4 aj"  +  3/*. 

Arranging  the  divisor  to  descending  powers  of  a?,  we  have : 

Sa^  +  4:Qfy  +  2xjf         \  2x  -      y 

—  4a?y  —  2a?^--2/* 

—  4g^  — 2a^  — y^ 

Observe  that  the  remainder  after  the  first  partial  division  is 
arranged  to  descending  powers  of  x. 

Ex.  4.   Divide  12  a»+^  +  8  a«  -  45  a"  "^  +  25  a""*  by  6  a  --  5. 
We  have 
12a *+^  +   8 a" - 46 a"-^  +  25 a"-^  |  6a~5 


12a*'+i-10a*>  I  2a"  +  3 oT'^ - 5a*-* 

18  a''  — 45  a*-* 
18  a*  — 15  a*-* 


-  30  a*-* +  25  a— « 
-30  a"-* +  25  a*-* 

Ex.  5.    Divide       a?  +  (a  + 6 +  c)ar*  + (06  + ac  +  &c)a:  +  a5c 
t>y  aj*  +  (a  +  6)aj  +  a6. 

We  have 
a?  +  (a  +  6  +  c)a?  +  (al)  -{-  ac  +  bc)x  +  dbc  I  x^-{-{a  +  b)x  +  ab 
a^  +  ja  +  b      )a?+ a6a; 


X  -{-  c 


ca?  +  (oc  +  6c)  a;  +  a^c 
caj^  +  (ac  +  6c)  x  +  a6c 
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EXERCISES  XTX. 

Find  the  values  of  the  following  indicated  divisions  : 

1.   (a^  +  2a?  +  l)-5-(a?  +  l).        2.  (pi^+llx+30)^(x+5). 
3.   (aj2  +  a;-.90)-i-(aj~9).         4.  (aj2-5aj+ 6) -h  (x- 3). 
5.   (aj*  +  7a?~44)-5-(a?+ll).      6.  (a^-3aj-40)-*-(a?-8). 
7.   (3aJ8-13aJ-10)-^(3a?+2).    a  (2a2  +  a-6)-!-(2a-3). 
9.   (15iB»-7aj-.2)-j-(5a?+l). -10.  (6aj^-23a;-|-20)-5-(2aj-5> 

11.  (aJ»-.4a^-20a?  +  3)^(a:  +  3). 

12.  (a^-7aj2  +  13a-15)-!-(a:-5). 

13.  (42j8-_3iB2_24a-9)-5-(a?-3). 

14.  (3a^-13aJ2  +  23a?-21)-^(3iB~7). 

15.  (18aj^+7iB  +  10)-s-(3a  +  2). 

16.  (50ar»-23aj  +  6)-5-(5a;-2). 

17.  (a2  +  2a6  +  62)-^(a  +  6). 

la  (2a^-f-6a2  +  7aic)-5-(2a?-}-3a). 

19.  (S5a^^SSf  +  xy)-h(7x-'lly). 

20.  (a«— 18airy--243iB2y2)-i-(a4-9a^). 

21.  (8i»V~65a?y2!*-632f*)-!-(icy-922). 

22.  (6n»-7n2iB  +  2naj2)-h(-a;  +  2n). 

23.  (aJV  +  6ar^-2aj82/2)_5.(3^_^2a^). 

24.  (3a^-3a^-2a^-a;-l)-i-(3a^  +  l). 

25.  (a«-6a*  +  9a2-4)-i-(a2-.l). 

26.  (21a%-f-206^--22a268-29a*62)-5-(3a%-56^. 

27.  (iB»-f-8aj2  +  9a:-18)^(iB2^.5a._e), 

28.  (aj*  +  a^-4aj2  4-5flj-3)-^(aj2  +  2a;~3). 

29.  (6a?*-ar»-lla^-10a?--2)-!-(2aj2-3a?~l). 

30.   (aJ»-l)-f.(aj24.aj4.1).        31.   (a? +  S) -h(a? ^2a  +  ^y 
32.   (a^-642^-5-(iB«~4y).       33.   (aV  +  2/*)-*-(aaj  +  y). 
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34.  (itf*  +  aj*  + 1)  •+■  (o^  -  a  +  1). 

35.  (aV  4- 64  a?) -s- (4  oa;  4- a*ar»  + 8). 

36.  (4a*-25c*-306V~96^)-f-(2a2  +  5c2  +  36»). 

37.  (27aJ*-6c2»2  +  ^c^)-j-(c2-6ca?  +  9a^. 

38.  (8a'n«4-32a«  +  iw«)-5-(4an  +  n24-4a2). 

39.  (16 a*624.9 a26*-.12 aW~8  a«6+3 a«) -5-(a^4-3 a%2--2  a^b). 

40.  (28  a*c  -  26  aV~  13  aV+ 15  aV)  -s- (2 aV+  7  a'c  -  5 (Kf). 

41.  (8l2«-906V  +  816V-206«)  +  (92f*  +  96V-56*). 

42.  (a?  +  2/8  +  3ajy-l)-i-(aj  +  2^~l). 

43.  (a8  +  &3  4-c»-.3a6c)-f-(a  +  6  4-c). 

44.  (a^  +  2a6  +  ^>2-aJ^  +  4a;2/~42r*)-5-(a  +  &-«  +  2y). 

45.  (a2  4-2ac-62_26c2  +  c2-cP)-i-(a  +  c-6-d). 

Find  the  values  of  the  following  indicated  divisions : 

46.  [a^+(a4-l)a?  +  a]H-(a?  +  a). 

47.  [aj2_(a^2>)a;  +  a6]-5-(aj  — 6). 
4a   [ca^--(a6c  +  l)aj4-a&]-«-(«-a^). 

49.  [(6  +  c)aj2  -  tea?  +  «*  -  6c(6  +  c)] -j-(aj2  -  6c). 

50.  [Q^+(a  +  b  +  c)a?+(ab  +  ac  +  hc)x-{-abc2^(x  +  b). 

51.  [aj'— (a  +  6  -h  c)a^  +  (a5  +  ac 4- 6c) a?  ■- a6c] ■+•  (a?  —  c). 

52.  (6aj*»-25aj2«4.27af»-6)-i-(2a?«-5). 

53.  (6a^-lla^4-23aj**  +  13aj^--3a?*4-2)-i-(3af +  2). 

54.  (6  ar^+»  -  29  a^  +  i3  aj^^^-^  -  20 aj2^2^-5-(2  a;»  -  5  aj*->). 

55.  (I4.a«'-2a8*)-^(3a2»  +  2a8'  +  2a'4-a^  +  l). 

56.  (|a:2^|^2^_2/2)^(2a.^_22^). 

57.  (aj2  +  f^ajy-7a?~2/2  +  132^-30)^(|aj--t2^  +  2). 

58.  (-^a^4.aV-|aV4-ia')^(fa^-|a2a?  +  |a«). 
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47.  In  the  equation    D-^d  =  q +  (D —  qd)-i-d, 

D^qd  is  the  remainder  at  any  stage  of  the  work,  and  q  is  the 
corresponding  partial  quotient.  If,  for  brevity,  we  let  B  stand 
for  the  remainder  at  any  stage,  we  have 

D-^d=^q^R-^d.  (1) 

That  is,  the  resvU  of  dividing  one  number  by  another  is  equal 
to  the  partial  quotient  at  any  stage,  plus  the  remainder  at  this 
stage  divided  by  the  given  divisor. 

Kg,,  29-^6  =  4  +  5-^6  =  4  +  1; 

(a^-a?  +  2)--(a;  +  l)  =  (a;-2)  +  4-f-(aj+l). 

48.  If  both  members  of  the  equation 

D-^d  =  q  +  B-i-d 

be  multiplied  by  d,  we  have 

D'^dxd  =  (q  +  B'i-d)d 

^qd  +  B-i-dxd 

=  qd-{-B,  since  -5-  d  x  c?  =  -8- 1. 

Therefore,  D^qd  +  R, 

That  is,  the  dividend  is  equal  to  the  product  of  the  quotient  at 
any  stage  and  the  divisor,  plus  the  remainder  at  this  stage, 

E,g.,  29  =  4  X  6  +  5,  and  ar*  -  a:  +  2  =  (a?  -  2)(a?  + 1)  +  4. 

BXEBCISBS  XX. 

Find  the  remainder  of  each  of  the  following  indicated  divi- 
sions, and  verify  the  work  by  applying  the  principle  of  Art.  48  : 

1.   (aj2-7a?  +  ll)--(flj-2).       2.   (3 ar^  +  5 a?  -  9) -^  (a?  -  4). 

3.  (ar»^17aj2  +  15a?-13)^(2a;-5). 

4.  (5ar»-7a^  +  2a?-l)-*(aj2-7aj  +  3). 


CHAPTER  IV. 

INTBGRAL  ALGBBRAIC  EQUATIONS. 

We  will  now  distinguish  between  two  kinds  of  equations. 

Idantioal  Equations. 

1.  An  example  of  the  one  kind  is : 

(a+6)(a-6)  =  a«-6». 

The  first  member  is  reduced  to  the  second  member  by  per- 
forming the  indicated  multiplication. 

2.  Such  an  equation  is  called  an  Identical  Equation,  or  more 
simply,  an  Identity. 

3.  Notice  that  identical  equations  are  true  for  all  values 
that  may  be  substituted  for  the  literal  numbers  involved. 

Mg.f  if  a  =  5  and  b  =  3,  the  above  equation  becomes 
8x2  =  25--9,  orl6  =  16. 

Conditional  Equations. 

4.  An  example  of  the  second  kind  is : 

a?  + 1  =  3. 

The  first  member  of  this  equation  reduces  to  the  second 
member,  when  a;  =  2.  It  seems  evident  that  a?  + 1  reduces 
to  3  only  when  x  =  2, 

5.  Such  equations  impose  conditions  upon  the  values  of 
the  literal  numbers  involved.  Thus,  the  equation  in  Art.  4 
imposes  the  condition  that  if  1  be  added  to  the  value  of  a?, 
the  sum  will  be  3. 

79 
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A  Conditional  Bqoation  is  an  equation  one  of  whose  members 
can  be  reduced  to  tjie  other  only  for  certain  definite  values  of 
one  or  more  letters  contained  in  it. 

Whenever  the  word  equation  is  used  in  subsequent  work  we 
shall  understand  by  it  a  conditional  equation,  unless  the  con- 
trary- is  expressly  stated. 

6.  An  Integral  Algebraic  Equation  is  an  equation  whose  mem- 
bers are  integral  algebraic  expressions  in  an  unknown  number 
or  unknown  numbers. 

E.g.,  3  aj*  —  4  =  2  a,  and  | a?  +  5  y  =  f  are  integral  equations. 

7.  The  Degree  of  an  integral  equation  is  the  degree  of  its 
term  of  highest  degree  in  the  unknown  number  or  numbers. 

&  A  Linear  or  Simple  Equation  is  an  equation  of  the  first 
degree. 

E.g.,  a:  + 1  =  6  is  a  linear  equation  in  one  unknown  number. 

9.  A  Solution  of  an  equation  is  a  value  of  the  unknown  num- 
ber, or  a  set  of  values  of  the  unknown  numbers,  which,  if 
substituted  in  the  equation,  converts  it  into  an  identity. 

E.g.,  2  is  a  solution  of  the  equation  a?  -f- 1  =  3, 
since,  when  substituted  for  x  in  the  equation,  it  converts  the 
equation  into  the  identity  2  -f  1  =  3. 

•  The  set  of  values  1  and  2,  of  x  and  y,  respectively,  is  a  solu- 
tion of  the  equation  a;  -f  t/  =  3,  since  1  +  2  =  3  is  an  identity. 

10.  To  Solve  an  equation  is  to  find  its  solution. 

An  equation  is  said  to  be  satisjied  by  its  solution,  or  tJie  solu- 
tion is  said  to  satisfy  the  equation,  since  it  converts  the  equation 
into  an  identity. 

U.  When  the  equation  contains  only  one  imknown  number, 
a  solution  is  frequently  called  a  Root  of  the  equation. 

E.g.,  2  is  a  root  of  the  equation  a;  -f- 1  =  3. 
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Equivalent-  Equatioiui. 

12.  Consider  the  solution  of  the  equation 

fa?-6  =  l.  (1) 
Adding  5  to  both  members, 

}a?=6.  (2) 

Dividing  by  3,  J  a?  =  2.  (3) 

Multiplying  by  4,  a?  =  8.  (4) 

It  is  evident  that  8  is  a  root  of  equations  (1),  (2),  (3),  and  (4). 

In  thus  applying  the  principles  of  Ch.  I.,  Art.  17,  we  re- 
place the  given  equation  by  a  simpler  one,  which  has  the  same 
root,  this  equation  by  a  still  simpler  one,  which  again  has  the 
same  root,  and  so  on. 

Such  equations  as  (1),  (2),  (3),  and  (4)  are  called  Equivalent 
Equations. 

In  general,  two  equations  are  equivalent  when  every  solution 
of  the  first  is  a  solution  of  the  second,  and  every  solution  of  the 
second  is  a  solution  of  the  first 

13.  It  is  important  to  notice  that  the  use  of  the  principles 
given  in  Ch.  I.,  Art.  17,  may  lead  to  incorrect  results. 

Thus,  by  (iii.),  we  should  be  permitted  to  multiply  both 
members  of  an  equation  by  an  expression  which  contains  the 
miknown  number. 

E.g.,  the  equation  a?  —  3  =  0  has  the  root  3. 

Multiplying  both  members  by  a?  —  2,  we  obtain 
(a?-3)(aj-2)  =  a 

This  equation  has  the  root  3, 
since  (3-3)(3--2)  =  0 .1  =  0; 

and  also  the  root  2, 
since  (2 -3)(2-2)  =  -l  •  0  =  a 
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But  2  is  not  a  root  of  the  given  equation,  since  2  —  3  does 
not  equal  0. 

That  is,  ill  multiplying  both  members  by  a;  —  2,  toe  gained  a 
root  2.     Observe  that  this  root  is  the  root  of  oj  —  2  =  0. 

The  derived  equation  is  therefore  not  equivalent  to  the  given 
one. 

Again,  by  (iii.)j  we  should  be  permitted  to  multiply  both 
members  of  an  equation  by  0. 

Multiplying  both  members  of  a:  —  3  =  0,  by  0,  we  have 

0(a?-3)=0. 
Any  number  is  a  root  of  this  equation,  since 
0(l-3)  =  0,  0(2-3)  =  0,0(3-3)  =  0,0(4-3)=0,etc 

Finally,  by  (iv.),  we  should  be  permitted  to  divide  both 
members  of  any  equation  by  an  expression  which  contains  the 
unknown  number. 

E.g,,  the  equation  (a?  —  1)  (a?  + 1)  =  3  (a?  —  1), 
has  the  root  1,  since 

(1 -1)(1+1)  =3(1-1),  or  Ox  2  =  3x0,  or  0  =  0j 
and  the  root  2,  since 

(2-l)(2  +  l)=3(2-l),  or  1x3  =  3x1. 
Dividing  both  members  by  x  —  1,  we  obtain 
a?  -h  1  =  3. 

This  equation  has  the  root  2  ordy,  and  not  the  root  1  of  the 
given  equation. 

That  is,  in  dividing  both  members  by  x  —  l,  we  lost  the  root  1. 
Observe  that  this  root  is  a  root  of  a;  —  1  =  0. 

The  derived  equation  is  therefore  not  equivalent  to  the  given 
one. 

14.  The  correct  statements  of  the  principles  which  are 
applied  in  solving  equations  are,  therefore,  as  follows: 

(i.)  Addition  and  Subtraction.  —  The  eqvxUion  obtained  by 
adding  to,  or  subtracting  from,  both  members  of  an  equation  the 
same  number  or  expression  is  equivalent  to  the  given  one. 
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(ii.)  Multiplication  and  Division.  —  The  equation  obtained  by 
multiplying  or  dividing  both  members  of  an  equation  by  the  8am£ 
number,  not  0,  or  by  an  expression  which  does  not  contain  the 
uTiknoum  number  or  numbers^  is  equivalent  to  the  given  one. 

These  principles  hold  for  equations  of  any  degree. 

In  the  solutions  of  equations  in  the  preceding  chapters,  we 
multiplied  or  divided  only  by  Arabic  numerals.  Nevertheless, 
we  required  each  result  to  be  checked. . 

EXERCISES  L 
Solve  each  of  the  following  equations : 

1.  aj(a?4-3)  =  a;(a?-5).        2.  3aj(a?~5)  =  3aj(a?  +  2). 

3.  2(iB  +  l)-3(a?  +  l)  +  9(iB  +  l)  +  18  =  7(aj  +  l). 

4.  6(aj-.7)-4(aj~7)  +  ll(a;-7)  =  10  +  2(aj-7). 

5.  -8(3a?-.5)  +  5(3aj-5)-.17-.2(3aj-5)  =  3. 

6.  a:(a?  +  l)  +  ic(aj  +  2)  =  (a?  +  3)(2aj-l). 

7.  (5a? - 2) (3aj - 4)  =  (3a?  +  5) (5aj~ 6). 
a   2(aj  +  2)(a:  +  3)  =  2(a?  +  2)(aj-5). 

9.   (6aj-5)(9aj--3)  +  9  =  6(2-9aj)(2-a?). 
10.   (16a?4-5)(9a?4-31)  =  (4a?  +  14)(36a?  +  10)- 
U.  a;*  — a;[l-aj-2(3-a?)]  =  a?  +  l. 

12.  (a;  +  l)(a?  +  l)  =  [lll-(l-a:)]a?-80. 

13.  2[5(3a?  +  4)  +  3]  +  l  =  77. 

14.  -4-4{4-4[4--4(4~a:)]}  =  44. 

15.  3{3[3(3aj  +  l)4-4]  +  5}  +  2  =  107. 

16.  4{4[4(4aj-3)-3]-3J--3  =  l. 

17.  3[5{5(a?~3)-3}-7]=2(a?  +  2)-a 
la  i{i[3(aJ-4)  +  l]  +  3}  =  l. 
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Problems. 

Pr.  1.  A  man  has  $  4.50  in  dimes  and  dollars,  and  he  has 
five  times  as  many  dimes  as  dollars.  How  many  coins  of  each 
kind  has  he  ? 

Let  X  stand  for  the  number  of  dollars. 

Then  5  a?  stands  for  the  number  of  dimes. 

We  must  first  express  the  dimes  as  fractional  parts  of 
dollars,  or  the  dollars  as  multiples  of  dimes.  The  latter 
method  is  the  simpler.  Since  one  dollar  is  10  dimes,  x  dol- 
lars are  10  a;  dimes. 

The  man  evidently  has  45  dimes. 

The  problem  states, 

in  verbal  language:   ten  times  the  number  of  dollars  plus  the 
number  of  dimes  is  equal  to  45 ; 

in  algebraic  language :    10  a?  +  5  a;  =  45, 

15aj  =  455 

whence  a?  =  3, 

the  number  of  dollars. 

Then  6xj=^  15,  the  number  of  dimes. 

Evidently  the  value  of  the  coins  is  3  +  fj  dollars,  or  $  4.50. 

As  in  this  problem,  the  magnitudes  of  all  concrete  quantities 
of  the  same  kind  must  be  referred  to  the  same  unit ;  if  x  stand 
for  a  certain  number  of  yards,  then  all  other  distances  must 
likewise  stand  for  numbers  of  yards,  not  of  miles  or  of  feet. 

,  Pr.  2.  I  have  in  mind  a  number  of  six  digits,  the  last  one 
on  the  left  being  1.  If  I  bring  this  digit  to  the  first  place  on 
the  right,  I  shall  obtain  a  number  which  is  three  times  the 
number  I  have  in  mind.     What  is  the  number  ? 

Let  X  stand  for  the  number  which  is  composed  of  the  five 
digits  on  the  right  of.  1. 

Then  the  original  number  is  100,000  +  x. 

When  1  is  moved  to  the  first  place  on  the  right,  each  digit 
in  X  is  moved  one  place  to  the  left  Therefore,  the  resulting 
number  is  10  aj  + 1. 
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The  problem  states, 
in  verbal  language :  the  resulting  number  is  equal  to  three  times 

the  original  number; 
in  algebraic  language :     10  a?  + 1  =  3  (100,000  +  a?), 
whence  7  a:  =  299,999, 

and  aj  =  42,857. 

Therefore  the  required  number  is  142,857. 

Pr.  3.  A  man  asked  another  what  time  it  was,  and  received 
the  answer :  "  It  is  between  5  and  6  o'clock,  and  the  minute- 
hand  is  directly  over  the  hour-hand.''    What  time  was  it  ? 

At  5  o'clock,  the  minute-hand  points  to  12  and  the  hour- 
hand  to  5.  The  hour-hand  is  therefore  25  minute-divisions  in 
advance  of  the  minute-hand. 

Let  X  stand  for  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  from  5  o'clock  until  it  is  directly  over  the 
hour-hand  between  5  and  6  o'clock. 

Since  the  minute-hand  must  pass  over  25  more  minute- 
divisions  than  the  hour-hand  in  order  to  overtake  the  latter, 
the  number  of  minute-divisions  passed  over  by  the  hour-hand 
is  a  —  2b. 

The  problem  states,  or  implies, 

in  verbal  language :  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  is  12  times  the  number  of  minute-divi- 
sions passed  over  by  the  hour-hand; 

in  algebraic  language :  a?  =  12  (a?  —  25). 

From  this  equation  we  obtain  x  =  27^.  Consequently,  the 
two  hands  coincide  at  27^  minutes  past  5  o'clock. 

BXBBCISBS  II. 

1.  The  sum  of  three  consecutive  numbers  exceeds  the 
second  by  42.     What  are  the  numbers  ? 

2.  A  and  B  divide  a  sum  of  money.  A  receives  $  3  as  often 
as  B  receives  $  5.  If  A  receives  $  3  a?,  how  many  dollars  does 
B  receive  ? 
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3.  A  and  B  divide  $  1200.  A  receives  f  3  as  often  as  B 
receives  $  5.     How  many  dollars  does  each  receive  ? 

4.  The  length  of  a  room  is  four  times  its  width.  If  it  were 
12  feet  shorter  and  12  feet  wider,  it  would  be  square.  What 
are  the  dimensions  of  the  room  ? 

5.  A  man  travels  144  miles  by  train,  boat,  and  stage.  He 
travels  20  miles  farther  by  boat  than  by  stage,  and  three  times 
as  far  by  train  as  by  boat  and  stage  together.  How  many  miles 
does  he  travel  by  each  conveyance  ? 

6.  A  man  paid  a  debt  in  four  monthly  payments.  He  paid 
$45  more  each  month  than  the  preceding.  If  his  debt  was 
three  times  his  last  payment,  how  much  was  his  first  payment  ? 
How  much  was  his  debt  ? 

7.  In  a  number  of  two  digits,  the  tens'  digit  is  three  times 
the  units'  digit.  The  number  itself  exceeds  four  times  the 
units'  digit  by  64.    What  is  the  number  ? 

a  In  a  number  of  two  digits,  the  tens'  digit  is  twice  the 
units'  digit.  If  the  digits  are  interchanged,  twice  the  resulting 
number  exceeds  the  original  number  by  9.  What  is  the 
number? 

9.  Three  boys.  A,  B,  and  C,  have  a  number  of  marbles. 
A  and  B  have  66,  B  and  0  have  62,  and  A  and  C  have  67. 
How  many  marbles  has  each  boy  ? 

10.  A  man,  wishing  to  give  alms  to  several  be^ars,  lacks 
16  cents  of  enough  to  give  22  cents  to  each  one.  If  he  were 
to  give  20  cents  to  each  one,  he  would  have  1  cent  left  over. 
How  many  beggars  are  there  ? 

11.  A,  travelling  26  miles  a  day,  has  3  days'  start  of  B,  who 
travels  30  miles  a  day  in  the  same  direction.  After  how  many 
days  will  B  overtake  A  ? 

12.  The  sum  of  two  numbers  is  47,  and  their  difference 
increased  by  7  is  equal  to  the  less.    What  are  the  numbers  ? 
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13.  The  sum  of  three  consecutive  even  numbers  exceeds  the 
least  by  42.    What  are  the  numbers  ? 

14.  Atmospheric  air  is  a  mixture  of  four  parts  of  nitrogen 
with  one  of  oxygen.  How  many  cubic  feet  of  oxygen  are  there 
in  a  room  12  yards  long,  5  yards  wide,  and  17  feet  high  ? 

15.  A  merchant  paid  f  7.60  in  an  equal  number  of  dimes 
and  five-cent  pieces.  How  many  coins  of  each  kind  did  he 
pay? 

16.  A  man  has  $5.70  in  dimes  and  quarters,  and  he  has 
6  more  quarters  than  dimes.  How  many  coins  of  each  kind 
has  he? 

17.  In  my  right  pocket  I  have  as  many  dollars  as  I  have 
cents  in  my  left  pocket.  If  I  transfer  $  6.93  from  my  right 
pocket  to  my  left,  I  shall  have  as  many  dollars  in  my  left 
pocket  as  I  shall  have  cents  in  my  right.  How  much  money 
have  I  in  my  left  pocket  ? 

18.  One  barrel  contained  36  gallons,  and  another  60  quarts, 
of  wine.  From  the  first  three  times  as  much  wine  was  drawn 
as  from  the  second;  the  first  then  contained  twice  as  much 
wine  as  the  second.     How  much  wine  was  drawn  from  each  ? 

19.  A  regiment  moves  from  A  to  B,  marching  18  miles  a 
day.  Two  days  later  a  second  regiment  leaves  B  for  A,  and 
marches  26  miles  a  day.  At  what  distance  from  A  do  the 
regiments  meet,  A  being  212  miles  from  B  ? 

20.  A  man  travels  3  miles  in  one  hour.  During  the  first 
half-hour,  he  goes  10  yards  farther  every  minute  than  during 
the  second  half-hour.  How  many  yards  a  minute  does  he  go 
the  first  half -hour  ? 

21.  The  greatest  of  three  vessels  holds  28  gallons  more  than 
the  second,  and  45  gallons  more  than  the  third.  If  the  con- 
tents of  the  second  and  third,  when  full,  are  poured  into  the 
first,  when  empty,  the  latter  will  lack  8  gallons  of  being  filled. 
What  is  the  capacity  of  each  vessel  ? 
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22.  A  father  leaves  $25,800  to  his  four  sons.  The  first 
receives  twice  as  much  as  the  second,  less  $  300 ;  the  second 
three  times  as  much  as  the  third,  less  $  600 ;  and  the  third 
four  times  as  much  as  the  fourth,  less  $900.  How  many 
dollars  does  each  son  receive  ? 

23.  Two  bodies  move  from  the  same  point  in  the  same  direc- 
tion, one  at  the  rate  of  24  feet  a  minute,  the  other  at  the  rate 
of  30  feet  a  minute.  If  the  second  starts  35  minutes  after  the 
first,  where  will  it  overtake  the  first  ?  When  will  the  distance 
between  them  be  270  feet  before  they  meet  ?  When  270  feet 
after  they  meet  ? 

24.  A  child  was  bom  in  November.  On  the  10th  of  Decem- 
ber the  number  of  days  in  its  age  was  equal  to  the  number  of 
days  from  the  1st  of  November  to  the  day  of  its  birth,  inclu- 
sive.   What  was  the  date  of  its  birth  ? 

25.  A  person  attempts  to  arrange  a  number  of  coins  in  the 
form  of  a  square.  On  the  first  attempt,  he  has  31  pieces  left 
over.  When  he  adds  2  to  each  side  of  his  square,  he  lacks  25 
coins  of  enough  to  complete  this  square.  How  many  coins 
has  he  ? 

26.  In  a  certain  family  each  son  has  as  many  brothers  as 
sisters,  but  each  daughter  has  twice  as  many  brothers  as  sisters. 
How  many  children  are  in  the  family  ? 

27.  A  merchant's  investment  yields  him  yearly  33  J  %  profit. 
At  the  ead  of  each  year,  after  deducting  $  1000  for  personal 
expenses,  he  adds  the  balance  of  his  profits  to  his  invested 
capital.  At  the  end  of  three  years  his  capital  is  twice  his 
original  investment.     How  much  did  he  invest  ? 

28.  I  have  in  mind  a  number  of  four  digits,  the  first  one  on 
the  right  being  2.  If  I  bring  this  digit  to  the  last  place  on  the 
left,  I  shall  obtain  a  number  which  is  less  than  the  number  I 
have  in  mind  by  2106.     What  is  the  number  ? 

29.  At  what  time  between  3  and  4  o'clock  will  the  minute- 
hand  of  a  watch  be  directly  over  the  hour-hand  ?  At  what 
time  between  9  and  10  o'clock  ? 


CHAPTER  V. 

T7PE-FORM8. 

L  We  shall  in  this  chapter  consider  a  number  of  products 
and  quotients  which  are  of  frequent  occurrence.  They  enable 
us  to  shorten  work  by  writing  similar  products  and  quotients 
without  performing  the  actual  multiplications  and  divisions. 
They  are  called  Type-Forms. 

TYPE-FORMS  IN  MULTIPLICATION. 
The  Square  of  a  Binomial 

2.  By  actual  multiplication^  we  hs^ve 

(a  +  6)*=(a  +  6)(a  +  *)  =  a»  +  a6-*-6a  +  6*  =  a*  +  2a6  +  6». 

That  is,  the  square  of  the  sum  of  two  numbers  is  equal  to  the 
square  of  the  first  number,  plus  twice  the  product  of  the  two  num- 
hersyplus  the  square  of  the  second  number. 

E.g,,        (2x  +  5yy=(2xy  +  2(2x){5y)  +  {6yy 
==4cit'-^20xy  +  2&f. 

3.  By  actual  multiplication,  we  hare 

(a-6)*=(a-6)(a-6)  =  a*-a6-6a  +  6»  =  a*-2a6  +  6». 

That  is,  the  square  of  the  difference  of  two  numbers  is  equal  to 
the  square  of  the  first  number,  minus  twice  the  product  of  the 
two  nunibers,  plus  the  square  of  the  second  number. 

E.g.,        (3x^7  yy:^(3xy^2(3x)(7y)  ^(7  yy 

89 
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4.  Observe  that  this  type-form  is  equivalent  to  that  of  Art  2, 
since  a  —  6  =  a  +  (—  6). 

=  9  aj*  —  42  icy  -h  49  y^,  as  above. 
The  signs  of  all  the  terms  of  an  expression  which  is  to  be 
squared  may  be  changed  without  changing  the  result. 
For,  (a  -  bf  =  [-  (6  -  a)]«  =  (6  -  af 

5.  In  applying  the  type-forms  in  this  Chapter,  it  will  be 
necessary  to  raise  a  monomial  to  any  required  power. 

We  have 

(5  c?hy=^  5  .  6  c^(fh^b*=  5^a?+^b^^=  5W>^%«^*=  25  a«6». 

That  is,  to  square  a  monomial : 

Square  the  numerical  coefficient,  and  multiply  the  exponent  of 
each  literal  fou^or  by  2. 

In  general,  to  raise  a  given  monomial  to  any  required  power : 
Baise  the  numerical  coej^ent  to  the  required  power,  and  mtd- 

tiply  the  exponent  of  each  literal  factor  by  the  exponent  of  the 

required  power. 
E.g,,  {^aby  =  3W62><»  =  27  c?b\ 

EXERCISES  I. 

Write,  without  performing  the  actual  multiplications,  the 
values  of : 

1.    {x^Vf.  2.  (aj-3)«.  3.  (a-\-6)\ 

4.    (aJ-4)l  5.  (3a;-h2)^  6.  (4-5«)«. 

7.    (mn-h6)*  a  (a6-8)*.  9.  {xy-\-z)\ 

10.    (4a^-3)2.  11.  {^xy^Bzf.  12.  (2a5-66c)l 

13.    (xf^Sit'yy.  14.  (2a262-9c^*.  15.  (4aV-8c*)l 

16.   (»"-{- 1)1  17.  (ar-j/^y.  la  (a"+^ -h  a*-^)*. 

Simplify  the  following  expressions : 

19.   a2  4-ft'-(a-6)«.  20.    (x-yy-(x  +  yy. 

21.  aj^-h^  — 4aj4-6y 4-3,  when  a?  =  a4-l,  y  =  a  — 2. 

22.  (a  +  6  — c)(a  +  6)  +  (a-6  +  c)(a  +  c)  +  (6  +  c-a)(6  +  c). 
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Verify  the  following  identities : 

23.  (a«  +  6^(aj2  +  3^-(aa;  +  6y)»=(ay-6aj)». 

24.  a*  +  6*  +  4c2  +  2a6  +  86c  =  4(a  +  c)«,  when  6  =  a. 

Product  of  the  Sum  and  Difference  of  Two  Numbem. 

6.  By  actual  multiplication,  we  have 

(a  +  6)(a-6)  =  a«-a6-h6a-6«  =  a«-6«. 

That  is,  the  product  of  the  sum  of  two  numbers  avd  the 
differenice  of  the  same  numhersy  taken  in  the  same  order y  is  equal 
to  the  square  of  the  first,  minus  the  square  of  the  second, 

Ex.1.   (2aj  +  3y)(2aj-3y)  =  (2aj/-(3y)«  =  4iB»-9y«. 

The  product  of  two  multinomials  can  frequently  be  brought 
under  this  type-form  by  properly  grouping  terms. 

Ex.2.   (a?  +  aj  +  l)(aj»-aj  +  l)  =  [(aj2  +  l)+«][(«"  +  l)-a?] 

=  (iB«  +  l)>-aj2 

=  aj*  +  2aj«  +  l-a? 
=  aj*  +  aj«  +  l. 

Ex.  3.     (a?  -  y  +  «)  (aj  +  y  -  2)  =  [a?  -  (y  -  2J)  ]  [a?  +  (y  -  2)  ] 

=  aj*  —  y^  —  2*  +  2y2f. 

BXEBCISESS  II. 

Write,  without  performing  the  actual  multiplications,  the 
values  of: 

1.   {a'\-2)(a-2y  2.  {x-'^){x-\-^). 

3.   (m  +  9)(m-9).  4.  (2a4-l)(2a- 1). 

5.  (5ar-7)(5aj-*-7).  6.  (9  -  5 a?) (9  +  5 a?). 

7.   (2a +  3 6) (2a -3 6).  a  {^X''^y){6x-\-^y). 

9.   (-8m+5n)(8m+5n).  10.  (ah -\-l)(ab-l). 

11.   (3aaj-4)(3aaj  +  4).  12.  {-^ xy -{- z) (xy -{■  z). 

13.   (-2a6  +  c)(2a6  +  c).  14.  (6»y-32f)(6a^  +  3«). 
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15.   (a?  +  l)(a5*-l).  16.   (3  a« -j- 4)  (3  a»  -  4). 

17.   (5a*-26)(6a*  +  26).     la   (3a^-52^(3ajy +  5«^- 

19.  (3a"4-5)(3a"-5). 

20.  (-  5 af»+^  +  9 aj"-0  (5 «"+'  +  9 af»-^). 

21.  [a*  +  6(a  +  «^)]K-6(a  +  &)]. 

22.  (aj  +  3^  +  5)(a?  +  y-5). 

23.  (4a-36-7)(4a-36  +  7). 

24.  (a5«  +  2^  +  2;^(-:aj«  +  y2^2;^. 

25.  (a»-a6  +  6*)(a*  +  a^  +  &*). 

26.  (iB»  +  2aj-l)(aj2-2aj-l). 

27.  (a?*-aj«  +  l)(aj*  +  aj«-l). 

28.  (-a«-62  +  3)(a2-y'  +  3). 

Simplify  the  following  expressions : 

29.  (l  +  xy-^(l-x)(l-\^x). 

30.  (2  a? +  3  3^)2(2  a;  -  3  y)^ 

31.  (a;-.3)(aj-l)(a;4-l)(a?  +  3). 

32.  (a-x)(a-\-x)(a^-{-aF)(a*-\-a^). 
.    33.    (»»-l)(aj«  +  l)(aj*  +  l)(iB^  +  l). 

34.  (aj2-a;-hl)(aj«  +  aj  +  l)(aj*-aj2  +  l). 

35.  (a  +  6  -  c)  (a  +  c  -  6)  (6  +  c  —  a)  (a  +  &  +  c). 

The  Product  (jr  +  a)(jr  +  6). 
7.  By  actual  multiplication,  we  have 
(jr  +  a)  (j  +  *)  =  Jr*  +  ax  +  6  X  +  a*  =  Jr*  +  (a  +  6)  X  +  a  6 ; 
(jr  +  a)(jr-6)  =  jr*  +  ax-6jr-a6  =  jr2  +  (a-6)jr-a«; 
(jr  -  a)(jr  -  6)  =  jr*  -  ajr  -  6jr  +  a*  =  Jr*  -  (a  +  6)jr  +  a6. 

We  thus  derive  the  following  method  for  multiplying  two 
binomials  which  have  a  common  first  term : 

The  first  term  of  the  product  is  the  square  of  the  common  first 
terms  of  the  binomials. 
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The  coefficient  of  the  second  term  of  the  product  is  the  algebraic 
sum  of  the  second  terms  of  the  binomials. 

The  last  term  of  the  product  is  the  product  of  the  last  terms  of 
the  binomials, 

Ex.  1.  Write  the  product  (a?  +  3)  (a?  +  7). 

The  first  term  is  m? ; 

The  second  term  is  (3  +  7)a?,  =  lOaj; 

The  third  term  is  3  x  7  =  21. 

Therefore  (a  +  3)  (a?  4-  7)  =  aj»  + 10  a?  +  21. 

Ex.  2.  Write  the  product  (a?  -  8)  (a;  +  2). 

First  term:  a?\  second  term:  (— 8  +  2)aj,  =— 6055 
third  term:  -8x2  =  - 16. 

Therefore        (a;  -  8)  (a;  +  2)  =  aj*  -  6  a?  - 16. 

Ex.  3.  Write  the  product  (a^  +  9)  (a*  -  3). 

First  term :  (a*)*,  =  a* ;  second  term :  (9  —  3)  a\  ^^a^\ 
third  term :  9  x  (-  3),  =-  27. 

Therefore       (a*  +  9)  (a^  -  3)  =  a*  +  6  a«  -  27. 

Ex.  4.  Write  the  product  (a?  —  5  y)  (a;  —  7  y). 

First  term:  a?\  second  term:  {—^y-'ly)Xy  =  — 12ajy; 
third  term:  — 5yx(— 7y),  =352^. 

Therefore  (a?-6y)(aj-7y)  =  a5*-12ajy4-35y«. 

EXBBCISES  III. 

Write,  without  performing  the  axjtual  multiplications,  the 
values  of: 

1.  (aj  +  2)(aj  +  3).  2.   (a?  +  2) (a? - 3). 

3.   (a?  -  2)  (a?  +  3).  4.    (a?  -  2)  (a?  -  3). 

5.   (a?  +  5) (a?  +  8).  6.    (x  +  b){x-S). 

9.   (8  4-  m)  (m  -  9).  10.   (6  +  «)(«-  6). 

U.  (7  +  3aj)(7-a;).  12.   (-3  +  5a) (6  + 5a). 

13.  {x  +  y)(x  +  2y).  14.   (x  +  y)(x-^2y). 
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15.  (aj-y)(aj-2y).  16.  (aft  + 1)  (a6 -  3). 

17.  (xy-\-7)(xy--S).  la  (a6  +  3  c)  (a6  -  5  c). 

19.  («2  +  8)(aj2-9).  20.  (a^y-^5)(a?y  +  liy 

21.  (aj^r^  +  OaXa^-Ga).  22.  (aj«.+  3a5)(aj«- 2a5). 

23.  (a*  +  2)  (a*  -  5).  24.  (aj»+^- 3)  (aj»+^+ 8). 

25.  (a4-t  +  3)(a4-&-7).  26.  (a;-3^  +  32)(a;-3^- 52). 

The  Product  (ax  +  6)(cjr  +  (/)• 
8l  By  actual  multiplicatioD,  we  obtain 

(ax  +  b)  (ex  +  rf)  =  flcjr*  +  (ad  +  *c)jr  +  6rf. 
In  this  type-form  that  part  of  the  multiplication  which  gives 
the  middle  term  of  the  type-form  may  be  represented  concisely 
by  the  following  arrangement: 

cx  +  d 

X 

dx  +  b 
(ad  +  hc)x 

The  products  of  the  terms  connected  by  the  cross  lines  are 
called  cro89^oductSj  and  their  sum  is  the  middle  term  of  the 
given  trinomial. 

That  is,  the  product  of  two  binomials,  arraivged  to  powers  of  a 
common  letter,  is  equal  to  the  product  of  the  first  terms,  plus  the 
sum  of  the  cross-products,  plus  the  product  of  the  last  terms, 

Ex.1.   (7x-5y)(2x+Sy)^7x'2x-\-(7'S^5'2)xy-5y-3y 

=  14aj2  4.llajy_i5y2. 

EXEBCISES  IV. 

Write,  without  performing  the  actual  multiplications,  the 
values  of: 

1.    (Sa-hl)(5a  +  2),  2.   (7 a? - 3) (3 a? - 1). 

3.   (5ic4-7)(3aj-2).  4.   (2 « -  9) (5 a;  + 1). 

5.    (2a;  4- 15)  (4a; -5).  6.   (11  a  -  3)  (9 a -h  7). 

7.   (2a  +  b)(3a-'b).  8-    (2  a  -  b)  (3  a -{- b). 
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9.   (3a;-y)(2aj-y).  10.   (7a  +  36)(5a  +  26). 

U.   (6x-7y)(Sx  +  2y).  12.   (5x^Sz)(2x  +  5z). 

13.    (7y-h2w)(82^-7w).  14.   (2 oft  -  a?)  (3 a6  +  «). 

15.   (6mn  +  3p)(6wn  +  7p).         16.   (9  m^  -  3)  (8  m*  + 11). 

17.   (Sa?  +  5f)(2a?^3f), 

la   [3(a  +  &)  +  5][5(a  +  &)-2]. 

19.   [2(a:-3^)  +  7][3(a:-y)  +  2]. 

TYPE-FORMS  IN  DIVISION. 

Qnotieiit  of  the  Sum  or  the  Difference  of  Like  Powers  of  two 
Numbers  by  the  Sum  or  the  Difference  of  the  Numbers. 

9.   By  actual  division,  we  obtain 

(a2-62)^(fl  +  4)  =  ar-»  and  (a2-6«)-f.(a-6)  =  a  +  6. 

That  is,  the  difference  of  the  squares  of  two  numbers  is  divisible 
by  the  sum,  and  cdso  by  the  difference  of  the  numbers,  Tlie 
quotient  in  the  first  case  is  the  difference  of  the  numbers,  taken  in 
the  same  order,  and  in  the  second  case  is  the  sum  of  the  numbers. 

Ex.1.   (9-26aj2)^(3  +  5a;)  =  3-5aj. 
Ex.2.   (16a^-8l3/^-^(4a»-92^)  =  4aJ«  +  < 


BXEBCISBS   V. 

Write,  without  performing  the  actual  divisions,  the  values  of : 

1.  (iB«-l)^(aj-l).  2.  (26-aj«)-^(5-ha?). 

3.  (4a»-9)-^(2a-3).         4.  (^ -^ a^f) ^ (^  +  xy). 

5.  (a?*-l)^(a^  +  l).  6.  (4a*-6«)4-(2a«-.6). 

7.  (16J^«-92/*)-^(4aJ-3y).     8.  (64a«6*-121c^H-(8tt6+llc). 

9.  (4aV-3/«)-^(2aV+y*).  10.  (25a^«-16i«y)-^(6a*-4ar»y). 
U.  (a*»-l)-.(a^-l).  12.  (a^-166^«)-^(a** 4-468). 

13.  (aA»+«-_4)-i-(af+^  +  2).    14.  (a^"  -  6^+*) -f- (a*"  -  ft^'^^). 

15.  [(a  +  6)«-l]-(a  +  6  +  l). 

16.  [4-(a  +  &)*]^(2-a-6). 
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17.  (a« - 2a6  +  6* -  1)  +  (a - 6  + 1). 
IB.  (a^  —  n*  —  p*  +  2  np)  ^-  (a  —  w  -fp). 
.19.  (p*  -  r* -  4  -  4r)  -^  (p  -  r -  2). 

20.  [(a»  +  2a6  +  6«)a^-y*]-!-[(a  +  6)aj»  +  2^]. 

21.  (a^  +  2iry  +  y*"2;*-22!tt-tt«)-f.(aj2  4-^+tt  +  «). 

22.  (a*-&'  +  262-2aa?  +  iB"-2«)-^(a-a;-6  +  2). 

The  Sum  and  Difference  of  Two  Cubei 

10.  By  actual  division,  we  obtain 

(a^  +  b')-i-(a  +  b)==a^^ab  +  b\  (1) 

(a^^b'')-^(a-b)=^a'  +  ab  +  b^  (2) 

That  is,  the  sum  of  the  ciUbes  of  two  numbers  is  divisible  by  the 
sum  of  thk  numbers.  The  quotient  is  the  square  of  the  first  num- 
ber, minus  the  product  of  the  numbers,  plus  the  square  of  the 
second  number. 

The  principle  contained  in  (2)  may  be  stated  in  a  similar 
way. 

Ex.1.   (Sa^  +  jy)-^(2x+\)=.(2xy-^(2x){\)  +  (iy 

Ex.2.         (a«-6»)-^(a*-6«)  =  (ay^-a*6»4-(^^y 

=  a«  +  a*63^-5« 

EXBBCISBS  VI. 

Write,  without  performing  the  actual  divisions,  the  values  of : 
1.   (I4.a»)^(l  +  tt).  2.   (aj»-8)-^(i»-2). 

3.   (m«  +  27)-^(m  +  3).  4.   (64  -  «») -^  (4  -  a?). 

5.   (216  +  a^-i-(6  +  a).  6.   (8a»-27)-^(2a- 3). 

7.   (ajy  +  l)-«-(a?y  +  l).  8.   (8aW+ 27)-i-(2a6«  +  3). 

9.   (125aj8/-2«)-f.(5a^-.2^. 

10.  (27aW-64c»)-f-(3a*6«-4c). 

11.  (8  m"n'  -  p"^  -5-  (2  m^n  -  p*). 
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12.   (a^  +  l)-f-(a*  +  l).  13.   («*"- y»-)-s-(aj**- y*). 

14.  (343  aj*"-»  4-  /")  H-  (7  aj'"-^  +  y^). 

15.  [(a:  +  y)»-8]+(a?  +  y-2)" 

16.  [l+(a._y)3]^(l  +  aj-y). 

17.  [(a-6)«-8c»]-h[a*  +  6«-2(a6  +  c)]. 

Snm  and  Difference  of  Like  Powers  of  Two  Numbers. 
U.  By  actaal  division^  we  find : 

a*  +  6*  is  not  divisible  by  either  a  4-  *  or  a  —  6 ; 

(fl«  +  ^^-(a  +  6)=a*-a»6  +  a«6«-a4«  +  6^ 
a*  +  6*  is  not  divisible  by  a  -  6. 

The  above  identities  and  those  of  Arts.  9-10,  illustrate  the 
following  principles : 

(i.)  a*  —  6"  18  divisible  by  a  —  h,  but  not  by  a  +  by  when  n  is 
odd. 

The  quotient  is 

a*-i  +  ar-^b  +  a"-W  +  —  +  a%— « +  oft*-*  +  h^\ 
(ii.)  a*  —  6*  is  divisible  by  both  a  +  6  and  a—b,  when  n  is  even. 
The  quotient,  when  a  +  6  is  the  divisor,  is 

a*-i  -  a"-%  +  a"-«6* a%"-^  +  oft*"*  -  ft*^'  5 

and,  when  a  —  6  is  the  divisor,  is 

a"-i  -f  a^'-^b  +  a"-«y  +  —  +  «%""'*  +  06—*  +  6*"^ 

(iii.)  a*  +  6*  i«  divisible  6y  a  +  6,  6u^  noi  by  a  —  b,  when  n  is 
odd. 

The  quotient  is 

(iv.)  a*  +  b*  is  not  divisible  by  either  a-^-b  or  a—b,  when  n  is 
even. 
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12.  The  following  directions  will  be  helpful  in  writing  the 
quotients  of  these  type-forms : 

(i.)  Wh£n  the  divisor  is  a  sumyjflie  si^ns  of  the  terms  of  the 
quotient  altemcUe,  +  and  — . 

(ii.)  When  the  divisor  is  a  difference,  the  signs  of  the  terms  of 
the  quotient  are  all  +, 

(iii.)  In  the  first  term  of  the  quotient  the  exponent  of  a  is  less 
by  1  thxm  its  exponent  in  the  dividend,  and  decreases  by  1  from 
term  to  term. 

(iy.)  The  exponent  of  b  is  1  in  the  second  term  of  the  0ioti^nt, 
and  increases  by  1  from  term  to  term. 

Observe  that  the  quotient  is  homogeneous  in  a  and  b,  of 
degree  less  by  1  than  the  degree  of  the  dividend. 

Ex.1.   (aJ*-16y*)-f.(a?-22^) 

^^-^^{2y)+x{2yf+{2yf 
=  a?  +  2ix^  +  4:xf  +  Sf. 
Ex.  2.   (0^-32) -^(aJ-2)=a;^  +  2a^'+4a:*+8a;^- 16. 

BXEBCISES  VII. 

Write,  without  performing  the  actual  divisions,  the  values  of: 
1.   (a^^i^^^x-^-l).  2.    (l-a*)^(l-a). 

3.    (m*-l)-8-(m-l).  4.    (32  +  n«) -^  (2  +  n). 

5.   (a«-6«)-5-(a-6).  6.   {a?  +  b")  ^  (a  +  b).  ^ 

7.    (aio_5io)^(a-6).  a    (a»  +  6") -^  (a  +  6). 

9.    {^-f)-^{^-f)'  10.    (aj»  +  yi«)^.(aj2  +  3^. 

11.   (aY -b'^'^ia'y-hb').        12.   («'y - 2^) -*- (a^ - ««> 

13.  (a^-642/^^(aj-22^. 

14.  (243  a*6«  +  32  c^^)  ^  (3  o^^  +  2  c^. 

:^5.   (iB*"-y*")H-(a;-3/).  16.   (a**  -  1)  ^  (aj"  - 1). . ; , 

17.   (1  +  «*") -^  (1  +  «)•  "•   (a^V'*+ft'*")-»-(aV+6«-»). 


CHAPTER  VL 

FACTORS  AND  MULTIPLES  OF  INTEGRAL  ALGEBRAIC 
EXPRESSIONS. 

INTEGRAL  ALGEBRAIC  FACTORS. 

1.  A  product  of  two  or  more  factors  is,  by  the  definition  of 
division,  exactly  divisible  by  any  one  of  them. 

An  Integral  Algebraic  Factor  of  an  expression  is  an  integral 
expression  which  exactly  divides  the  given  one. 

E.g.,  integral  factors  of  6  a^x  are  6,  a%  3  «,  2  a*,  etc. ; 
integral  factors  of  a'  —  V  are  a  +  b  and  a  —  6. 

2.  A  Prime  Factor  is  one  which  is  exactly  divisible  only  by 
itself  and  unity.  * 

E.g.f  the  prime  factors  of  6  a^x  are  2,  3,  a,  a,  x. 

A  Composite  Factor  is  one  which  is  not  prime,  i.e.,  which  is 
itself  the  product  of  two  or  more  prime  factors. 

E.g.,  composite  factors  of  6 a*aj  are  6,  ax,  2a,  Sax,  etc. 

3.  Any  monomial  can  be  resolved  into  its  prime  factors  by 
inspection. 

E.g.,  the  prime  factors  of  4a^6*  are  2,  2,  a,  a,  a,  b,  b. 

MoltinomialB  whose  Terms  have  a  Common  Factor. 

4.  From  Ch.  III.,  Art.  30,  we  have 

ab  +  ac-ad  =  a{b+c-d).  (1) 

This  relation  may  be  called  the  Fundamental  Formula  for 
Factoring.    From  it  we  derive  the  following  method  for  find* 
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ing  the  second  factor  of  a  multinomial  whose  terms  hare  a 
common  factor: 

Determine  by  inspection  the  remaining  factors  of  its  terms,  and 
take  their  algebraic  sum. 

5.  Ex.1.  Factor  2ix^^2xy'. 

The  factor  2  ajy  is  common  to  both  terms ;  the  remaining 
factor  of  the  first  term  is  x,  that  of  the  second  term  is  —  y, 
and  their  algebraic  sum  is  x  —  y. 

Consequently,  2  oi?y -^  2  xy^  =  2  ocy  (x  —  y), 

Ex.2.  a^  +  abc  +  b^c=^b(ab  +  ac  +  bc). 

6.  In  the  fundamental  formula  the  letters  a,  b,  Cy  d  may 
stand  for  binomial  or  multinomial  expressions. 

Ex.1.   'FsuctoT  a(x-'2y)  +  b(X''2y). 

The  factor  x  —  2y  is  common  to  both  terms;  the  remaining 
factor  of  the  first  term  is  a,  that  of  the  second  term  is  b,  and 
their  algebraic  sum  isa-\-b. 

Consequently  a(x  ''2y)  +  b(X'-2y)  =  (x  '—2y)  (a  +  b). 
Ex.2.  iB*(l-m)-y«(m-l)  =  aj2(l-m)  +  y«(l-wi) 

T 

EXEBCISES  I. 

Factor  the  following  expressions: 
1.  5a? +  5.  2.  ax  — a.  3.  4a^— 6, 

4.  a^-2x'.  5.  a^b  +  aib^.  6.  2ari  — 4n*. 

7.  Sa?f-5a?f.     8.  12ofib^  +  SaV.     9.  10aV-16aV. 

10.  3a&  +  6ac  — 12ad.  11.   TOxy  —  dSf  —  UOyz. 

12.  If  aa?  + If  6aj2  +  i  a?.  13.   6aaj*-15a%aj»+18aWaft 

14.  8  aVaj«- 10  anV  + 4  aVa^. 

15.  45  mVp  +  90  mVj9  —  75  m^^)*. 

16.  28a%»c-84a«6V  +  98a*6V. 

17.  27aj82/*r»  +  135a?«2^2;*-81aY«*. 
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la  0?  —  (n  + 1)  a?.  19.  a\a  +  a)  +  ix?{a  +  x), 

20.  3a(a-l)-3(a-l).  21.  2(n  +  l/-4(n  +  l). 

22.  a(a  — 1)  — a;  +  l.  23.  w(g— p)  —  (p  — g). 

24.  6m"+*  — 3m»+'-h9m»+'.  25.  a"+^  — a  +  a"-^ 

26.  5'^»-125a?  +  625a^.  27.  2"+*  -  8  x  2«-^ +16. 

Gronpiiig  Terms. 

7.  When  all  the  terms  of  a  given  expression  do  not  contain 
a  common  factor^  it  is  sometimes  possible  to  group  the  terms 
so  that  all  the  groups  shall  contain  a  common  factor. 

Ex.1.  Factor  2a  +  26+aic  +  6a?. 

Factoring  the  first  two  terms  by  themselvesi  and  the  last 
two  terms  by  themselves,  we  obtain 

2(a  +  b)  +  x(a  +  b)  =  (a  +  b)(2  +  x). 

Ex.  2.     a?^xy'-xz  +  yz=s(a?^ a^)  —  (?^  —  tp) 

=  a?(a?— y) — 2  (a?— y) = (a?— y)  (a5— 2). 

Ex.3.  a?  +  3aj»  — 2a?-6  =  (aj8  +  3aj^-(2a;-f 6) 
=  a?(i»  +  3)-2(aj  +  3) 
=  (a?  +  3)(aj»-2). 

BXBBOISES  II. 

Factor  the  following  expressions : 

1.  am  +  an  +  bm  +  bn.  2.  ax -^  by  —  bx  +  ay. 

3.  m'— am-h6m  — a6.  4.  oj*  — 5a?  — 2ajy  +  10y. 

5.  ax  +  a  +  x  +  1.  6.  na  — a  +  ?i  — 1. 

7.  TTW  +  m  — 2  — 1.  8.  aj^  — aj*  +  aj  — 1. 

9.  x  —  y  —  xy  +  l.  10.  1  — 3a  — 6  +  3a6. 

11.  c? -- a^c •\- a(?  —  (?.  12.  3a?* -ar* 4- 6a; -2. 

13.  3c*  — 3c?n  +  cn*  — n*.  14.  bax  —  cx  —  bay  +  cy. 

15.  2aa?  — 36y  — 2a3/-h36a?.  16.  ac  —  5ad +  36c —  156cf. 

17.  3n» +  na?*- 6 w^-2a?8.  la  18w*a?-12a?- 9m2  +  6. 
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19.  ISttx  +  SOay-'dbx  —  lSby. 

20.  20ad-35bd'-SaX'fUbx, 

21.  24mn  — 44n*  — 30ma?  +  55naj. 

22.  12a'6*-4a%*-4a26«  +  12a?»6«. 

23.  a*  —  aV  +  a^n  —  an^  +  n*  —  an\ 

24.  a?*-.aa^  +  3aV-2a%aj*-f  2a%a?-6a*6. 

25.  ax  +  by  +  cz  +  bx  +  cy  +  az  +  cx  +  ay-^bz, 

26.  ax  —  by  +  cz  —  bx  —  cy  —  az  —  cx  +  ay  +  bz. 

27.  oa?  +  ^2^  +  C2  —  6a?  —  cy.  4-  a«  +  ca;  —  ay  —  62?. 

28.  oa?  +  62^  +  C2  —  6a;  +  C2^  —  a«  —  ca?  —  ay  +  6«. 
29.   aj»  +  4a?-3a?-12.  30.   a^-Sa^  +  Bx-^W. 
31.   a»  +  2a?  +  8a?  +  16.  32.   ar*- 7ar^-4a;  +  28. 

Use  of  Type-FomiB  in  Factoring. 

8.  If  an  expression  is  in  the  form  of  one  of  the  type-forms 
considered  in  Ch.V.,  or  if  it  can  be  reduced  to  such  a  form, 
its  factors  can  be  written  by  inspection. 

Trinomial  Type-Fomui. 

9.  From  Ch.  V.,  Arts.  2  and  3,  we  have 

a^-2ab  +  b'=(a-by. 

Therefore  a  trinomial  which  is  the  square  of  a  binomial 
must  satisfy  the  following  conditions: 

(i.)  One  term  of  the  trinomial  is  the  square  of  the  first  term  of 
the  binomiaL 

(ii.)  A  second  term  of  the  trinomial  is  the  square  of  the  second 
term  of  the  binomial, 

(iii.)  The  remaining  term  of  the  trinomial  is  twice  the  product 
of  the  two  terms  of  the  binomial. 
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10.  Ex.  1.   Faxjtor  a^  +  6x  +  9. 

Q^  is  the  square  of  a;,  9  is  the  square  of  3,  and  6  a;  =  2  •  a?  •  3. 

Therefore  ir^  ^  g  g.  ^  9  ^  (a.  ^  3^» 

Ex.2.   Factor —4ajy  +  4aj*4-2^. 

4 a^  is  the  square  of  2  a;,  or  of  —  2  a;;  y*  is  the  square  of  y, 
or  of  —  y.  Since  the  term  —  4  ajy  is  negative,  one  term  of  the 
binomial  is  negative,  the  other  positive. 

Therefore  — 4ajy  +  4a:«  +  2^=  (2a?-.y)«  =  (— 2a?  +  y)l 

EXBBOISBS  III. 
Factor  the  following  expressions : 

1.  aj*-2a?  +  l.  2.   a^-f  6a  +  9. 

3.  y2  +  i2y  +  36.  4.  a2-10a6  +  256>. 

5.  4aj2-12a?y  +  93/*.  6.   9a^  +  30a  +  25. 

7.  20a; - 4^2 _ 25.  a  36a? -.4a? -81. 

9.  16a2  +  40a6  +  25y.  lo.  49aj^-28a?y +  43/*. 

11.  a^-2a2a?  +  a?.  12.   a?*-2ay  +  2^. 

13.  4aaj  +  2a2  +  2aj*.  14.   6aV-3aW-3a*aj. 

15.  aV  — 4ac'a?  +  4c«.  16.  9 a^y - 30 a^a;^ -f  25 2J*. 

17.  24a^- 9a?- 162/2.  la   2a*a?-a^-a?. 

19.  4a?* -12a?" +  9.  20.   36 a"+2 - 48 a"  + 16 a"-^. 

21.  4a*62_i2a%(?  +  9c^  22.   25  mV  -  60  mVp*  +  36 p*. 

23.   16a?2^-24a?2^  +  92«.       24.  49 a*6«  +  70 a%V  +  25 c«. 

25.  (a  +  aj)2-H2(a  +  aj)-f  1. 

26.  (2a-9)*-6(9-2aj)  +  9. 

27.  ajy  —  a»—(^  — 2^25+2?).    28.   a^ ^2an  +  n^  —  ap—pn. 
29.  2a  +  a(?  — (P  — 4d  — 4.       30.   a^-f 2a6-4ac— 4&c-f 4(?. 

31.  a?  —  6  2/2  —  4  a^  +  3  a»  +  4  y*. 

32.  a^6*  +  2  a'^ft^  +2  a*^^  ^  2  aft  4- 1. 
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11.  From  Ch.  V.,  Art.  7,  we  have 

jr^  +  (a  +  6)jr  +  a6  =  (jr  +  a)(jr  +  6). 

When  a  trinomial,  arranged  to  descending  powers  of  some 
letter,  say  x,  can  be  factored  into  two  binomials,  it  must  satisfy 
the  following  conditions : 

(i.)  One  term  of  the  trinomial  is  the  square  of  the  letter  of 
arrangement,  i.e.,  of  the  common  first  term  of  the  binomial  factors. 

(ii.)  The  coefficient  of  the  first  power  of  the  letter  of  arrange- 
m£nt  in  the  trinomial  is  the  algebraic  stim  of  two  numbers  whose 
product  is  the  remaining  term  of  the  trinomial, 

(iii.)  These  two  numbers  are  the  second  terms  of  the  binomial 
factors, 

12.  Ex.1.   Factorir«  +  8a;  +  15. 

The  common  first  term  of  the  binomial  factors  is  evidently 
X.  The  second  terms  are  two  numbers  whose  product  is  16, 
and  whose  sum  is  8.    By  inspection  we  see  that 

3  +  5  =  8  and  3x5  =  15; 

that  is,  the  second  terms  of  the  binomial  factors  are  3  and  6. 

Consequently,  a?  +  8a;-hl5  =  (a  +  3)(a?  +  5). 

Ex.  2.   Factor  a?  —  lx  +  12. 

The  common  first  term  of  the  binomial  factors  is  x.  The 
second  terms  are  two  numbers  whose  product  is  12,  and  whose 
sum  is  —  7.  Since  their  product  is  positive^  they  must  be  both 
positive  or  both  negative;  and  since  their  sum  is  negative,  they 
must  be  both  negative. 

The  possible  pairs  of  negative  factors  of  12  are :  —  1  and 
-12;  -2  and  -6;  -3  and  -4. 

But  since  — 3  +  (-4)  =  -7, 

the  second  terms  of  the  binomial  factors  are  —  3  and  —  4. 

Consequently,  «*  —  7  a?  +  12  =  (aj  —  3)(aj  —  4). 
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Ex.3.   Factor  aV  + 6 oaj  — 24. 

The  common  first  term  of  the  binomial  factors  is  ax.  The 
second  terms  are  two  numbers  whose  product  is  —24,  and 
whose  sum  is  5.  Since  their  product  is  negative,  one  must  be 
positive  and  the  other  negative;  and  since  their  sum  is  posi- 
tive, the  positive  number  must  have  the  greater  absolute  value. 
The  possible  pairs  of  factors  of  -^  24  are :  —  1  and  24 ;  —  2 
and  12;  —3  and  8;  -4  and  6. 

But  since  —3  +  8  =  5, 

the  second  terms  of  the  binomial  factors  are  ~  3  and  8. 

Consequently  aV  +  5  oa;  —  24  =  (ax  —  3)  (ax  +  8). 

Ex.4.   Factor  a?- 3 ajy- 28/. 

The  common  first  term  of  the  binomial  factors  is  x.  The 
second  terms  are  two  numbers  whose  product  is  —  28^*,  and 
whose  sum  is  —Sy.  It  is  evident  that  both  of  these  terms 
contain  2^  as  a  factor.  Therefore  we  have  only  to  find  their 
numerical  coefficients. 

Since  their  product  is  negative,  one  must  be  positive  and  the 
other  negative ;  and  since  their  sum  is  negative,  the  negative 
number  must  have  the  greater  absolute  value.  The  possible 
pairs  of  factors  of  —28  are :  1  and  — 28 ;  2  and  — 14 ;  4  and  —7. 

But  since  4  +  (—  7)  =  —  3, 

the  second  terms  of  the  binomial  factors  are  4  y  and  —  7  y. 

Consequently,  af  —  Sasy  —  282^- =  (i  +  4y)(i»  — 7y). 

BXEBCISBS  IV. 
Factor  the  following  expressions : 

1.  aj2-3aj  +  2.             2.  aj*  +  3aj +2.  3.  aj*-.a?-2. 

4.  a^  +  a?-2.               5.  a?2  +  «-6.  6.  aj*-a?-6. 

7.  a?  +  7x  +  6.            a  a?^5x  +  6,  9.  aj*  +  10a?-24. 

10.  ic*-2(p-24.         U.  aj*  +  5aj-24.  12.  ar* - 23 aJ - 24. 

13.  fiB*-6a?-24.         14.  aj^-f  23a;-24.  15.  aj*-h2aj-24. 
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16.  aj«-10a;-24.       17.  aj*  +  3aj-40.       18.  aj2-18a?-40. 
19.  iB^^ 6a; -40.         20.  or^- 39a?- 40.     21.  a2-4a?-60. 
22.  a;2  +  7a?-30.         23.  ix^  +  12x  +  32.     24.  a2-3a;-40. 
25.  a:*  -  12 a?  +  35.       26.  a^-lTa^+72 x,    27.  a?  +  lSx-  30. 
2B.  6x-a?-iJi?.         29,  35.+  2x-Q^.       30.  a;*  +  4 ar^ - 21. 
31.  a^  +  Sa?-\-15.       32.  a;* - 24 a;^  +  63.    33.  3a«+39a;'+66. 
34.  af^--a?-66.  35.  a:«»+6aj»-112.     36.  ar*^  - 16  a?"  +  55. 

37.  a? +  (a  +  b)x  +  a^,  38.  a?--(m  +  n)x  +  mn. 

39.  a^+(j)^q)x—pq,  40.  ar*+ (3r  — 2s)a?  — 6ra. 

41.  ag^  +  7a^x  +  6a\  42.  a?  +  2a!y-15f. 

43.  a;2_4fltaj-12a2.  44.  aj^ -  7 aa;  + 12 a«. 

45.  2a;y-26ay  +  84a?2/*.  46.  a? - 11  a?m  +  30 ml 

47.  a;%2 ^  12a»  - 13.  4a  a^V  -- 7 a6  + 10. 

49.  mV-20mn  +  99.  50.  1  - 25 a?y  + 126 a;^^^.- 

51.  l-23a%4-132a^y.  52.  aV - 23 a^a?  + 120. 

53.  a^^7a?f-7S.  54.  a*&«  +  3 a^ft^ _  108. 

55.  aV  +  5  a^^W  -  84  a?*.  56.  a^h^  -  2  a»6V  - 15  A 

13.  From  Ch.  V.,  Art.  8,  we  have 

(ax  +  6)  (cjr  +  (/)  =  acx^  +  (ad  +  6c)  jr  +  bd. 

A  trinomial  which  can  be  factored  by  this  type-form  must 
satisfy  the  following  conditions : 

(i.)  One  term  of  the  trinomial  is  the  product  of  the  first  terms 
of  its  binomial  factors. 

(ii.)  A  second  term  of  the  trinomial  is  the  product  of  the  second 
terms  of  its  binomial  factors. 

(iii.)  The  remaining  term  of  the  trinomial  is  the  sum  of  the 
cross-products. 

Ex.  1.  Factor  6  a?  + 19  a;  + 10. 

The  first  terms  of  the  required  binomial  factors  arp  factors 
of  6  a*,  the  second  terms  are  factors  of  10,  and  the  sum  of  the 
cross-products  is  19  a?. 
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The  factors  of  6a^  are :  x  and  6a;,  2a;  and  Zx\  and  the  factors 
of  10  are :  1  and  10,  2  and  5. 
The  following  arrangements    represent    possible  pairs  of 

factors : 


a?  +  l  aj  +  10  X'\-2  X'\'^ 

6  a; +  10  6a?  +  l  ^x-^-^  6a?-h2 

16a  61a?  17a?  32a? 

2a?  +  l  2a?  +  10  2a;  +  2  2a?  +  5 


3a?-hl0  3a?  +  l 


23a?  32a? 

Since  the  sum  of  the  cross-products  in  the  last  arrangement 
is  equal  to  the  middle  term  of  the  given  trinomial,  we  have 

6a?  +  19a?  +  10  =  (2a?  +  6)(3a?  +  2). 

Ex.  2.  Factor  5a? -  6a?y -  83^. 

The  factors  of  5 a?*  are  a?  and  hx\  and  the  factors  of  —  8^' 
are:  y  and  —  8y,  —  y  and  8y,  2y  and  —  4y,  —  2y  and  4y. 
x^2y         Since  the  sum  of  the  cross-products  in  the  arrange- 

Xment  on  the  left  is  equal  to  the  middle  term  of  the 
c     .  A       given  trinomial,  we  have 
5a?-h4y    ^ 

-exy  6a?« -6a?y- 82/2  =  (a?- 23^)(5a? -I- 4y). 


Ex.  3.  Factor  10  a^  +  a'b  -  21  b^. 

The  factors  of  10  a*  are :  a?  and  10  a^,  2  a'  and  5  a* ;  and  the 
factors  of  ^21VQ.Te:  6  and —216,  —  6  and  21 6, 3  6  and -76, 
-36and7&. 

2  a*  -h  3  6        Since  the  sum  of  the  cross-products  in  the  arrange- 

Xment  on  the  left  is  equal  to  the  middle  term  of  the 
J.  X  __  7 1,    given  trinomial,  we  have 

^&~  10a*-fa«6-2162  =  (2a«-l-36)(6a«-76). 
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14,  The  following  directions  may  be  observed  in  factoring 
trinomials  which  come  under  this  type-form : 

(i.)  When  all  the  terms  of  the  trinomial  are  positive,  only  posi- 
tive factors  of  the  last  term  are  to  be  tried. 

(ii.)  When  the  middle  term  is  negative  and  th£  last  term  is 
positive,  the  factors  of  the  last  term  must  he  both  negative, 

(iii.)  When  the  middle  term  and  the  last  term  are  both  negative, 
one  factor  of  the  last  term  must  be  positive,  the  other  negative. 

(iv.)  Select  those  pairs  of  factors  of  the  first  and  last  terms 
which,  by  cross-multiplication,  give  the  middle  term  of  the  trinomial. 

EXERCISES  V. 
Factor  the  following  expressions : 

1.  6a?  +  X'-12.  2.  6aj«-a-12. 

3.  36a?  +  32aj-12.  4.  35a?  +  x--12. 

5.  350^  +  16x^12.  6.  35a?-13aj-12. 

7.  2a?-\-5x  +  2.  a  lo  +  iex  +  eaf. 

9.  e  +  lSx-eSa?.  10.  3a^-f  13a;  +  12. 

11.  40  +  2aj-2aj2.  X2.  25 a^ -\- 25 a^ - 6 x. 

13.  36aj*-18a^-10.  14.  12x^6a?^90a?. 

15.  10a? +  70? -33.  16.  8 a?* -  19 aj^ - 15. 
17.  40  +  6a;-.27a?.  18.  49 a? - 35 a:  +  6. 
19.  64ar^-92a?  +  30.  20.  6- 19a;  +  15a?. 
21.  6a?-41aj-56.  22.  30 a? - 89 a;  +  35. 
23.  18aj2-3a^-45y«.  24.  Sa^^5ab^2V'. 

25.  ab3t?-(a^  +  b^x  +  ab,  26.  aba?  +  (a^ -  b^ x - db. 
27.  5a*a?-4:a^xz^96z\  28.  -  10 a*  +  7 a^ft^  + 12 6*. 
29.   4ar^-a^-3/.  30.   lOa^  +  lla^  -  661 

31.   9aj^-4af-5.  32.   2  a^^  _  3  ^jr+i  _  2. 

33.  6aj2»  +  ar2^«-15y*'.  34.   10(a+6)2+7c(a+6)-6c«. 

35.  7(x^yy^S7z(:^-y)  +  10z'. 

36.  6(a?  +  f)'-9(a?  +  f)s?-15s^. 
i37.   2(a2-c2)2-46(a2-.c^-66«. 
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Binomial  Type-FomiB. 
15l  From  Ch.  V.,  Art.  6,  we  have 

a2-62  =  (a  +  6)(a-6). 

That  is,  the  difference  of  the  squares  of  two  numbers  can  be 
written  as  the  product  of  the  sum  and  the  difference  of  the 
numbers. 
Ex.  1.  aV-  J62 ^ (axY-iibf 

=  (aa;  +  i6)(aa;-i6). 
Ex.  2.  32mVi  —  27i«  =  2n(l^m^ -  n^ 

=  2n[(4my-n«] 
=  2n(4m*  +  n)(4m2-ny. 

16.  The  difference  of  any  even  powers  of  two  numbers  can 
be  written  as  the  difference  of  the  squares  of  two  numbers,  and 
should  therefore  first  be  factored  by  applying  this  type-form. 

Ex.  .    a*-5*  =  (a^2_(j2)2 

BXEBCISBS  VI. 
Factor  the  following  expressions : 


1.  a!»-l. 

2. 

4-a> 

3. 

16-2^. 

4.  26a!V-9- 

5. 

36a*-49  6«. 

6. 

4a!»-3^. 

7.  86»-14*. 

a 

67'-43» 

9. 

37»-27'. 

10.  81a^-16. 

11. 

^a«&»-||c»(P. 

12. 

16  a«- 25  6V. 

13.  a*b*<f-\. 

14. 

^aW-^^. 

15. 

a*--!. 

16.  a^-l^. 

17. 

!»*»+« -4. 

la 

9a'-6'-4(*-. 

19.    7-112!B*. 

20. 

16  a;*- y*. 

21. 

a?-6«. 

22.  1-256!B»/. 

23. 

a,w-y>«. 

24. 

a'«-l. 

25.  5a»-1806<. 

26. 

fa**- foe*. 

27. 

I«y*-^a»*- 

2a  76rf&*-108c'd«. 

29.  2436»c»- 

-756'. 

aa  af-V^. 

31. 

144a!--a!"+''. 

32. 

4a»^»-o*+-', 
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33.  a*-b^+(a  +  b)c.  34.  a*  —  iB*  +  a  —  a?. 

35.   a*  —  a'  +  a  —  1.  36.   a?  —  a»  —  yaj  —  ^. 

37.   a*  —  a«?i  +  an* - n^  38.   a*- 20^- 6^  +  2a«6. 

39.  a?y  —  a^  +  af y  +  ajj/*.  40.   aj^  +  Saj'  —  a?*  —  3a5. 

41.  (a  +  n)(a»  — aj^-.(a-a?)(a*  — n*). 

42.  (n-a?)(57i*-4aj^-(3aj2-4n*)(aj-.n). 

17.  This  type-form  may  frequently  be  applied  to  multi- 
nomials. 
Ex.1.    a?--4ajy  +  43/2-92;*  =  (aj-2.2^/-(3«)« 

=  (a;  -  22^  +  3«)  (a?  -  2y  —  3  2). 
Ex.2.    4aW-(a«-6«  +  <)« 

=  (2  oc  +  a*  -  ^*  +  c^  (2  oc  -  a*  +  &«  -  c>) 

=  (a  +  c  +  6)  (a  +  c  -  6)  (6  +  a  -  c)  (5  -^  4  +  c). 

£!XBBCISBS  VII. 
Factor  the  following  expressions : 

1.    (a  +  by^(^.         2.    (a-by-c".        3.    (n  +  l)2-n«. 

4.  n«^-(n-l)2.         5.  9-(3-a)l         6.   49-4(a  +  5)«. 

7.   (2a  +  6)«-9c«.  a    (4a?-3)«-16a^. 

9.  25a2-4(6  +  c)2.  10.   36 aj* - 81  (a; - 2)1 

U.   (a  +  6)«-(c  +  d)l  12.    (a-6)«-(c-d)». 

13.   (a +  6)* -(a -6/.  14.    (aj  +  2)2-(a?-l)*. 

15.    (5a;-2)«-(4a?-3)l  16.    (3  a^  -  4/ -  (?  ay  -  6)2 

17.   (a  +  6-.c)2-(a-6-fc)'.    18.   (x+y-Sy-ix-y+Sy. 

19.  (a^  +  x  +  iy'-(x'-x-\-iy. 

20.  (a  +  &)«-l-2(a  +  ^  +  l). 

21.  (a-.2&)2-9-.3(a-2&  +  3). 

22.  a?-^2xy  +  f-z\  23.   a2-2a6  +  y-c'.  , 

24.  s^-^a?-2xy-'y^.  25.  9-aj2  +  2ay-2^.    -. 
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26.  a2-n2+^2np-p2.  27.   a«  +  26c- 6«-c«. 

28.  25  +  12xy-9x'-4:f.        29.   25a^- 493^--10a?  +  l. 

30.  a«-2a6  +  62_^_2a?y-3/«. 

31.  a?-^2x  +  l'-a^  +  2ab-'b\ 

32.  a2  4.62-c2-(P4.2a6  +  2c(f. 

33.  x^-i-f'-2xy'-a^^9V-]-6ab. 

34.  25a^-.2562  +  l-^a2-10aj4-10a6. 

35.  a*-25a2-96*-30a5-6a2  +  9. 

36.  4a*  +  96^-25c^  +  12a26«. 

37.  a3  4.62-c«-d»  +  2(a6  +  cd). 

38.  a2  +  62-(^-.(?-2(a6-c(f). 

39.  2(a6  4-cd)-(a'4-&^-c2~dO- 

40.  a2-62^262;-2aaj  +  a?-2«. 

41.  4  a2&2_(a2  + 6*^(^1 

42.  a^-a^-2a^'--a^^  •    . 

43.  tt*4.4a*c-462  +  46cP4.4c»-d*. 

44.  4(ad  +  6c)2-(a2- 6* -c^ +  (?)». 

la   From  Ch.  V.,  Art.  10,  we  derive 

a«-*«=(a-A)(a2-ha*  +  *^. 
Ex.1.  a?  +  Sf=^ix^-i-(2yy 

=  ix  +  2y)la?^xX2y)4i2y)^ 
=^(x  +  2y)(a?--2xy  +  4'y): 

Ex.2.  512a^-2/8  =  (8iB^«-3/»  >. 

=  (8aj*-y)(64a?*  +  8a?23/  +  3/?). 
Ex.  3. 
a«-7296«=(ay-(27  68)a 

=  (a3  +  27  68)(a»-27  68) 

=(a+3  6)  (a2-3  a6+9  y)  (a-36)(a2+3.a5+9  6«> 
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Ex.4. 

(l-a.)8_8aj8=(l-a)«_(2aj)» 

=  (l-a?-2aj)[(l-a)2+(l-a?)(2a?)+(2aj)T 
=(l-3aj)(l+3aj«). 

19.  The  sum  of  the  like  even  powers  of  two  numbers,  whose 
exponents  are  divisible  by  an  odd  number,  except  1,  can  be 
factored  by  applying  the  type-forms  of  Art.  18. 

Ex.  a?«  +  y^  =  W-h(y*)» 

BXBBOISBS  Vin. 
Factor  the  following  expressions : 

1.   ar*  +  l.  2.  ar»-8.  3.   cf  +  27. 

4.   64aj»-l.  5.   ^x^  —  f.  6.   8ajy-27. 

7.  126aY  +  8.        8.   3a2-24a*.  9.  27a-aV. 

10.   27ar»-2/».  11.   125aj3-y>%".  12.  2ajy  +  432j^. 

13.   27a%V+l.      14.   64aj8/2;»-125.  15.   8mV-343j9». 

16.   a^-64.  17.   a^  +  y'.  18.   a^  +  2/*. 

19.  a^-1.  20.  a«-l.  21.  a}^  +  V^. 
22.  1-2".  23.  ^^-Jty^.  24.  aJ^-l^. 
25.   8a^2^'--7293r+V.                   26.    (i»  +  y)*-l. 

27.  l-(a;-y)3.  28.  27-(3  +  2aj)». 

29.  (a-^hy+ia-hf.  30.  (2  a?  - 1)' -  (a;  -  2)« 

31.  (2a  +  a;)»+(a-2a?)».  32.  (a  +  &)* - (c  +  d)". 

33.  a^'-'y^'-2a?y  +  2xf.  34.  4-a^-h4a^  — aj*. 

35.  a^-icS-o^-f  1.  36.  a^-8 - 6aj*  +  12a?. 

37.  a''-4aV'-4ac2  +  c8.  38.  n«  +  5nV  +  6nV+ a^. 

20.  From  Ch.  V.,  Art.  11,  we  derive : 

(i.)  Tlie  sum  of  the  like  odd  powers  of  two  numbers  contain$ 
the  sum  of  the  numbers  as  a  factor . 
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(ii.)  Tlie  difference  of  the  like  odd  powers  of  two  numbers  corv' 
tains  the  difference  of  the  numbers  as  a  factor. 

Ex.1.   a^-]-y'=(x  +  y)(a^^x'y-j-a^y^-xf-\-y*y 

Ex.2.  aj'-y=(aJ-y)(a^  +  a5"2/  +  a^/  +  aY+«V  +  a^+/> 

EXERCISES  IX. 

Factor  the  following  expressions : 

1.    a*  4- 6*.                       2.   iff^  —  1,  3.  a^-f /. 

4.  a^-1.                      5.  32a«~6^«.  6.  243fc»«-2^. 

7.   ai«  +  6^«                     8.   aj^«-l.  9.  a?'*  +  l. 

10.   128af  +  l.              11.   aW-l-32.  12.  a?*y^*  - 1024  2^«. 

Special  Devices  for  ^^actoring. 

21.  A  factorable  expression  can  frequently  be  brought  to 
some  known  type-form  by  adding  to  or  subtracting  from  it  one 
or  more  terms. 

Ex.  1.   Factor  a?*  +  a^V  +  y*. 

This  expression  would  be  the  square  of  a? +  2/*,  if  the  co- 
efficient of  a^y^  were  2.  We  therefore  add  a?y^ ;  and,  in  order 
that  the  value  of  the  expression  may  remain  the  same,  we 
subtract  a^t^.    We  then  have 

=(«^  +  y*  +  a^)(a?  +  y*-a5y). 

22.  Another  device  consists  in  separating  a  term  into  two 
or  more  terms,  and  grouping  these  component  terms  with 
others  of  the  given  expression. 

Ex.  Factor  ar»  -  3  aj«  + 4. 

Separating  —So?  into  —  2 oj*  and  —  a?,  we  obtain 
aj»-3aj2  +  4  =  af»-2a?-a»  +  4 
=  a?(aj-2)-(a^-4) 

=  (aj-2)(a?-a-2) 
=  (x-2)(x^2)(x  +  l) 
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BXEBCISBS  X. 
Factor  the  following  expressions : 

1.   l  +  4a?*.  2.   l-h64a;*.  3.   iB*"  +  43^. 

4.  l  +  3a«  +  4a*.      5.   l-Ta^  +  a*.  6.   l+2a^-h9aV- 
7.  a^-a^+16y*.      a   a!*+y*-lla?22^.  9.   16  a?*-.ajy +y*. 

10.  a^  +  4y*-12ajy.  U.   a?*  +  y®  +  aV. 

12.  aj8  +  /-142ajy.  13.   ar*-6aj2  +  16. 

14.  a? - 15 0?*  + 250.  15.  aj8  +  6aj2  4-10a?  +  4. 

16.  aj8-9a?  +  32i»-42.  17.  ajs - 15 a^  +  72 a; - 110. 
!                             18.   8ar*-36a?2  +  48a?-18. 

EXERCISES  XI. 

Factor  the  following  expressions  by  the  methods  given  in 
this  chapter: 

1.  a*  +  2a»6-2a5«-6^  2.  aa?+ (a  +  b  +  c)x  +  b  +  e. 

3.  10c*«+»-5c^»+^-5c»n  4.   ajy  +  17  a^  + 16. 

5.  a^  +  64.         6.   a«6«+l.         7.   2*'+«-.64.         a   a^j^-l. 
9.  2a*-16a6».  10.   a^  +  2a52  +  9. 

11.  24aj*-.(36-8a)a;-a6.    12.  62-c*4-a(a-25).         ^ 

13.  a?*— *  +  2aj"^"  +  «*»+l         14.   a?*-2ar»-l  +  2a?. 

15.  a«  +  lla?  +  24.  la   a^^ab^eV. 

17.  aV  — 4ay  — 5.  la   a'  +  aj  +  y — ^. 

19.  ab(a?  +  f)  +  xy(a'  +  V^. 

20.  28(a?  +  3)2-23(a^-9)-15(a?-3)l 

21.  oaf  +  6aJ*  +  (XB*  —  oaj^  —  bx  —  c. 
72.  (a  +  6)ic2+(a-26)a?-36. 

23.  tt2_yj_^_2a  +  26c  +  l. 

24.  49aJ*2/«  +  42aj^/  +  9aj^2^". 

25.  aj*-13ajy  +  403^.  2a   a^-^ab  +  QV. 

27.  mV  +  6mn  — 56.  2a   y  +  oc  — c^  +  oft. 
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29.   xy  —  xz  +  2yz  —  j^'-7?.  30.   a?*  —  2aj  +  l  —  2^. 

31.   15aj*  +  a?  — 40.  32.   aj»  — a^  +  a»2  — 2». 

33.  a^  —  1 4-  c  —  oc.  34.  a^  —  a  —  1  —  a'c  4-  ac  +  ft 

35.   2aHa-4aa;-a?  +  2aj*.        36.   20 aj^ - 123 a?  + 180. 
37.  aj8-5a^-a?  +  5.  3a   a«  (a;  + 1)  -  6*  (6 -f  1). 

39.   25a*6*-f  70a2W  +  49c*.         4a   aj*^^  +  ^aj^  -  a^  -  «. 

41.  Q!?-^7?^^y(y  +  ^z). 

42.  aj«-2ajy  +  /-4ajy(«*-2^2. 

43.  a?  +  a2c  +  a6c  +  6%-6».         44.   5a*- 10a»-75al 

45.   3(a-l)»-(l-a).  46.   a^-/  +  l-2aj8. 

47.  a*  —  oa?  —  &«  +  06.  48.  aj^j/*  +  25  -  9  ar*  -  10  ajy. 

49.  a'  +  9-2aj(3  4-2a?2^.  50.   a%2-.4a5-21. 

51.  3a^  +  8a!*-.8aj2-3.  52.   7 aV  +  49 a^a?  +  84 a. 

53.    (a^+ajy+2^«-(a«-a?y+y«)l     54.  cd- 6cf +  a(&  -  c). 

55.   (a?  +  l)«-(y>  +  l)«.  56.   a6aj3  +  a?  +  a6  +  l. 

57.   36a*-21a2  +  l.  ,    ^   10a?*-47aj»  +  42.    -^ 

59.  (x'  +  xy^ff-if-xy^ff. 

60.  aj*+,c(a  +  6)a?  +  a6(a  +  c)(c-6). 

61.   5a2- 1806V  62.   ^db<? --^ab^. 

63.    10«*  +  3aj  — 18.  64.   a?*"  —  ^^ -f  4 2^* - 4 af . 

65.    CLb(7?-f)-\-xy(€?^V).         66.  36 a*6« -  60 a«6»  +  25  a%* 
67.   a* (a^-l)- 62(62-1).  6a   (m-n)2-12(m-n)+27. 

69.  d?a^{p?  -  a;)  -  aV(a^  -  a). 

70.  (a2-6*)(a  +  6)  +  2a62-2a*6. 

71.  (a  — 6)*  — aj2— (a;  — a  +  6)(a  +  6  — a?). 

72.  (a;  +  y)2-18(a:  +  y)  +  77. 
7a    (a2-62)a^-(a2  +  62)a?  +  a6. 

74.    300a6c2-432a6(P.  75.   75  a^^  -  108  c^cP. 

76.    ^abff^:^ab7?.  77.   18aV-9862/. 

7a  18(a?  +  y)2  +  23(a^-y2)-6(a;-2^)2. 
79.   Express  (a*  —  6^)  (c^  —  cP)  as  the  difEerence  of  two  squares. 
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HIGHEST  COMMON  FACTORS. 

23.  If  two  or  more  integral  algebraic  expressions  have  no 
coinmon  factor  except  1,  they  are  said  to  be  prime  to  one 
another. 

E.g.,  ab  and  cd ;  6a5*y  and  82;*;  a?  -{-  h^  and  a^  —  61 

24.  The  Highest  Common  Factor  (Jft.  C  F.)  of  two  or  more 
integral  algebraic  expressions  is  th^  expression  of  highest 
degree  which  exactly  divides  each  of  them. 

E.g.,  the  H.  C-  F.  of  aa?,  b^?,  and  cm^  is  evidently  m?. 

25.  Monomial  Expressions.  —  The  H.  C.  F.  of  monomials  can 
be  found  by  inspection. 

Ex.  1.   Find  the  H.  C.  F.  of  a^fz,  a^z^,  and  a^ph^.    ' 

In  the  expression  of  highest  degree  which  exactly  divides 
each  of  the  given  expressions,  the  highest  power  of  x  is  evi- 
dently jc*,  of  y  is  y^,  and  of  2;  is  2;.  Therefore  the  required 
H.  C.  F.  is  a^fz. 

Observe  that  the  power  of  each  letter  in  the  H.  C.  F.  is  the 
lowest  power  to  which  it  occurs  in  any  of  the  given  expressions. 

If  the  monomials  contain  numerical  factors,  the  Greatest 
Common  Measure  (G.  C.  M.)  of  these  factors  should  be  found 
as  in  Arithmetic. 

Ex.  2.   Find  the  H.  C.  F.  of  18  a^ft^c'd,  42  a«6c*,  and  30  a'b'<?. 

The  G.  C.  M.  of  the  numerical  coefficients  is  6.  The  lowest 
power  of  a  in  any  of  the  given  expressions  is  a* ;  the  lowest 
power  of  b  is  b',  the  lowest  power  of  c  is  c^ ;  and  d  is  not  a 
common  factor.     Therefore  the  required  H.  C.  F.  is  6  a%(!?. 

26.  In  general,  to  obtain  the  H.  C.  F.  of  two  or  more 
monomials : 

Multiply  the  G.  C.  M.  of  their  numerical  coefficients  by  the 
product  of  their  commjon  literal  factors,  each  to  the  lowest  power 
to  which  it  occurs  in  any  of  the  given  monomials. 

27.  Multinomial  Expressions. — The  method  of  finding  the 
H.  C.  F.  of  multinomials  by  factoring  is  similar  to  that  of  find- 
ing the  H.  C.  F.  of  monomials. 
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Ex.  1.   The  expressions 

a^-l  =  (aj-l)(aj  +  l), 
and  a2  +  aJ-2  =  (aj-l)(a;  +  2), 

have  only  the  common  factor  x  —  1.    This  is  their  H.  C.  F. 

In  general,  the  H.  C.  F.  of  two  or  more  muUinomicU  expres- 
aions  is  the  product  of  their  common  factors,  each  to  the  lowest 
power  to  which  it  occurs  in  any  of  them, 

Ex.  2.   Find  the  H.C.F.  of  a^a^-^a^  2aa^  +  2aX'^4:a,  and 
4  oic*  — 12  (QKB  +  8  a. 
We  have  a^a?  -a^=:a\x  + 1)  (a?  - 1), 

2  aaj«  + 2  ooj- 4  a  =  2  a(aj  +  2)(aj-l), 
4  a«*- 12  ooj  +  S  a  =  4  a(a;- 2)  (a?- 1). 
Therefore  the  required  H.  C.  F.  is  a  (a?  —  1). 

BXEBCISBS  XII. 
Find  the  H.  C.  F.  of  each  of  the  following  expressions : 

1.   36  a^  27  a*.  2.   20a6«,  35  a%.  3.*  45  a? f,  12xiz. 

4.   a^bx\  a«6W,  a^^V.  5.   56ajy,  702^^^,  98  a^. 

6.   24a26aj*,  42  a^,  ISa^oA/.      7.   ISmVy^  40mVaj,  35w»waj«. 

a   9(x-\-y)y  6{x-\-yy.  9.   12f(a--b),30y(a-by. 

10.   aj*-9,  aj2  +  3a?.  11.   3aj*-3ajy,  6aj-5aj/. 

12.    (a  +  by,  a^  —  b\  13.   aa^  —  a,  aa?  +  2ajx-\-a, 

14.   a^-  25  f,  y?+  xy  -  30  f,    15.    {a%  -  aby,  ab  (a?  -  b^. 
16.    27a^  +  2/»,  9a?--2^.  17.   a^  -  4a6S  a^-Sft^. 

18.  a^  -  2aj  -  15,  a»  +  10aj  + 21. 

19.  a2-2aj-24,  ar^  +  9aj  +  20. 

20.  3a^-3fy  Qi?-by-\-bx-xy. 

21.  aj8-y»,  a^  +  3ajy-42^. 

22.  a^  +  ajy- 30 3/2^  x^-2xy-15f. 

23.  a?y^-xf-42i/*,  6  a^y -{- IS  a^  -  lOS  x^. 

24.  3a2-aaj-4a2,  6 aj^ -  17 oa?  + 12 al 

25.  3a^-8aj«  +  4a;,  ar*  -  6 a?^ -|- 12 a?  -  8. 
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26.  a«  +  2a*  +  2a  +  l,  (i«  +  l. 

27.  a^  +  ab  —  ax  —  bXy  a^  —  db  —  aac  +  bx. 

28.  a8-(6-c)^  (a-c)«-6*. 

29.  aj«-/,  o^  +  ajy  +  y*. 

30.  aj2-3a?,  ic»-9,  aj*-6aj  +  9. 

31.  o^-S,  aj«  +  7a?-18,  a?*- 8a? +  12. 

32.  ar^-3a?-40,  ic^ -{- S x -- 10,  a?-x^80. 

33.  aj*  +  2  a;y  +  ^  —  2;^,  oa?  +  ay  +  a«. 

34.  (y-zy-a^,  {x-\-yy-~z',  f^(z^xy. 

LOWEST  COMMON   MULTIPLES. 

28.  A  Multiple  of  an  integral  algebraic  expression  is  an  ex- 
pression which  is  exactly  divisible  by  the  given  one. 

E.g.',  multiples  of  a  +  6  are  2  (a  +  b),  {x  —  y)  (a  +  b),  etc. 

29.  The  Lowest  Common  Multiple  (L.C.M.)  of  two  or  more 
integral  algebraic  expressions  is  the  integral  expression  of 
lowest  degree  which  is  exactly  divisible  by  each  of  them. 

E.g.,  the  L.  C.  M.  of  aa:^,  ba^,  and  ax^  is  evidently  oftcaJ*. 

30.  Ex.  1.   Find  the  L.  C.  M.  of  a%  a^b<?,  and  abh\ 

In  the  expression  of  lowest  degree  which  is  exactly  divisible 
by  each  of  the  given  expressions,  the  lowest  power  of  a  is  evi- 
dently a*,  of  b  is  6*,  and  of  c  is  c*.  Therefore  their  L.  C.  M.  is 
a%V. 

Observe  that  the  power  of  each  letter  in  the  L.  C.  M.  is  the 
highest  power  to  which  it  occurs  in  any  of  the  given  expres- 
sions. If  the  expressions  contain  numerical  factors,  the 
L.  C.  M.  of  these  factors  should  be  found  as  in  Arithmetic. 

Ex.  2.   Find  the  L.  C.  M.  of 

Zdt^,  ^b{x-\-yy,  and  ^d?b{x  —  y){x  +  y). 
The  L.  C.  M.  of  the  numerical  coefficients  is  12. 
The  highest  power  of  a  in  any  of  the  expressions  is  a*;  of 
6  is  6* ;  oix  +  yv&{x-\-  yy ;  and  of  a?  —  y  is  a?  —  y. 
Consequently  the  required  L.  C.  M.  is  12  oi^b^  {x -\- yy  (x -- y). 


27-31]  LOWEST  COMMON  MULTIPLES.  119 

31.  In  general,  to  obtain  the  L.  C.  M.  of  two  or  more 
monomials  : 

Multiply  the  L,  O,  M.  of  their  numerical  coefficients  by  the  prod- 
uct oj  cUl  the  different  prime  factors  of  the  expressions,  eo/ch  to 
*M  highest  power  to  which  it  occurs  in  any  of  them, 

EXERCISES  XIII. 

Find  the  L.  C.  M.  of  the  following  expressions : 
1.  3a,  5b.  2.  3xf,  Sa^y. 

3.  Sa%  12  aV,  10  ad.  4.   30  aW,  45a*6«,  72  aV. 

5.  12a^f,  18  ajy,  S6a^y*.       6.   15a«6»,  60  aV,  726V. 
7.   40a«6V,  62aVa^,  124a*6V. 
a   mm^nx,  72m*ny,  90  mW/. 
9.  3a?,  6aj*  +  10a?.  10.   6mn,  4m'  — 12mn. 

U.  a^-l,  a?  +  l.  12.   3a-66,  a'c-46'c. 

13.  a?  +  l,  aj«-2a?-3.  14.   aa?-6a?,  a»-2a%  +  a6». 

15.   (a  +  6)',  a'-6«.  16.   ar^(m- w),  a?(w»-n»). 

17.   aj'  +  3aj-10,  iB»-3aj  — 40. 
la   aj'  +  eaj-SS,  ar^-llaj  +  30. 

19.  a5'-4aa?  +  3a«,  a^  +  2ax-Sa\ 

20.  m*  +  2mn  — 15w',  m'-f3mn  — lOn^ 

21.  cf  —  a^,a^  —  ix?fX  —  a.     22.   aj*  —  y*,  (a?  —  y)*,  a?"  —  y*. 

23.  aj-a,  a'-o^,  aJ*-a*.     24.   l-2aj,  4a2~l,  l+4aj«. 

25.  aj*-llaj  +  24,  a;*-6aj-.16,  aj*-aj-6. 

26.  aj*-4aj-46,  aj*-7a;-18,  a5«  +  7aj  +  10. 

27.  3«2  +  24aj  +  45,  6a?  +  18aj-60,  8 aj* - 24 a?  + 16. 
2a  4aj2  +  4a?-224,  6a^  +  24aj-462,  8ar^  +  64a?-264. 

29.  «*-4aaj  +  3a*,  aj«  +  4 oa;  —  5 a«,  aj^ -f  2 oa? - 15 a^ 

30.  a;*  +  2ww?-3m*,  aj»  +  7maj-8m*,  aj2-6ma?-27ml 

31.  a?-4a«,  aj»  +  2aa^  +  4a«aj  +  8a»,  aj»-2aa^  +  4a«aj-8a« 

32.  a«-(6  +  c)«,  6«-(a  +  c)*,  c»-(a  +  6)'. 
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H.  C.  F.   AND  L.  C.  M.   BY  DIVISION.    • 

32.  If  the  given  expressions  cannot  be  readily  factored,  their 
H.  C.  F.  can  be  obtained  by  a  method  analogous  to  that  used  in 
Arithmetic  to  find  the  G.  C.  M.  of  numbers. 

33.  The  expressions  whose  H.  C.  F.  is  required  should  be 
arranged  to  powers  of  a  common  letter  of  arrangement. 

If  one  of  two  expressions  he  divisible  without  a  remainder  by 
the  other,  which  must  be  of  the  sams  or  lower  degree  in  the  letter 
of  arrangenfventy  then  the  latter  (the  divisor)  is  the  required  H.  G.  F. 

For  it  is  a  factor  of  the  other  expression. 

But  if  the  one  expression  be  not  divisible  without  a  remain- 
der by  the  other,  their  H,  C.  F.  is  found  as  follows : 

(i.)  Divide  the  expression  of  higher  degree  in  a  commx>n  letter 
of  arrangement  by  the  one  of  lower  degree;  if  the  eocpressions 
be  of  the  same  degree,  either  may  be  taken  as  the  first  divisor, 

(ii.)  Continue  the  division  until  the  remainder  is  of  lower 
degree  than  the  divisor  in  the  letter  of  arrangement 

(iii.)  Divide  the  first  divisor  by  the  first  remainder,  th£  first 
remainder  (second  divisor)  by  the  second  remxiinder,  and  so  on^ 
until  a  remainder  0  is  obtained.  The  last  divisor  wiU  b$  the 
required  H,  G,  F, 

34.  Ex.  Find    the    H.  C.  F.    of    2aj8-6a^-6aj  +  8    and 

We  have 

a52-4aj  +  3)2ic»~5aj*~   6 a  +  8(2 a?  +  3 
2a?'-8g^+   6a? 
3ar*-llaj 
3a;'-12a?  +  9 

a._l)aJJ_4a?  +  3(aj-3 
a?^—    X 
-3aj 
--3a?  +  3 

By  Art.  33  (iii.),  the  H.  C.  F.  is  i?j  - 1. 
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Principle  of  H.  C.  F. 

35.  The  validity  of  the  preceding  method  is  based  upon 
the  following  principle : 

If  an  integral  algebraic  expression  he  divided  by  another  (of 
the  same  or  lower  degree  in  a  common  letter  of  arrangement)  and 
if  there  be  a  remainder,  then  the  H.  C.  F.  of  this  remmnder  and 
the  divisor  is  the  H.  C,  F.  of  the  given  expressions, 

E.g,y  the  H.  C.  F.  of 
a^_10aj'+35aj2-60a;  +  24,  =(aj-l)(aj-2)(a;-3)(aj-4),  (1) 
and        aj«-7ar*  +  llaj-5,  =(a?-l)(aj-l)(aj-6)  (2) 

is  evidently  x  —  1. 

The  remainder  obtained  by  dividing  (1)  by  (2)  is 

3iB»-12aj-t-9,  =3(aj-l)(a?-3).  (3) 

The  H.  C.  F.  of  this  remainder  and  the  divisor  (2)  is  evi- 
dently also  a?  - 1,  the  H.  C.  F.  of  (1)  and  (2). 

Notice  that  the  H.  C.  F,  of  the  remainder  and  the  dividend 
(1)  is  (x  - 1)  (a?  -  3),  and  is  not  the  H.  C.  F.  of  (1)  and  (2). 

Since  this  principle  can  be  applied  at  any  stage  of  the  work, 
the  H.  C.  F.  of  any  remainder  and  the  corresponding  divisor  u 
the  required  H.  C.  F. 

When  the  last  remainder  is  0,  the  last  divisor  is  the  H.  C.  F.  of 
itself  and  the  corresponding  divisor,  that  is,  of  the  preceding 
remainder  and  divisor,  and  is,  therefore,  the  required  H.  C.  F. 

If  a  remainder  which  does  not  contain  the  letter  of  arrange- 
ment, and  which  is  not  0,  is  obtained,  the  given  expressions  do 
not  have  a  H.  C.  F.  in  this  letter  of  arrangement. 

36.  The  following  principle  will  frequently  simplify  the 
work  of  finding  the  H.  C.  F.  of  two  expressions : 

Either  of  the  expressions  may  be  multiplied  or  divided  by  any 
number  which  is  not  already  a  factor  of  the  other  expression. 

For  a  factor  introduced  by  multiplication  into  one  expression 
will  not  be  common  to  both  of  them,  and  therefore  will  not  be 
introduced  into  their  H.  C.  F. 
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In  like  manner,  the  factor  removed  by  division  from  one 
expression  was  not  common  to  both  of  them,  and  therefore 
would  not  have  been  a  factor  of  their  H.  C.  F. 

Ex.  Find  the  H.  C.  F.  of  2*2  +  5a; -  3  and 

We  have 

2«8  +  6aj-3)2ic»-|-    a?^   6a?  +  2(aj~2 
27?-\-bQ?'-   3a? 
-4i»2-   2x 
-4ay^-10a?  +  6 
8aj-4 

The  next  step  would  introduce  fractional  coefficients.  To 
avoid  these,  we  divide  8  a?  —  4  by  4,  since  4  is  hot  a  factor  of 
2a;*  +  6aj  — 3,  and  take  2  a?  — 1  as  the  divisor  of  the  second 
stage: 

2a?-l)2a?2  +  5a?-3(a?  +  3 
2a;^-    a? 

6a?-3 
6a?-3 

The  required  H.  C.  F.  is  2  a?  —  1. 

37.  Before  proceeding  with  the  division,  remove  from  the 
given  expressions  any  monomial  factors  and  set  aside  their 
H.  C.  F.  as  a  factor  of  the  required  H.  C.  F. 
Ex.  Find  the  H.  C.  F.  of 

2a?«2^  -  12a?y  +  12a?y  -  ea;'^/*  +  4aJ2/» 
=  2a?2/»(a;*  -  6  a?8  +  Ga?*  -  3a?  +  2), 

6a?«y  -  15a?^  +  21a?V  -  12a?*y 

=  3a?22/(2a;8  -  6a?«  +  7a?  -  4). 

We  set  aside  xy,  the  H.  C.  F.  of  2  a^  and  3  a?^,  as  a  factor  of 
the  required  H.  C.  F.,  and  find  the  H.  C.  F.  of  the  remaining 
factors  by  division.. 

The  first  of  these  expressions  cannot  be  divided  by  the 
second  without  introducing  fractions^  coefficients.    To  avoid 


3^^]  H.C.F.  AND  L.C.M.  BY  DIVISION.  123 

these  we  multiply  the  first  by  2,  since  2  is  not  a  factor  of  the 
other  expression, 

2a|8-6a;2  +  7aj-4)2a;*-12ic»  +  12iB»-   6aj  +  4(aj  +  7 

2a?*—    bQi?+   7a;*~   4a; 

X  (- 2))  ~    7a;»+   ^^-   2a?+   4 

14a;8-10a?+   4a?-   8 

14a?«-35a?'  +  49a?-28 

-^.  5)  25  a?' -45  a? +  20 

2d  divisor,  5a?2^   9a?+   4 

To  avoid  fractional  coefficients  in  the  next  stage  of  the  work, 
we  multiply  the  last  divisor  by  5 : 

5a5«-9a?  +  4)10a?»-25a?>+   35a?-   20(2aj-.7 
10a;«-18a?'+     8a? 


3d  divisor, 


To  avoid  fractional  coefficients,  we  multiplied  the  partial 
remainder  of  the  first  division  by  —  2,  divided  the  remainder 
of  the  first  division  by  5,  multiplied  the  partial  remainder  of 
the  second  division  by  5,  and  divided  the  remainder  of  the 
second  division  by  72. 

The  required  H.  C.  F.  is  a?y  (a?  —  1). 

3&  If  the  divisor  and  dividend  at  any  stage  of  the  work  can 
36  factored  readily,  it  is  better  to  find  their  H.  C,  F,  by  factoring 
than  by  continuing  the  method  of  division, 

Ex.   Find  the  H.C.F.  of 

aJ*-10a?8  +  35a?'-50a?  +  24,  (1) 

and  a5?-7a?'  +  ll»-6.  (2) 


X6)-   1a?+   27a!-   20 

-36a!»  +  136a!-100 

-35a!'+   63a!-    28 

+  72) 72a!-   72 

SB_l)5a!'-9a!  +  4(6a!- 

-4 

6a!»  — 5a; 

-4a! 

—  4a!  +  4 
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We  have : 

-  3ir8+24ic2-45a? 

-  3g«+21a^-33a?+lg 

-$-3)3a^-12a;+  9 
aj*-  4a;+  3 

The  remainder  a?  —  4  a?  +  3,  =  (a?  —  1)  (a?  —  3),  is  readily  fac- 
tored. 

Dividing  a^  —  7  a?  + 11  a;  —  5  by  a;  —  1,  we  have 

The  H.  C.  F.  of  the  first  remainder  and  (2),  and  therefore 
the  required  H.  C.  F.,  is  a;  —  1. 

Lowest  Common  Multiple  by  Means  of  H.  C.  F. 

39.  If  the  given  expressions  cannot  be  readily  factored, 
their  L.  C.  M.  can  be  obtained  by  first  finding  their  H.  C.  F. 

Ex.     Find  the  L.  C.  M.  of 

ajs_-2aj2_2aj22^  +  4a^  +  aj-2y  and  a? -^ 2 x^y  +  xy^ ^  2 y^. 
The  H.  C.  F.  of  these  expressions  is  found  tohe  x-^2y. 

Consequently  the  other  factors  of  the  given  expressions  can 
be  found  by  dividing  each  of  them  by  their  H.  C.  F.     We  have 

si^-23^-2a^y-{-4:xy  +  x-2y  =  {x-'2y)(x^'-2x-\'l), 
a^^2a?y  +  xf-2f  =  (x^2y)(a^-\-f). 

From  the  definition  of  the  H.  C.  F.,  as  also  by  inspection, 
we  know  that  these  second  factors,  a;^  —  2  a?  +  1  and  a^  +  y*, 
have  no  common  factor,  and  therefore  that  the  L.  C.  M.  of  the 
given  expressions  must  contain  both  of  them  as  factors. 

Consequently  the  required  L.  C.  M.  is 

(x^2y)(x^  +  f)(x-iy. 

This  example  illustrates  the  following  principle : 

The  L.  C.  M.  of  two  integral  algebraic  expressions  ds  the 
product  of  their  H,  C.  F,  by  the  remaining  fa/ctors  of  the 
expressions. 
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Relation  between  H.  C.  F.  and  L.  C.  M. 

40.  The  following  example  illustrates  an  important  relation 
between  tlie  H.  C.  F.  and  the  L.  C.  M.  of  two  integral  algebraic 
expressions. 

Ex.   TheH.C.F.  of 

and  a^-l  =  (a?-l)(aj  +  l) 

is  (x  —  1). 

The  L.  C.  M.  of  the  same  expressions  is 

(x^l)(x  +  l)(a^-{-x -{-!). 

The  product  of  the  two  given  expressions  is 

(a.-l)(aj-l)(ic  +  l)(aj*  +  a;  +  l)  =  (H.C.F.)x(L.C.M.). 

In  general, 

The  product  of  two  integral  algebraic  expressions  is  equal  to  the 
product  of  their  H.  C.  F,  and  their  L.  0.  M, 

It  follows  from  this  principle  that  the  L,  C.  M.  of  two  integral 

algebraic  expressions  can  be  found  by  dividing  their  product  by 

their  H,  a  F. 

BXERCISBS  XIV^ 

Find  the  H.  C.  F.  and  L.  C.  M.  of  the  following  expressions : 

1.  a»  +  4aj-6,  a»-2aj2  +  6aj-5. 

2.  2a^-f3a^-aj-12,  6a^-17aj*  +  2aj  +  15. 

3.  a^-3aj4-2,  iB»  +  2aj2-a;-2. 

4.  2a^-17aj2  +  19aj-4,  3ar^-20iB2_i0aj  +  27. 

5.  ic»-5ic2  +  9ic-9,  iC*-4aj2  +  i2a;-9. 

6.  aj8-ic2-9aj  +  9,  a^-4iB2_^12aj-9. 

7.  a^-3a:^  +  4,  a^-2a^-4aj  +  8. 

8.  aj» - 3aj-f2,  a^-6a^4-8a;-3. 

9.  2a^-\-3x-2,  4:a^  +  16a^-ldx-\-5. 
10.   a^-3iB2  +  4,  3aj3-18a^  +  36a;-24. 

U.   a^  --•  (a  +  b  —  c)  a^  -{-  (ab  —  ac  —  be)  x  -{-  abc, 
ix^—  (a''b'\-c)a:^  +  (ac  —  ab  —  bc)X'i-  abc. 
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12.  aj»  +  a*-5a?  +  3,  2aj»  +  7aj2-9. 

13.  Saj'-So^-Seoj  +  S,  9a^-50a^  +  27aj-10. 

14.  4a^2/»-3aj"2^2-4a^-t-3,  5Q^f  +  Six?y^  +  xy^l^ 

15.  a8-3a?y^-22/»,  2aj8  — Saj^^Z-^  +  ^j/*. 

16.  a^  -  a^  -  &  a  +  2,  3  a^  ^  a^  -  S  a  +  12. 

17.  a^  +  2aj*  +  2aj  +  l,  «*  — 4a^-4aj  — 5. 

la  30a^-25aa^  +  8a2a?-.a«,  18  »»- 24  oa^  + 15  a^a?  -  3  a» 

19.  2iC*-3aj»  +  4aj«-5aj  — 4,  2a^-a»  +  aj-12. 

20.  4«8-8ic»  +  5aj-3,  2a^-3aj«  +  6a2-3a?  +  2. 

21.  4aj*-8ic8-3aj2  +  7a?-2,  3a^-lljc*4-2a;  +  16. 

22.  36a«  +  9a»-27a*-18a«,  27 a*^^ - 9 a^^ - 18 aW. 

23.  3iB«-10a^  +  15aj  +  8,   ic*-2a^-6a^  +  4ic»  +  13a?  +  6. 

24.  2a8-3aj*-8aj-3,  2aj*-9ic»4-13aJ*-23a?-16. 

25.  iB»  +  iB8-8a^-8,  aj*-2a^4-»*-2a?. 

The  H.  C.  F.  and  L.  C.  M.  of  Three  or  More  EzpreasioiiB. 

41.  To  find  the  H.  C.  F.  of  three  or  more  integral  algebraic 
expressions  find  the  H.  C.  F.  of  any  two  of  them,  next  the 
H.  C.  F.  of  that  H.  C.  F.  and  the  third  expression,  and  so  on. 

42.  To  find  the  L.  C.  M.  of  thre^  or  more  integral  algebraic 
expressions,  find  the  L.  C.  M.  of  any  two  of  them ;  next,  the 
L.  C.  M.  of  a  third  and  the  L.  C.  M.  already  found,  and  so  on. 

EXBBCISES  XV. 
Find  the  H.  C.  F.  and  the  L.  C.  M.  of  the  following  expres- 
sions : 

1.  a^-4aj  +  3,  2iB»4-aj2_7a.  +  4^  aJJ_2aj2  +  l. 

2.  a^-ex'+llx-ey  aj8_.9aj2+26aj-24,  a^^Sa^ +19x^12, 

3.  2a^+5x'-4:x-10,  2a?+5x'-\-2x-{-5,  2iB»-f7aj2-f7a;+5. 

4.  2aJ*+6a^  +  4aj2,  3aj84-9aj2  4.9aj  +  6,  3a^  +  8a^  +  5a?+2. 

5.  2aJ*-ar*  +  3iB2  +  «  +  4,  2aj* -3a^- 22524- 9aj- 12, 

4a?*-16ic3  +  26»«-23a?  +  4.. 
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SOLUTION  OF  EQUATIONS  BY  FACTORING. 

43.  The  roots  of  the  equation 

(aj-l)(aj-2)=:0  (1) 

are  evidently  1  and  2.  For  1  reduces  the  first  member  to 
0  X  (—  1),  =  0 ;  and  2  reduces  the  first  member  to  1  x  0,  =0. 
Therefore  equation  (1)  is  equivalent  to  the  equations 

oj  —  1  =  0  and  a?  —  2  =  0,  jointly. 

This  example  illustrates  the  following  method  of  solving  an 
equation  by  factoring : 

TraThsfer  all  terms  to  the  first  member.  Factor  this  first  m^m- 
her,  and  equate  each  of  the  resulting  factors  to  zero.  Solve  the 
equations  thus  obtained, 

Ex.  1.   Solve  the  equation  a?  (a?  —  2)  (a?  +  5)  =  0. 

Equating  factors  to  0,  a;  =  0;  ar  — 2  =  0,  whence  a?  =  2; 
and  a?  +  5  =  0,  whence  a;  =  —  6. 

The  roots  are  therefore  0,  2,  and  —  6. 

Ex.  2.*  Solve  the  equation  aj*  —  1  =  3. 

Transferring  3  to  first  member,  and  factoring,  we  have 
(a?-2)(a;  +  2)=0. 

Equating  factors  to  0,  a?  —  2  =  0,  whence  a?  =  2 ; 

and  a?  +  2  =  0,  whence  aj.=  —  2. 

The  roots  are  therefore  +  2  and  —  2. 

The  statement  -f2  and  —2  is  usually  written  ±2,  read 
positive  and  negative  two, 

Ex.  a   Solve  the  equation  a?  +  2  a?  - 12  =  3. 
Transferring  3,  aj*  +  2  a?  — 15  =  0. 

Factoring,  (x  +  5)  (a?  —  3)  =  0. 

Equating  factors  to  0,  x  +  &  =  0,  whence  a?  =  —  6 ; 
and  a;  —  3  =  0,  whence  a;  =  3. 

The  required  roots  are  therefore  —  5,  3. 
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BXEBCISBS  XVI. 

Solve  each  of  the  following  equations : 

1.   a?(a;-3)=0.  2.  aj(a?  +  6)==0. 

3.   5x(x  +  7)=:0.  4.  (a?-2)(aj  +  l)=:0.. 

5.   (3aj  +  2)(5a?-3)  =  0.  6.  aj(aj  +  2)(3a?-l)  =  0. 

7.  3a;(16jc*-25)=0.  8.  (ic^  - 1)  (9  ar^  - 16)  =  0. 

9.   (ar^-9)(4aj2-25)  =  0.  10.  (25 aj^ _ 4) (aj^ - 196)  =  0. 

11.  a^-ll  =  5.  12.  4fl^-16  =  l. 

13.   23-9«*  =  -2.  14.  5aj2-16  =  4. 

15.   7ic2-46  =  5a^4-4.  16.  aj2-a5-2  =  0. 

17.  a^-\-x  =  12,  la  a»  +  3a?-28  =  0. 

19.   a^- a;  =  30.  20.  2aj2- a?- 3  =  0. 

21.  3a^-13aj-10  =  0.  22.  10a^  +  21a;-10  =  0. 

23.   15a;2  +  14aj-8  =  0.  24.  15ar^- 22a:  + 8  =  0. 

25.   (aj-5)(aj-6)=30.  26.  (aj-12)(aj+16)  =  -180. 

27,    (a:  +  15)(a;  +  4)  =  60.  28.  (a;  +  20) (a? -  6)  :^ -  100. 

29.  If  24  is  added  to  the  square  of  a  number,  the  sum  will 
oe  equal  to  eleven  times  the  number.     What  is  the  number  ? 

30.  If  40  is  added  to  the  square  of  a  number,  the  sum  will 
be  equal  to  thirteen  times  the  number.     What  is  the  number  ? 

31.  In  a  number  of  2  digits,  the  units'  digit  is  2  greater  than 
the  tens'  digit.  The  product  of  the  digits  is  equal  to  the  num- 
ber diminished  by  16.     What  is  the  number  ? 

32.  The  length  of  a  field  exceeds  its  breadth  by  3  rods.  If 
18  rods  were  added  to  its  length,  and  2  rods  were  taken  from 
its  breadth,  the  area  would  be  doubled.  What  are  the  dimen- 
sions of  the  field  ? 

33.  The  number  of  square  feet  in  the  area  of  a  square  floor, 
increased  by  20,  is  equal  to  nine  times  the  number  of  feet  in 
its  side.     What  is  the  length  of  a  side  of  the  room  ? 


CHAPTER  VII. 

FRACTIONS. 

L  The  quotient  of  a  division  can  be  expressed  as  an  integer 
or  an  integral  expression  only  when  the  dividend  is  a  multiple 
of  the  divisor ;  as  a%  -«-  a&  =  a ;  (aa?  +  26a5)-f-a?=aaj  +  26. 

If  the  dividend  be  not  a  multiple  of  the  divisor,  the  quotienjt 
is  called  a  Fraction ;  as  a  -s-  6 ;   (aa^  +  2  605)  -h  (jfi. 

2.  The  notation  for  a  fraction  in  Algebra  is  the  same  as  in 

ordinary  Arithmetic. 
Thus,  (aa?  +  2hx)^;j^  is  written  <^-^J^^. 

The  Solidus,  /,  is  frequently  used  instead  of  the  horizontal 
line  to  denote  a  fraction ;  as  (aa?  +  bx)/Qi?  for  — i — • 

3.  As  in  Arithmetic,  the  dividend  is  called  the  Numerator  of 
the  fraction,  the  divisor  the  Denominator,  and  the  two  are  called 
the  Terms  of  the  fraction. 

i.  An  integer  or  an  integral  expression  can  be  written  in  a 
fraaUmal  form  with  a  denominator  1. 

It  is  important  to  notice  that  an  algebraic  fraction  may  be 
arUhraeticaHy  integral  for  certain  values  of  its  terms. 
E.g,,  when  a  =  4  and  6  =  2,  the  fraction  a/b  becomes  4/2  =  2. 

S.  By  the  definition  of  a  fraction,  a/b  is  a  number  which, 
multiplied  by  b,  becomes  a;  that  is, 

(11/6)  x6  =  a,  or  ?x6  =  a  (1) 

y 

129 
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6.  The  Sign  of  a  Fraction.  —  The  sign  of  a  fraction  is  written 
before  the  line  separating  its  numerator  from  its  denominator ; 

Since  a  fraction  is  a  quotient,  the  sign  of  a  fraction  is  deter- 
mined by  the  rule  of  signs  in  division. 

-}•  ct ,  ft     — a ,  a     -f-  a a     —  a a 

+  b~     b'   ir6'~"^6'    -6""     b'    +T~     b' 

7.  From  the  rule  of  signs  we  derive : 

(i.)   If  the  signs  of  the  numerator  and  the  denominator  of  a 
fraction  be  reversed^  the  sign  of  the  fraction  is  wncharuged. 

Vn  ■-^-    7.0?  -a? 


3        -3'    aj-1     1-x 

This  step  is  equivalent  to  multiplying  or  dividing  both  terms 
of  the  fraction  by  —  1. 

(ii.)  If  the  sign  of  either  the  numerator  or  the  denominator 
of  a  fraction  be  reversed,  the  sign  of  the  fraction  is  reversed; 
and  conversely, 

7         —7      —a;  _         x  x  —  a     x  —  a 

^'9'y     Q  = ^5 


3  3   '    x-l         a?-l'        b-x     x-^b 

(iii.)  If  the  signs  of  an  even  number  of  factors  in  the  num^ror 
tor  and  denominator,  either  or  both,  of  a  fraction  be  reversed,  the 
sign  of  the  fraction  is  unchanged;  but,  if  the  signs  of  an  odd 
numi)er  of  factors  be  reversed,  the  sign  of  the  fraction  is  reversed. 

jp         X  —  a X  —  a 

•^•'    (a-b)(b-c)(c-a) 


(a 

-b){b 

-c)(,a 

-c) 

X  — 

a 

(P- 

a)(b- 

c)(a- 

«) 

a  — 

X 

(a  —  b)(b--  c)  (a  —  c) 
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Reduction  of  Fractions  to  Lowest  Tenns. 

&  A  fraction  is  said  to  be  in  Us  lowest  terms  when  its 
numerator  and  denominator  have  no  common  integral  factor. 

^•^-  ?  ^^Ti* 

9.  The  value  of  a  fraction  is  not  chxmged  if  both  numerator 
and  denominator  be  divided  by  the  same  number,  not  0. 

jrj  a'\-ab  _(a  +  ab)-^a_l  +  b 

'  *'  a  +  ac      (a-\'ac)  -¥-a     l-\-c 

Let  the  value  of  -  be  denoted  by  vj  or  v  =-• 
b  b 

Multiplying  hj  b,  v&  =  ^  X  6  =  a. 

b 

Dividing  by  w,    v6  n-  n  =  a  -mi,  or  v  (6  n-  w)  =  a  -i-  n. 

Dividing  by  6  -i-  w,  v  =  a  n-  n -^(6  -h  n), 

a-hn 


But  v  =  ^' 

b 


Therefore 


a 
b 


IOl  Ex.  1.   Reduce  ^   „  ,  to  its  lowest  terms. 
Sa^b^ 

The  factor  2  a^b^  is  the  H.  C.  F.  of    the  numerator  and 

denominator.    We  therefore  have 

ec^b^^6a^b^-^2aV^3a 
SaV     %a^W-^2a^b^     46»* 

A  froAAion  is  reduced  to  Us  lowest  terms  by  dividing  Us  nu- 
merator  and  denominator  by  the  H.  C.  F,  of  its  terms. 

This  step  is  called  cancelling  common  factors,  and  can  usually 
he  done  mentally,  if  the  terms  of  the  fraction  are  first  resolved 
into  their  prime  factors. 
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Ex.  2  o?  —  ^  _.  (g  +  0?)  (g  —  x)  __  a  —  x 

{a-\-xy     (g -I- aj)  (g -f- aj)      a-\-x 

Ex3\        ^-^-'^f^  ix-2y)(x-\^y) 

Changing  the  sign  of  the  first  factor  in  the  numerator  and 
the  sign  of  the  fraction,  we  have 

(2y-x)(x-\-y)  ^       x-\ry  . 
(2y--x){2y  +  x)         2y^x 

Ex.  4.   Reduce  ^T^^"*"^^"^  to  its  lowest  terms. 

We  find  aj-v2  to  be  the  H.  C.  F.  of  numerator  and  denomi- 
nator by  Ch.  VI.,  Art.  33. 

Then       (a^-3a^  +  3a?->2)^(a;-2)  ^  a?-x  +  l 
(aj8_aj2-a;-2)^(ic-2)        7?  +  x  +  l 

EXBBCISES  I. 
Reduce  each  of  the  following  fractions  to  its  lowest  terms : 

aV  4a?*mV 

5g'6V'  48  gV  *  a'-^ft"*'  15(aj-f-y)'' 

m  — n         ,^    g^  +  gft        ,,     15aj--9      ^^    ^  —  ^y 
10.  ^ •        11.   -i •     12. 


oft 
oc' 

2a«W 

^    160  o'a^' 

2m  — 2 w  '  d^  —  ab  '  6  — 10a;         '  xy^  —  ^ 

13.  %±^.  14.  IH^.  15.  ^4^- 

aj*-|-aj  ar^  —  4  a^— ar 

,-.<*  —  &  ,^     gaj  +  6aj  ,^   3aj*  — 12g'^ 

16.   -o To-  17.  — 5-^ — To-  18. 


a3-&8  *'•  ng2-ri62  •     3x-\.6a 

36-2g                 a»2  4-2a?-3  ar^  -  a;  - 12 

^'  8g»-27&3*  ^°-  aj2^5^^g-  21.  ^_^Q^_^g' 

aj4^.ar^-2         ^    4g2-5g6-662  gaj-g6 

22.        .     .     ^   •        ■     />•  23.     r>      9   .    r.      1^ TTTo'  24. 


aj4  4-5a^  +  6  8g2+2g6-362         *  aaj+3aj-3  6-a6 

5a^4.4a;-l  a^  -  gar^  +  i^'a;  -  g^ 

5ar^  +  19a;-4'  a;^  -  gar^  -  ft^a?  +  g^^' 


10-12] 

3a^-hl6a?-35 
dx'  +  SSx-U 

bx  +  2 

a2_(6-|.2c)2 
66-10a-6 

35  i-g^ 

•  2a:»  +  5a^-5aj  +  7' 

•  aj8_3a^  +  4aj-2* 

^    a^-5a^  +  13a?-14 

aj»  -  aj2  ^  a;  ^.  14 


FRACTIONS. 
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2a 


30. 


32. 


34. 


36. 


38. 


40. 


42. 


a^  +  2a^  +  l 
aJ^^.3a-»4.2' 

gg  -I-  g  +  6  -  y 

a^  +  xz  —  j^  —  yz 
a:^  —  y^  —  2yz~-s^ 

an'  —  a?*y  -  a^  +  y^ 
a?*  —  aj*y  —  ajy -I- a^ 

6a^  +  lla?'-6a;-5 
3a^  +  10a2  +  3a;-10* 

2a^-13a^  +  19a?-20. 
2a^-|-9a*-14a;-|-24* 

8a^  +  2a^-5a?  +  l 
8a^  +  10aj»-lla;  +  2* 


Redaction  of  Two  or  More  Fractions  to  a  Lowest  Common 
Denominator. 

U.  Two  or  more  fractions  are  said  to  have  a  common  de- 
nominator when  their  denominators  are  the  same. 

E.g.,  2  and?:        ^      and ^-=1^^ 

The  Lowest  Common  Denominator  (L.  C.  D.)  of  two  or  more 
fractions  is  the  L.  C.  M.  of  their  denominators. 

E.g.,  the  L.  C.  D.  of  Jl  and  -^,  is  6V. 
Ire         bcr 

12.  The  value  of  a  fraction  is  not  changed  if  both  numerator 
and  denominator  be  multiplied  by  the  same  number,  not  0. 

Ea  g  —  a?  __  (g  —  a?)  X  (g  -f  a;)  _  a*  —  a^ 

*^*'  a  +  a;  "■  (g  -h  a;)  X  (g  +  a?)  "■  (g  +  x/ 
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Let  the  value  of  the  fraction  -  be  denoted  by  v,  or 

A- 

Multiplying  by  6,  v&  =  5  x  6  =  a. 

0 

Multiplying  by  n,  vbn  =  an. 

Dividing  by  6n,  i;  =  an  -^  6n  =  ^« 

on 

But  v  =  5 


Therefore 


b 

a  __an 
b''bn 


13.  Ex.  1.  Eeduce  -?-  and  — ^  to  equivalent  fractions  having 
hx         bcr 

a  lowest  common  denominator. 
Their  required  L.  C.  D.  is  6V. 

Multiplying  both  terms  of  -^  by  dV-hfe^c,  =c,  we  have  ^; 
and  both  terms  of  —,  by  h^c^^hi^,  =6,  we  have  ^. 

Ex.  2.    Reduce   x,  =  -,  and  — ^  to  equivalent  fractions 
1  x-y 

having  a  lowest  common  denominator. 

.  The  required  L.  C.  D.  is  a;  —  y. 

Multiplying  both  terms  of  ?  by  oj  — v,  we  have  — "~^; 

1  aj  — y 

and  both  terms  of  — ^   by  1,  we  have,  — ^—» 

x-y     •^  x^y 

Ex.  3.  Reduce 

1  ^  1 

iB2-3aj  +  2'        (x^l)(x-2)' 

and  ,    = ^ 

ar^-1'        (aj-l)(aj  +  iy 

to  equivalent  fractions  having  a  lowest  common  denominator. 

The  required  L.  C.  D.  is  (x  -  1)  (a;  -  2)  (x  + 1). 


12-14]  FRACTIONS.  185 

Multiplying  both  terms  of  the  first  fraction  by 

(a._l)(a._2)(aj  +  l)H-(«-l)(a;-2),  =x  +  l, 


we  have 


x  +  1 


(x^l)(x^2)(x  +  l)' 
and  both  terms  of  the  second  fraction  by 

(aj-l)(aj-2)(aj  +  l)^(aj-l)(a;-|-l),  =aj-2, 

2aj-4 


we  have 


(x--l)(x^2)(x  +  l) 


14.  These  examples  illustrate  the  following  method : 

Take  the  L.  C.  M.  of  the  denominators  as  the  required  denomir 

nator. 
Divide  this  denominator  by  the  denominator  of  each  fraction; 

and  multiply  both  numerator  and  denominator  of  the  fraction  by 

(he  qtwtient. 

BXEBGISBS  II. 

Reduce  the  following  fractions  to  equivalent  fractions  having 
a  lowest  common  denominator : 
^   A   X  -,4m6n  ^    5a^b   2ab^ 

^  a  +  1  '    »»-4  Uxy^  Sf 

7  _§_   1       7         _   2-3a;   5+2a;         5a-46  3b-2a 
SoV    '  ISote'  4a!    '    12a!*  *     '      6a»6    '     Sab'  ' 

10.  1,  -J—.  U.  -^,  —^ 

a!-l  a!  +  2'  3a!  +  6 

12.      ^  3        '  ,3   2        3  2a! 

a!'-49'  4a!  +  28  '  a!'  2a!-l'  4ai»-l' 

14. -J_.  -J_.  _5_.  15.      «  3  1 


x_3'  a!»-9'  3a!  +  9  '  a!  +  2'  a!»  +  a!-2'  ar'-4 

16.  -J—,  — 2_,   _5 17.       *  ^  1 


az  +  ab'  x'-b^  bx-ab         '  x-l'  x  +  l'  l-ar" 
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--,        m  y         1  +  wi    --.    aaj  — 6     a  — fta?      1 


1-0*  a»-o'    a»-l  *  2aj-2'  ««-2a!+l'  1-a? 

1  C  Tiwi  m  —  n 


22. 
23. 
24. 
25. 


1  1 


3  14 


111 


(a^c)(a-by  (6-a)(ft-c)'  (c-(i)(c-6) 

Equations. 

1&  Ex.  1.   Solve  the  equation  2  a?  +  ?  =  9. 

4 

Multiplying  by  4,  4  x  2aj  +  4  x|  =  4  x  9;  (1) 

or,  since  4X7  =  3;,  8  a;  +  a;  =  36. 

4 

Uniting  terms,  9  a;  =  36. 

Dividing  by  9,  a;  =  4. 

The  step  represented  by  (1)  is  called  clearing  the  equation  of 
/rations,  and  should  be  performed  mentally. 

To  clear  of  fractions,  we  multiplied  by  4,  the  denominator 
of  the  fractional  term.  If  the  equation  contains  more  than 
one  fraction,  we  multiply  by  their  L.  C.  D. 

Ex.  2.   Solve  the  equation  ^ ^""    =  3  —  a^ 

The  L.  C.  D.  is  15. 

Multiplying  by  15,  3  a;  -  5  (2  a;  - 1)  =  15  (3  :-  a;).      (1) 

Removing  parentheses,        3  a;  —  10  .'c  +  5  =  45  — 15  a;. 

Transferring  terms,  3a;  —  10a;  +  15a;  =  45  —  5. 

Uniting  terms,  8  a;  =  40. 

Dividing  by  8,  «  =  5. 
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16.  Observe  that  the  sign  of  a  fraction  affects  each  term  of 
the  numerator^  or  the  dividing  line  between  the  numeratpr  and 
the  denominator  has  the  same  effect  as  parentheses. 

E.g.,  -.2.Z:|+^  =  _(a-6-hc)-i-(J 

=  (— a  +  6  — c)-hd 

_  —  g  -f  6  —  c 
d 

2a»  —  1 

Thus,  in  Ex.  2,  Art.  16,  the  sign  —  before  the  fraction  — -— . 

o 

changes  the  signs  of  both  terms  in  its  numerator,  and  not 
simply  the  sign  of  the  first  term,  when  the  denominator  is 
removed.  This  caution  should  be  kept  in  mind,  and  step  (1) 
omitted  in  clearing  of  fractions. 

17.  Ex.   Solve  the  equation  ^±1-^^  =  5^. 

6  8  12 

The  L.  C.  D.  is  24. 

Multiplying  by  24,  4  a?  +  4  -  3  oj  +  3  =  2  a?  +  4. 

Transferring  terms,       4a:  —  3aj  —  2aj=—  3. 

Uniting  terms,  —  a?  =  —  3. 

Dividing  by  —  1,  a?  =  3. 

BXEBOISES  m. 
Solve  each  of  the  following  equations : 

1.  a!+|=i8.        a.  »-y  =  6:       a-  ^+6  =  * 

4.  2  +  4  =  15-  »•  -3--2  =  ^-         *•  T-2  =  ^- 

_    x-2     S  —  x      -    «-4     5-x     -    3aj-2     3a!  +  2 
3  2  6  4  4  5 

-^    Sx  —  2     X     ^                     -^    6a;  — 5     5aj__     o 
12.     -^ -  =  1.  13.    -^ T-"^- 

14.  §£_£±i  =  4.  15.  ^-£^  =  2. 

4  o  8  o 
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2  12        3        16  " 

-^    5  — a?_a?  — 3  .  a?  — 1      7 


2a 


4  6      •     16       12 

aj-4     aj--3     1     aj-2 


6  8        3        12 

«-    a  — 6     aj  — 4,aj  +  2     aj  — 12 
21. ■ —  = • 

18  20    ^    24  3 

^^    a?  — 9     a;  — l_a;  — 5     a?  — 3 
6  18    ~    16  20  ' 

Problems. 

IS.  Pr.  In  a  number  of  two  digits,  the  units'  digit  is  two- 
thirds  of  the  tens'  digit.  If  the  digits  be  interchanged,  the 
resulting  number  will  be  18  less  than  the  given  number. 
What  is  the  number? 

Let  X  stand  for  the  tens'  digit; 

then  I X  stands  for  the  units'  digit. 

The  given  number  is  10  a?  + 1  a?, 

and  the  resulting  number  is        10  x  ^x  +  x,  =  ^x  +  x. 

The  problem  states, 
in  verbcd  language :  the  given  number  minus  the  resulting  nurn- 

ber  is  18 ; 
in  algebraic  language :  10  aj  -|-  fa?  —  (^aj  +  a?)  =  18. 

Removing  parentheses,         10  aj  +  faj  —  ^a?  —  aj  =  18. 

Clearing  of  fractions,         30aj  +  2aj  —  20aj  —  3aj  =  54. 

Uniting  terms,  9  a?  =  64. 

Dividing  by  9,  »  =  6, 

the  tens'  digit. 

Then  the  units'  digit  is  |  a;,  =  4. 

Therefore  the  required  number  is  64. 
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BXEBCISES  IV. 

1.  A  son  is  \  as  old  as  his  father^  and  in  18  years  lie  will 
be  i  as  old.     How  old  is  each  ? 

2.  A  son  is  ^  as  old  as  his  father,  and  6  years  ago  he  was 
J  as  old.     How  old  is  each  ? 

3.  A  boy  lost  ^  of  his  money,  and  afterward  found  12  cents. 
He  then  had  twice  as  much  as  at  first.  How  much  money  had 
he  at  first  ? 

4.  Two  men  invest  equal  amounts.  The  first  one  loses 
?600,  and  the  second  one  gains  $600.  The  first  then  has 
only  I  as  much  as  the  second.     How  much  did  each  invest  ? 

5.  Divide  65  into  3  parts,  so  that  the  second  shall  be  8 
greater  than  the  first,  and  the  third  f  of  the  sum  of  the  first 
and  second. 

6.  From  a  cask  full  of  water,  \  of  the  contents  is  drawn 
off.  If  10  gallons  are  then  poured  into  it,  it  will  contain  ^  of 
its  original  contents.     What  is  the  capacity  of  the  cask  ? 

7.  The  sum  of  the  two  digits  of  a  number  is  12.  If  the 
digits  be  interchanged,  the  resulting  number  will  exceed  the 
original  one  by  three-fourths  of  the  original  number.  What  is 
the  number  ? 

a  A  merchant  paid  30  cents  a  yard  for  a  piece  of  cloth. 
He  sold  one-half  for  35  cents  a  yard,  one-third  for  29  cents'  a 
yard,  and  the  remainder  for  32  cents  a  yard,  gaining  $  18.15 
by  the  transaction.     How  many  yards  did  he  buy  ? 

9.  A  woman  sells  ^  of  an  apple  more  than  one-half  of  her 
apples.  She  next  sells  ^  of  an  apple  more  than  one-half  of 
the  apples  not  yet  sold,  and  then  has  6  apples  left.  How 
many  apples  had  she  at  first? 

10.  A  merchant  lost  \  of  his  capital,  and  then  \  of  what 
remained.  If  he  then  had  $  12,000  capital,  how  much  had  he 
at  first  ? 

11.  Thirteen  coins,  dollars  and  quarter-dollars,  amount  to 
9  9.25.     How  many  coins  of  each  kind  are  there  ? 
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12.  A  box  contains  a  number  of  pencils,  of  which  |  are  red, 
J  are  blue,  and  3  are  black.  How  many  pencils  are  red,  and 
how  many  are  blue  ? 

13.  The  deposits  in  a  bank  during  three  days  amounted  to 
$  77,700.  If  the  deposits  each  day  after  the  first  were  |  of 
those  of  the  preceding  day,  how  many  dollars  were  deposited 
each  day? 

14.  A  father  lea\  es  his  property  to  his  three  sons  as  follows : 
to  the  first,  $  3000  less  than  ^  of  his  property ;  to  the  second, 
f  2400  less  than  ^  of  his  property ;  and  to  the  third,  $  1800 
less  than  \  of  his  property.  What  is  the  amount  of  his 
property  ? 

15.  A  father  divided  his  property  equally  among  his  sons. 
To  the  oldest  son  he  gave  $  300  and  -^  of  what  remained ;  to 
the  second  son  he  gave  f  600  and  ^  of  what  was  then  left ; 
to  the  third  son  he  gave  $900  and  -^-^  of  the  remainder;  and 
so  on.  What  was  the  amount  of  his  property,  and  how  many 
sons  had  he  ? 

16.  The  height  of  the  first  platform  of  the  Eiffel  Tower  is 
8  meters  more  than  ^  of  the  whole  height ;  the  second  plat- 
form is  twice  as  high  as  the  first,  and  160  meters  less  than  the 
third ;  the  third  is  1  meter  greater  than  |^  of  the  entire  height. 
What  is  the  height  of  the  tower,  and  of  each  platform  ? 

17.  Jupiter  has  1  more  moon  than  Uranus,  and  Uranus  half 
as  many  moons  as  Saturn ;  Mars  has  3  less  than  Jupiter,  and 
Neptune  half  as  many  as  Mars.  If  these  planets  together 
have  20  moons,  how  many  has  each  ? 

18.  A  leaves  a  certain  town  P,  travelling  at  the  rate  of 
21  miles  in  5  hours ;  B  leaves  the  same  town  3  hours  later  and 
travels  in  the  same  direction  at  the  rate  of  21  miles  in  4  hours. 
After  how  many  hours  will  B  overtake  A,  and  at  what  distance 
from  P? 

19.  A  train  runs  from  A  to  B  sLt  the  rate  of  30  miles  an 
hour  ,•  and  returning  runs  from  5  to  ^  at  the  rate  of  28  miles 
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an  hour.  The  time  required  to  go  from  A  to  B  and  return  is 
15  hours,  including  30  minutes'  stop  at  B,  How  far  is  A 
from  B? 

20.  A  servant  is  to  receive  $  170  and  a  dress  for  one  year's 
services.  At  the  end  of  7  months  she  leaves  her  place  and 
receives  $  95  and  the  dress.     What  is  the  value  of  the  dress  ? 

21.  A  cistern  has  three  pipes  which  can  empty  it  in  6,  8, 
and  10  hours  respectively.  After  all  three  pipes  have  been 
open  for  2  hours  they  have  discharged  94  gallons.  What  is 
the  capacity  of  the  cistern? 

22.  A  wall  can  be  built  by  20  workmen  in  11  days,  or  by 
30  other  workmen  in  7  days.  If  22  of  the  first  class  work 
together  with  21  of  the  second  class,  after  how  many  days  will 
the  work  be  completed  ? 

23.  At  6  o'clock  the  hands  of  a  clock  are  in  a  straight  line. 
At  what  time  between  7  and  8  o'clock  will  they  be  again  in  a 
straight  line  ?    At  what  time  between  9  and  10  o'clock  ? 

Addition  and  Subtraction  of  Fractions. 

19.  Add  ^  to  2.    We  have 

c       c 

2  +  5  =  a-i-c  +  6-?-c  =  (a  +  6)-8-c  =  2±^. 
c     c  ^  c 

This  proves  the  following  method  of  adding  two  or  more 
fractions  which  have  a  common  denominator : 

The  mimerator  of  the  sum  is  the  sum  of  the  numerators,  and 
the  denominator  is  the  common  denominator. 
A  similar  method  is  applied  in  subtracting  fractions. 

x  —  1     x  —  l  x  —  1  aj  — 1 

20.  If  the  fractions  to  be  added  or  subtracted  do  not  have  a 
common  denominator,  they  should  first  be  reduced  to  equiva- 
lent fractions  having  a  lowest  common  denominator. 
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Ex.1.  Simplify  ^  + A. 


Wr^  hn-KTf^              ^ 

i  ^  ^ 

ac   .  bd     ac  +  bd 

6*C 

^M^ 

6»c»  '  Vc'        ft»c» 

Ex  2    SimBlifY^^-^^     3x-6y^2z 

5 

4 

Seducing  to  L.  C.  D.,  we 

have 

8a!  — 20y 

16  a!- 

-30y  +  10« 

20 

20 

Sx-20y- 

-(15  a! 

-30y  +  102) 

20 

_8a?-20y-15a?-|-30y~10g_— 7a?  +  lQy  — IQg 
20  20 

The  expressions  in  this  example  are  not  algebraic  fractions. 

The  beginner  should  be  careful  in  subtracting  a  fraction  to 
change  the  sign  of  each  term  of  the  numerator,  and  not  that  of 
the  Rrst  term  only. 

In  like  manner  we  may  change  the  sign  of  each  term  of  the 
numerator  (or  denominator),  if  we  change  the  sign  of  the 
fraction.    Thus,  in  the  result  of  Ex.  2,  we  have 

—  7a?  +  10y~10g_     7x-^10y  +  10z 
20  20 

Ex.3.  Simplify -J- l-  +  -I^. 

aj  — 1     aj-fl     or  — 1 

The  L.  C.  D.  is  oj*  - 1. 

Therefore,      ^     -     ^    +   ^x    =^±1  _?fr:^+    3x 
a  — 1     x  +  1     oj*— 1     a*  — 1      ar  — 1      ar  — 1 

__,a?  +  l-2a;  +  2  +  3a? 

aj2-l 

_2a?-|-3 
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EXERCISES  V. 

Simplify  the  following  expressions : 

,a,6  «a,5a  .5        7  ^1,1 

^   h  +  a  ^   8+16*  ^'   4^-67^-  *•  ^  +  ^- 

5  1 .  i_l.     g  A^.^-^.     7  i_+i L. 

xy     xz     yz'         '   2a     4a     6a  '  ab^     dfb     a^l/ 

^    3aj4-5  ,  3aj~l  ^    3»-|-5y     2z  +  3y 

a  — Q 1 o — •  9. 


3^2  6  4 

,^    3aj-2     aj  +  7      .  „     a-3     a  — 5     4  — a 

'^-  -5 2-  +  ^-  ^-   -2 6 8- 

a?-l     a?-2.aj  +  7  ,^3-2a.3a~2     6a  +  2 

"•   ~o Q— +  — a—  13. —5—  +  —=— 


10 
6-3a?    6aj-4    25-19aj    ..    aj-2     2aj-5.4-3aj 


14-  — ^i iA --tk —  IS-  -q:;: 7:^1-  + 


10  16  3aj  4aj«    ^     9a; 

2a?  — 4y     6aj  +  2y  — 82;     aj  +  16y  — 6» 
16.   ^ — = TTv h 


17. 


la 


5  10  ^  15 

a?  —  2^  —  2     5y  —  82  —  a?     52  — 10  2^  +  6aj 
4  7  14 

a'g-Sa.'  +  l     3g'-2a?-4     6a?-3a;« 
18  12  16      ' 


3a  — 46  2a  — 6  — c     15a  — 4c  a  — 46 

7  3         "^       12               21~' 

20.  •-! 1-.  21.  -^  +  —1—.       22.  5z:l-^=^. 

a?— 3     aj+4  a;-l     2a;-l  a;-2     a?-l 

23    a?— 1      g— 2  2^    mHhn_^Z:!i.         25.        - ^ 


aj+l     aj4-2  m— n     m+n                a'*+l     a"— 1 

26.       ^<^            1  27          «c        I        6d 

o*  —  1     a-f-1  '   a^  —  4:y'     aC'\-2cy 

28        1.1  2a?            29    3a-l     1-3 a     3a-16^ 

•   l^-a?"^l-aj  l-a?«"            *    a^-Q       a+3        a-3 
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30. 

3a         a 

a-\-x     a—x 

2aa> 

X-l           1-X            X- 

6X+24:    a!»-16     3x- 

-5 

-12 

32. 

2m-3 
l-4m«"*"l 

3       +2. 
—  2m     m 

33.  2  1  '"-e        1 

X     3a!+6     a!«  +  2a! 

34 

5a 

2a-|-36 

4o-6 

9a8-25&* 

6ad  + 10  6d 

6ad-106d 

as 

2 

3 

1           4 

a^-Sx  +  2 

aj*-5aj-|-6 

'a!»-4a!  +  3 

36. 

4a?. 

3i 

»                          5a! 

aB*-3aaj-|-2 

a*     2aB*-3aa;  +  a*     2aj»~5aaj  + 2a* 

37. 

1         a«-|-2a 
a-1      a8-l 

3a     ^    +'^  +  '". 

3Q 

a-2» 

a  —  n 

1 

a»  +  n^     ahi 

-  an^  +  w» 

o»  +  n* 

40. 

1           3n 
w  —  m     n^  — 

;Wl                 m  - 

-» 

rn?     wf-k-mn  +  v? 

41. 

5            7            5 
a;-2     aj-l     x-^2     x 

7 
+  1 

42. 

4            1 

-    '  +- 

1 

x  +  7     ic  — 8     a;  — 7     aj  +  8 

21.  Frequently  the  denominators  are  multinomials  in  the 
same  letter  of  arrangement^  but  not  arranged  to  the  same  order 
of  powers. 

Ex.1.   Simplify -^+    ^"^  ^"^ 


a?  —  1     1  — iB*     x  +  1 


It  is  better  first  to  change  the  second  fraction  so  that  the 
denominators  shall  be  arranged  in  the  same  order.  We  then 
have,  by  Art.  7  (ii.), 

X 2x    _   2a? 

aj-l     a?*-l     x  +  1 

TheL.C.D.  isa?«-l. 
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X           2x 
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« 
2x       aj(aj  +  l)-2aj  — 2aj(aj  — 1) 

aj-1     aj«-l 

x  +  1                      x^-l 

a?  +  X'-2x-2a?  +  2x 

X  —  OC^            «(«— 1)                  X 
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aj«-l  ar^-1  a?+l 

As  in  this  example,  the  result  of  the  addition  should  be 
reduced  to  its  lowest  terms. 

Ex.  2.    Simplify i 1 i 1 = 

^    ^  (^oi^l,)(a--cy  (b^a)(b--cy  (c^a)(c^b) 

Changing  the  fractions  into  equivalent  fractions,  whose 
denominators,  taken  in  pairs,  have  one  common  factor^  we 
have 

1 1  1 

(a -  6)(a -  c)     (a -  6) (6  -  c)  "*■  (a  -  c) (6  -  c) 

6  — c g  —  c 

(a  -  i>)  (a  -  c)  (i>  -  c)      (a  -  6)  (6  -  c)  (a  -  c) 

J g  — & _&•— c  — g-fc  +  g  — &_Q 

(g-c)(i>--c)(g-6)      (a  -  6)(g-c)(i>-c)       ' 

EXBBCISB8  VI. 
Simplify  the  following  expressions : 
J       3  6  «       a  9 


aj2-4     2  — a?  '  3~g     g*-3g 

3   ___b g  ^      a?  +  4         a?--2 

■  g*-g6      &2-g6*  '  5aj-10     6-3a;' 

-3,7         4— 20aj  ^       m      ,    2mn         2m 


2aj-l     2a:+l      l-4aj*  m-n 

7   g-1     /g  +  1     g'-H\  1 1_, 

'  g  +  1     \^l-g"^g2-l/  aj2_3a.  +  2     l-aj« 


I  9.   I i -h i 

I  aj*  +  ar*  +  l     a?-l-ic*     a  +  l  +  a* 
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10.  I + -1 L_. 

23.  0  +  &         I  b  +  c  c  +  a 

•   (b-c)(c-ay(e-a)(a-by(a-b)(b-e) 

12.  «^ + ^ + ^ 

(6  _  c)  (c  -  a)  ^  (c  -  a)  (a -by  (a-  b)  (b  -  c) 

13.  1 + I + I . 

a(a  — 6)(a  — c)     6(6  — a)  (6  — c)     c(c  — a)(c  — 6) 


15. 
16. 


(a-6)(a-c)      (6-a)(6-c)     (c-o)(c-6) 

. ^ + ^ + ^ 

(a  —  6)  (a  —  c)      (6  —  a)  (6  —  c)      (c  —  a)  (c  —  6) 

6c I ac I a6 

a^a"  -  62)  (a«  -  c^  "*"  6  (6^  -  a*)  (6*  -  c^  '^c(c»-a^  (c'-ft'O 


•   (a-6)(a-c)'*'(6  +  c)(6-a)'^(c-a)(c  +  6)* 

Reduction  of  Mixed  Ezpresaions  to  Improper  FractioiiB. 

22.  A  Proper  Fraction  is  one  whose  numerator  is  of  lower 
degree  than  its  denominator  in  a  common  letter  of  arrange- 
ment. 

Ea  -A«.  a?-2 

An  Improper  Fraction  is  one  whose  numerator  is  of  the  same 
or  of  a  higher  degree  than  its  denominator  in  a  common  letter 
of  arrangement. 

Ea  a?        a^  +  3a^-f  a?-l 

*^''  x  +  1'       a?  +  2x-l 

If  both  integral  and  fractional  terms  occur  in  an  expression, 
it  is  sometimes  called  a  Mixed  Expression. 

23.  Ex.  1.  Eeduce  a  +  -  to  an  improper  fraction.     Eirst 

c 

reducing  a  to  the  form  of  a  fraction  with  denominator  c,  we 
have 

_  ,  6     oc  ,  6     ac  +  6 
«  +  -  = h-  = • — • 


2124]  FRACTIONS.  147 

This  example  illustrates  the  following  method : 
Multiply  the  integral  part  by  the  denominator  of  the  fractional 
part.     To  this  product  add  algebraically  the  numerator  of  the 
fractional  party  and  write  the  sum  as  the  required  numerator, 

Ex.  2.   Simplify  1  —  a?  +  oj^  - --^• 

1  +  0?  1  +  x 

^1  +  a^-a?^     1 

1+X  1+9 

EZBBCISBS  VII. 
Simplify  the  following  expressions : 

1.  2a-^.  2.   7+i.  3.   m+i. 

3  am 

-    ^-^  +  1         '        5.  1+-^.         6.  3a  +  ^^^" 


X  x  —  l  3 

n    o^      3m  —  6n       q    ^        o?  a    a  i       ^^ 

7.  Zm •     &.  a -•  9.  4  -H  • 


4  a  +  b  2a  +  Sb 

10.  0?-^^.  11.  l  +  %#'. 
3-a?  4a6 

12.  .,  +  4-2^+15.  13.  60.-6-^2-^. 

x+6  x-7 

14.  a  +  6 ^.  15.  a-b+  ^^ 


a— 6  a— 6 

16.   i_/'a--^\  '        17.   rf  +  aaj  +  aj«  +  -^. 

\       1  +  o/  a  —  a? 

Rednction  of  Improper  FractioiiB  to  Mixed  ExpreBsions. 

24.  Ex.  1.  Reduce "^    "*"     to  a  mixed  expression* 

a?  + 1 

Wehave  2a?  +    x  +  5\    x  +  1 

2q?  +  2x 

—  aj  +  S 

-  aj-1 


2aj-l 
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But  by  Ch.  III.,  Art.  47,  we  have 

or — T-^ —  =  2  oj  —  1  +  ■ 


x+1     •  x+1 

This  example  illustrates  the  following  method  : 

Divide  the  numerator  by  the  denominator^  until  the  remainder 
is  of  lower  degree  than  the  divisor. 

Write  the  remainder  as  the  numerator  of  a  fraction  whose 
denominator  is  the  divisor. 

Add  this  fraction  to  the  integral  part  of  the  quotient. 

Ex.  2.  Eeduce  — i — '^ ^^  to  a  mixed  expression. 

aj2  +  2aj-l 


aj-1 


We  have         ^+    ar^  —  4a?  +  3 

aj«  +  2aj2-    X 

-aj2_2a;  +  l 
-aj  +  2 

Therefore,    ^  +  ^^^^+^  =  a^-l+     "^  +  ^ 

aj-2 


=:aj-l. 


EXBBCISES  VIII. 


aj2  4-2aj-l 


Reduce  each  of  the  following  fractions  to  equivalent  frac- 
tional expressions,  containing  only  proper  fractions: 

g»  +  g'-l  2   ^-^-^        3   10a'-3a  +  4 

aj2        •  •  ^        •         •  5a*  ' 

^    6a»-9a*6  +  56      _   aj»  +  «-a^       c   a^-V-a 

«. •        5.    ^*  O.    ; • 

3  a  x  —  y  a  —  o 

^    9a^_9a;  +  3  ^   2a?  +  x-5      ^   21  a^  +  20 x-1 

x  —  l        '  oj  +  l      '      *  3aj  +  2 

m  — »  05  —  1 


J 
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m^— mn'— m^+n^+1  3^3    5a^  — 3a?  — 14 

m  —  n  a?— '2 

,.    4aj8-f21^+9                          -.    g»  +  g'~2 
14.    T -— ! — •  15. — • 

Multdpllctitioii  of  Fractions. 

25.  Multiply  -  by  -.    Let  the  value  of  ^  be  denoted  by  v, 

b       d  0 

and  that  of  ^  by  w ;  or 
a 

v  =  --,  and  «;  =  -• 
6  a 

Multiplying  the  first  equation  by  6,  and  the  second  by  d, 
wehave  ^^^^^  ^^^^  ^^^^ 

Multiplying  together  corresponding  members  of  these  equa- 
tions, we  have 

vh  xwd=^  dc, 

or  vw  X  bd  =  cu:. 

Dividing  by  6d,  vw  =  ac-^bd  =  ^• 

bd 

But  vm;  =  ^x§. 

Therefore  «x^  =  25. 

This  proves  the  following  method  of  multiplying  fractions : 

The  numerator  of  the  product  is  the  product  of  the  numerators; 
and  the  denominator  of  the  product  is  the  product  of  the  denomi- 
fiators. 

26.  Ex.  1.   Find  the  product  ^^^]  x  ^^• 

^  22a^y'     25a^b 

The  factor  5  is  common  to  the  numerator  of  the  first  fraction 
and  the  denominator  of  the  second.  Since  to  cancel  a  com- 
mon factor  before  multiplication  is  equivalent  to  cancelling  it 
after  the  multiplication,  we  should  first  cancel  5.    For  a  similar 
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reason  we  should  cancel  the  factors^  2,  a^,  b,  x,  and  ^  before  the 
multiplication.     We  then  have 

Sab  ^7_21ab 


11  xy^     5     55  xy^ 

In  general,  if  the  numerator  of  one  fraction  and  the  denomi- 
nator of  another  have  common  factors,  such  factors  should  be 
cancelled  before  the  multiplications  are  performed. 

Ex.  2.  Find  the  product  -^^  x  iSL±M. 

a,  —b*        4  a 

Cancelling  the  common  factors,  4  a  and  a  +  b,we  have 

2a    ^a  +  &^2a(a  +  &) 
a—b        1  a— 6 

27.  Ex.   Find  the  product  ^'"^-  x  (a?  +  y). 

ar  +  y* 


We  have 


X 


—  y  y^^  +  y ^^  —  f 


a^  +  f        1        7?  +  f 

Observe  that  a  fraction  is  multiplied  by  an  integer,  by  multi- 
plying its  numerator  by  the  integer. 

28.  If  one  of  the  factors  is  a  mixed  expression,  it  shoTild 
first  be  reduced  to  an  improper  fraction. 

Ex.   Find  the  product  A  -lY--i-.y 


=ix. 


X  a?  4-1     x{x  +  l) 

BXBBCISBS  IX. 

Multiply : 

1.  ^x3.  2.  ^x6.  3.  -l-xlOy. 

X  5x  15y 

3^  Iz     9y  5ar       ay 
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7_te     16a6^  15  cfl/Uxy'  16a^     Scfb* 

'  3a*     Uxh,'         25xy  25a*b        '  21aV>     iaS^' 

4a«     166     26c.  u.  ^X^^X*^. 
66»      8c      3a  26»c«       aa?      9xy' 

U.—^^x(3a-2b).  13.  -l^x«^. 
15a  — 106                    ^  a*  — 6*       2a 

14  <^-^v«^-<^^  15       a;  +  y     ^^-^f 
'  a'  +  ab         2V  '  ex^l2y     (x  +  yf 

a'b  +  db^         a^-V"  ^^     5a?+'6y  a?»-9 

'aS64-a6«     5a6(a  +  6)»"  *  iB2+6a?+9     25aj2~36/ 

^  a;-3^^a?'  +  2a?  +  l  j^^   o^- 1  ^^  fl^  +  8a?+ 16 
a  +  1         a»  —  27  *a?  +  4        oj^  +  aj  +  l 


20. 


21. 


22. 


aia-^h)  b(a-b) 

a^-2(ib^-V     a*  +  2a6  +  V 

6  go?  — 15  6a?      8  ao;  +  3  do? 
40ay4-15dy     4a«-256*' 

23.    4^x^'"^  +  ^'x^+^. 
a«  +  y  aj-y  x-\-y 

^    aJ-(a-|-6)a?+a6^^a;»-c' 
aj*  —  (a  +  c)  a?  4-  ac     a?  —  V 

a?-^f  x-\-y 

•     aj^-3^  '^^^Qxy  +  A.y' 


27. 


aj»-4        ..        «»-9 


aj»-8aj  +  15     «»-8a;  +  12 
jg^    a?  -  y  +  g  ^^  g'  +  2a;y  +  y*  -  g' 

Ax'-df       33a6-156^  12a« 

'    22a«-10a6       6aaj-9ay       106a;4-156y' 
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g«4-a;-6      x^-^x-^2     x'^Sx-lO 

^       y-\-x    ^  a^-y^  ^  (m  4-  nf  ^  6(m^-n^ 
'    (m  +  ^)*         12  m  —  n  x-^-y 

36.  Izi^xl^xfl+^Y 
1  +  y     x  +  a!»     V       l-ajy 

37.  /jg  +  y     jg-y        4y*\     aH-y. 

39     ^'  —  (^  -~  <^)'  V  (^  "~  ^)'  ""  ^^  V  ^^  —  a6  +  g' 
m«-(a-6)2     (m-6)«-a«     6m-a6  +  6»' 

40.    fl+-2i_)x^±i^. 

Reciprocal  Fractions. 

29.  The  Reciprocal  of  a  fraction  is  a  fraction  whose  numera- 
tor is  the  denominator,  and  whose  denominator  is  the  numera- 
tor, of  the  given  fraction. 

E.g.,  the  reciprocal  of  -  is  — 
b      a 

30.  The  product  of  a  fraction  and  its  reciprocal  is  1* 

For  ix^  =  ^  =  l. 

0     a     ha 
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Divialon  of  Fractions. 

3L  Divide  -  by  -•    Let  the  value  of  -  be  denoted  by  u 
b       d  b 

and  that  of  -  by  w ;  or, 
d 

a        -I  c 

v=-,  and  w  =  -- 
b  d 

Multiplying  the  first  fraction  by  6,  and  the  second  by  d,  we 
have 

vb  =  af  and  tod  =  c. 

Dividing  the  members  of  the  first  equation  by  the  corre- 
sponding members  of  the  second,  we  have 

1        J  vb      a 

v6-j-wa  =  a-*-c,  or  — -  =  — 
wd     c 


or 


Multiplying  by 

d 
b' 

vb  ^d_a     d 
wd     b     c     b 
V     ad 
w     be 

But 

w     b  '  d 

Therefore 

b  '  d     be      b     e 

This  proves  the  following  method  of  dividing  one  fraction 
by  another : 
Multiply  the  dividend  by  the  reciproccU  of  the  divisor, 
3Z  Ex  1   4(a«-a6)  .      6a    ^4.a(a-b)     (a-b)(a  +  b) 
'    '     (a  +  by     '  a«-62        (a  +  6)2    ""  6a 

3  (a  +  6)  ' 

Ex.2.  ^^(.-.,)  =  ^^^-Zl2 

i^  +  f      ^       ^^      ^-¥f         1 

i^  +  f    ^  —  y    ^  +  f 

Observe  that  a  fraction  is  divided  by  an  integer  by  dividing 
its  numerator,  or  multiplying  its  denominator,  by  the  integer. 
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EXBBCISBS  X. 
Simplify  the  following  expressions  : 

1.  -4-3.      2.  --^4.      3.   6a-*-^«  4,  2a5y-! • 

X  a  6  y 

305^905  g    6c^_^_3a^  4a%    .    6a6' 

'   5by  '  4.hy  '  bf  '  15y'  '  21a^«  *  SBxy"' 

a*6«^^  o    27^^9aW  12ay^l8^ 

iB»  +  2a;-15  *  a  +  S'  *   aj24-2a;  +  l  *  x  +  1 

'      a  +  2b      *2a  +  46*  *    7{a^-l)    *    (!-«)' 

gg -  (ft  -  c)'  .  g  -  ft  +  c      ,       a^-1  ^a^'  +  a^  +  l 

a^+ab  .  a»64ay4-2a^y  1  +  n  -  n«  -  n^  .  n'-l 

a»4-6'  '         a*-6*         *         *  l-a«         ""a'-l' 


19. 
20. 
21. 
22. 


l-2a?  .  l-2a?-f  a?'~2a^ 

1-a^  '  l  +  2aj  +  2flj2  +  a»" 

a:*  +  y*  — 2gy  — g*   ,   x  —  y-{-z 
a2-9  +  46*  +  4a6  •a  +  26-3* 

(g 4- 2 6)a« -  (2 g  +  6)y  ,    (a  +  &)*  . 
g*6*  "^g^ft^^-a^* 


a^  +  2a?-3.a^  +  4a?  +  3g»  +  l 
•  aJ-2aj-3""iB»-4a;  +  3     a»-l 

0^  +  2/*  o^-y*         '  o^-y(2x-yy 

25    (a?  +  m)'-(y4-nV  .  (a;  -  y^ -,  (n  -  m)' , 
(a?  +  y)2  —  (m  +  w)*  *  («  —  m)*  —  (n  —  y)* 
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Complex  Fractions. 

33.  A  Complex  Fraction  is  a  fraction  whose  numerator  and 
denominator,  either  or  both,  are  fractions. 

—  S     a  —  X  X 


5     a  — y  ,         X 

Observe  that  the  line  which  separates  the  terms  of  the  com- 
plex fraction  is  drawn  heavier  than  the  lines  which  separate 
the  terms  of  the  fractions  in  its  numerator  and  denominator. 


34.  Ex.  1.   Simplify  j£. 


X 

x' 


Multiplying  both  numerator  and  denominator  by  x,  we  obtain 

x(l-a^ 

X        _    1  —  01?    __l-faj 
x{l  —  x)~x(l  —  x)~     X 

To  reduce  a  complex  fraction  to  a  simple  fraction : 

MvUiply  both  its  teims  by  the  L.  C.  D,  of  the  fractions  in  the 
numerator  and  denominator. 


Ex.2. 


0.  +  — 1—     X  +  -1-     x  +  ^ 
"^3-a.  s-x 

3  4 


3a?4-3     x-\-l 
4 


Observe  that  in  this  reduction  the  work  proceeds  from  below 
upward. 
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BXEBOISES  XI. 
Simplify  the  following  expressions : 
a?  ax 


a  +  —  a 


1.    7—  2. 


OH —  a  +  - 


a  a  — a? 


— 3 — •  5.  aH 


a; 

a  +  1 

3    '"-I 

X 

X 

x-1 

x  +  1 

X 

^    ^ 

X 

,1  "•         .  ,      ,  2ar^ 


1  +  aj  a  1—x 

+  1  05- 


^a-1  ^  l+«  ^    6»     a» 

7. 8.   3 -2-  9.  r- 

!___?_  1  — a?  — ar  1  — - 

1  —  a  aj  +  1  a 

1  aj*  +  l      1^  a-^-x       2x 


^  ,        1  ,,    2x— 12           ^^       ^         x  —  a 

10.  aj-lH 11.  -25 12.  2  ,     o 

4— a?  1  —  2  a?                           a?  — a 

o  +  aj     aj  — y  1 1 

13.  ~\Z~^'  "•  1+  %o'  15. 1 — ^- 


a^  1— a?  1— a? 

n  n  a-{-x     a  —  X  a-\-l     a—  1 


--.    w  +  ic     n  — a?      _.    a  —  x     a -f »      ,^    a  — 1     a  + 1 

16.    •        17.    3 •        18.    — ; 3- 

n      .      n  4aaj  a-fl     a  — 1 


n  —  xn-\-x  a^^a?  a  —  la  +  1 

a? £__  «| 1 

aj-2     aj-f2                            ^    aj  +  1     od^  +  od^ 
^^-  9:;: •  ^-  1 1" 


^a?*  — a»4-4aj  — 8  a?     aj* 

a     w  — a?  ,       oa?  /    ,  IW       IV 

n-^x        a  V     Pj\      Pj 
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EXEBCISES  XII. 
MISCELLANEOUS   EXAMPLES. 

Simplify  the  following  expressions: 


1»    7i Ti' 

(\  —  aV 


(-^)'-(^' 


i+(f^)  »-«+ 


ah    \a     6y        6c    \^c     6/ 
fa  +  b  .  a  —  b\  _^  fa  +  b  .  a  — 6\  ^ 
Vc  +  d     c-dy  *  Vc-d     c  +  d/ 


a  +  6 


4. 


5.    a  +  b -rr r-  6.    -  + 


a  +  l     6  +  1  '  1+2     1  +  ^     1  +  1 

6  a  6  a     a     6 


1+m 

9.  (^  +  a](-^ ar"\_f_«_  +  a,Y-^ a\ 

\a  +  x       J\a  —  x       J     \a-\-x       J\a  —  x       J 

\_ 
,^  1  1  „         a»~aj»  aW 

10. 11.    ^5 s T-X- 


-1  '  i-A+l.   »+^ 


0?  — laj  +  1  a'aa?a* 


.     \^n+l     w-V     1,2     4     47iy 


a6+l 


23   a  +  ?i     a'  +  n*  +  2  an 


14, 


2  '         •    -  ,      1         6(a6c+a+c) 


a+ 


aJ^^n     a^-n^  ^g+1 

c 

^  ,1      r   ,1      ^,1  1      x-\-a      1      x  —  a 

a+--     6+-      c  +  -  ' — 


6  c  a  _^    a?     a^  +  a^  .  aj     aj^  +  a^ 

15.    3.x =-X T-  16.    r^ T— +  1 -^ 

,    ,1      ^  ,  1      ^  ,  1  1      a-\-x      1      a  — aj 

0+--     C+--     a+-- 


a  6  c  aa*  +  ar*aa^  +  iB^ 
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\\f    ^)\f    y    xjy x+y 


20. 


21. 


In  each  of  the  following  expressions  make  the  indicated 
substitution,  and  simplify  the  result : 


22. 


Ia(|5|y....»  =  i±». 


23.  In  1  +  51±^Z1«^,  let  o  +  &  +  c  =  2«. 

24.  In  ??^(^1-?5V!LA  _  A  let  a  =  m  +  n. 

n\       a  J     m\       aj 

Verify  each  of  the  following  identities : 

25.  <^{<^-^)-^Jl±J^  =  x,  When  x  =  a-b. 

h  a 

6  +  c  a  +  c  a  +  6 

27.   (l4.aj)(l  +  y)(l  +  2;)  =  (l-a;)(l-y)(l-2),  when 

^     a  — &^,     &  — c^     c  —  a 
a  +  6'^     64-c         C'\-a 


CHAPTER  VIII. 

FRACTIONAL  EQUATIONS  IN  ONE  UNKNOWN 
NUBCBBR. 

L  A  Fractional  Equation  is  an  equation  whose  members, 
either  or  both,  are  fractional  expressions  in  the  unknown 
number  or  numbers. 

2.  Ex.  1.  Solve  the  equation  ^ss f. 

^  x+2     x+1 

Multiplying  by  (x  +  l){x  +  2),    3  (a?  + 1)  =  2  (a?  +  2). 
Transferring  terms,  3a;  —  2aj  =  4  —  3. 

Uniting  terms,  x=l. 

In  clearing  this  equation  of  fractions,  we  multiplied  by  an 
expression,  (x  + 1)  (a?  -H  2),  which  contains  the  unknown  num- 
ber. In  such  a  case  a  root  may  be  introduced.  But  if  a  root 
is  introduced  in  clearing  of  fractions,  it  must  be  ^  root  of  one 
of  the  factors  of  the  L.  C.  D.  equated  to  0.  Since  1  is  not  a 
root  of 

aj  +  1  =  0,  or  of  a  +  2  =  0, 

it  is  a  root  of  the  given  equation. 

2aj  +  19         17    __        3 


Ex.  2.  Solve  the  equation 


5aj2_5      aJ_i         a?-l 


The  L. CD.  is  5(aj«-l),  =5(aj- l)(a;4- 1). 
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Multiplying  by  6(iB»-l),2a;  + 19 -85  =-15 a? -15. 
Transferring  terms,  2  05  + 15  aj  =  — 15  — 19  -f-  86. 

Uniting  terms,  17  a?  =  61, 

Dividing  by^  17,  a?  =  3. 

Since  3  is  not  a  root  of  a?  —  1  =  0,  or  of  a?  + 1  =  0,  it  is  a 
root  of  the  given  equation. 

Ex.  3.   Solve  the  equation  ^^±i  - 1^^  =  ^^^. 
^  4  3a?-2  2 

When  the  denominators  of  some  of  the  fractions  do  not  con- 
tain the  unknown  number,  it  is  usually  better  first  to  unite 
these  fractions. 

rr.or,o^J^^4r,«  3a?~l            6a;  +  l     3a;-l      2a;-l      ^ 
Transferring  -^-,  —^ 3^32  =  ^' 

Uniting  first  two  fractions,  ?  -  |^^=-i  =  0. 

4     ox  —  J 

Multiplying  by  4(3aj  -  2),  9aj  -  6  -  8a;  +  4  =  0. 

Transferring  and  uniting  terms,  x=^2. 

Since  2  is  not  a  root  of  3  a?  —  2  =  0,  it  is  a  root  of  the  given 
equation. 

Ex.  4.   If  both  members  of  the  equation 

iziH-j£^-4T-3  (1) 

be  multiplied  by  a^  —  1,  we  obtain  the  integral  equation 

-2a»-aj(aj  +  l)  =  -aj(aj-l)-3(a»-l), 

)r  (a;  +  l)(aj-3)  =  0.  (2) 

Now  observe  that  it  was  not  necessary  to  multiply  by  ac*  —  1, 

=  (a;  +  l)(aj  —  1),  to  clear  the  given  equation  of  fractions.    For, 

if  the  terms  in  the  second  member  be  transferred  to  the  first 

member,  we  have 

-2a^     _^_     ^_     3     Q 

aj«-l^l-a?^l  +  a?^  ' 

a^  — 2a;  — 3     a 

or,  uniting  terms, — - —  =  0, 

ar  —  1 
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„ o 

OP,  cancelling  x  +  1, =  0. 

aj  — 1 

Clearing  the  last  equation  of  fractions,  we  have 

aj-3  =  0;  (3) 

whence  a?  =  3. 

The  root  3  of  the  derived  equation  (3)  is  found,  by  substi- 
tution, to  be  a  root  of  the  given  equation.  Had  we  solved 
equation  (2),  we  should  have  obtained  the  additional  root  —  1, 
which  is  not  a  root  of  the  given  equation. 

This  root  was  introduced  by  multiplying  both  members  of  the 
given  equation  by  the  unnecessary  factor  a?  -f  1,  and  is  a  root  of 
the  equation  obtained  by  equating  this  factor  to  0. 

EXEBGISBS  I. 
Solve  each  of  the  following  equations : 

1.^=3.  2.2^  =  6.  3.5^  =  §. 

oj  — 3  x-b  a?-f34 


4.  .^^TTT^ 5. 

6. 


7 


a?— 12     24  — a?  aj-g     a?-4 

7  3  „      11  9 


a?  +  17         aj  +  7  aj-7     2aj-l 

2a;  +  3       a?  — 1  ^x^2  2x  +  l     3a?-2^6a?-l 

4          6aj-8        2    '  '5         6a?-f3         15 

10  2a?4-3     3a?-fg^a?  +  l  „    5a?-l     l-2a?^2a?  +  l 

7          6aj-f2        14   '  '6          l4-2aj         3 

12.  ^  +  -^=1.  13.  -^ ^  =  5. 

x  +  2     x  —  2  a;-f3     x  —  2 

14,  £zi|  +  ^  =  2.  15.  5^  +  ^-1^  =  2. 

aj  — 7     aj-f  1  x-5     a?-8 

16.-^  +  -^  =  ^^-  17.       ^      •       1     -     ^- 


a?4-2     «  — 2     aj*-4  'aj  +  3     a?-3     a?-9 

_3 a?  +  l^     a^  ^g       5  7     ^    12 

aj-fl     x-1     l-aj«'  *  aj4-2     aj-f4     x-^-S 
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20.    :7^-f 
21. 


x  —  S     x  —  5      aj*  — 8aj-fl5 
£-fl     a?-4  ^  2a^-7x  —  29 
x^3     x-e       aj2_9^^i3* 

23.   -^^ L^  =  _l-  +  -^. 

a?-l     aj  +  1     a?  +  2     a?-6 


24. 
25. 


3a? -17  2a?--ll    ^       a? -5 

i»2-7a;  +  12     x'^4.x-{'3     a^-5x-{'A 

x  —  5 2a?  — 15    .  _        7  —  0? 

a?2  - 10  a?  -f  21     a?2  - 12  a?  +  35  ""  ar^  -  8  a?  4- 15* 


26    ^±i  =  ^:^.  27    3a?-li^3(a?-f^X 

a?  — |a?  — I  a?-fi         a?4-2J 

5  3 


28.    _1_  =  1.  29.    ^-^      ^  +  ^      ^^ 


^ __5 L_~14: 

a?  +  l  a?-3     a?  +  3 

Problems. 

3.  Pr.  1.   A  number  of  men  received  $120,  to  be  divided 

equally.     If  their  number  had  been  4  less,  each  one  would 

have  received  three  times  as  much.     How  many  men  were 

there? 

Let  a?  stand  for  the  number  of  men.     Then  each  man  re- 

120 
ceived dollars.     If  their  number  had  been  4  less,  each  one 

^  120 

would  have  received dollars. 

a?  — 4 

The  problem  states, 
in  verbal  language:    the  number  of  dollars  each  would  have 

received,  if  there  had  been  four  less,  is  equal  to  three  times 
'    the  number  of  dollars  each  received, 

in  algebraic  language :    =  3  x • 

a?  — 4  X 

Whence,  x  =  %. 

Therefore  there  were  six  men. 


i 
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Pr.  2.  A  can  do  a  piece  of  work  in  9  days,  B  in  6  days ;  and 
A,  B,  and  C  together  in  3  days.  In  how  many  days  can  C  do 
the  work  ? 

Let  X  stand  for  the  number  of  days  it  takes  C  to  do  the  work. 

Then,  in  one  day, 

A  does  -  of  the  work :  B  does  -;  and  C  does  — 
9  '6'  X 

In  3  days, 

3  3  3 

A  does  -  of  the  work;  B  does  -;  and  C  does  — 
9  '6'  X 

Therefore,  in  3  days,  A,  B,  and  C  together  do 

I4.I4.5  of  the  work. 
9     o     X 

The  problem  states, 

in  verbal  language :  the  work  done  by  A,  B,  and  C  together  in  3 

days  is  equal  to  all  the  work,  or  1 ; 

3     3     3 

in  algebraic  language :      -  4-  -  -f  -  =  1. 
vox 

Whence,  x  =  18. 

Therefore  C  can  do  the  work  in  18  days. 

Pr.  3.  A  cistern  has  3  taps.  By  the  first  it  can  be  emptied 
in  80  minutes,  by  the  second  in  200  minutes,  and  by  the  third 
in  5  hours.  After  how  many  hours  will  the  cistern  be  emptied, 
if  all  the  taps  are  opened  ? 

Let  X  stand  for  the  number  of  minutes  it  takes  the  three  taps 
together  to  empty  the  cistern. 

Then,  in  1  minute,  the  three  together  will  empty  -  of  the 
cistern.  ^ 

But,  in  1  minute,  the  first  will  empty  ^  of  the  cistern ;  the 
second  -^y  and  the  third  ^^ ;  and  together  they  will  empty 
^  +  TTTT  +  ^  of  the  cistern. 

Therefore  l^^JL^A^^l. 

80     200     300     X 

Whence  a?  =  48. 

It  will  take  the  three  taps  together  48  minutes,  or  ^  of  an 

hour,  to  empty  the  cistern. 
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BXBBCISBS  II. 

1.  What  number  added  to  the  numerator  and  denominator 
of  ^  will  give  a  fraction  equal  to  |  ? 

2.  The  sum  of  two  numbers  is  18,  and  the  quotient  of  the 
less  divided  by  the  greater  is  equal  to  \.  What  are  the 
numbers  ? 

3.  The  denominator  of  a  fraction  exceeds  its  numerator  by 
2,  and  if  1  be  added  to  both  numerator  and  denominator,  the 
resulting  fraction  will  be  equal  to  f .    What  is  the  fraction  ?    • 

4.  The  sum  of  a  number  and  7  times  its  reciprocal  is  8. 
What  is  the  number  ? 

5.  The  value  of  a  fraction,  when  reduced  to  its  lowest 
terms,  is  f .  If  its  numerator  be  increased  by  7  and  its 
denominator  be  decreased  by  7,  the  resulting  fraction  will  be 
equal  to  |.    What  is  the  fraction  ? 

6.  What  number  must  be  added  to  the  numerator  and 
subtracted  from  the  denominator  of  the  fraction  ^^,  to  give  its 
reciprocal  ? 

7.  If  \  be  divided  by  a  certain  number  increased  by  J,  and 
\  be  subtracted  from  the  quotient,  the  remainder  will  be  J. 
What  is  the  number  ? 

8.  A  train  runs  200  miles  in  a  certain  time.  If  it  were  to 
run  5  miles  an  hour  faster,  it  would  run  40  miles  farther  in 
the  same  time.    What  is  the  rate  of  the  train  ?    • 

9.  A  number  has  three  digits,  which  increase  by  1  from 
left  to  right.  The  quotient  of  the  number  divided  by  the  sum 
of  the  digits  is  26.    What  is  the  number  ? 

10.  A  number  of  men  have  $  72  to.  divide.  If  $  144  were 
divided  among  3  more  men,  each  one  would  receive  $4  more. 
How  many  men  are  there  ? 

11.  It  was  intended  to  divide  ^  by  a  certain  number,  but  by 
mistake  ^  was  added  to  the  number.  The  result  was,  never- 
theless, the  same.    What  is  the  number  ? 
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12.  A  steamer  cau  run  20  miles  an  hour  in  still  water.  If 
it  can  run  72  miles  with  the  current  in  the  same  time  that  it 
can  run  48  miles  against  the  current,  what  is  the  speed  of  the 
current  ? 

13.  A  man  buys  two  kinds  of  wine,  14  bottles  in  all,  paying 
$  9  for  one  kind  and  $  12  for  the  other.  If  the  price  of  each 
kind  is  the  same,  how  many  bottles  of  each  does  he  buy  ? 

14.  A  farmer  intended  to  feed  80  bushels  of  com  to  a 
certain  number  of  sheep.  When  6  of  the  sheep  died,  he  could 
have  sold  24  bushels  of  com  and  have  had  enough  left  to 
give  each  remaining  sheep  the  same  amount  as  before.  How 
many  sheep  had  he  ? 

15.  It  takes  a  pedestrian  5  hours  to  go  from  A  to  B.  tt 
takes  a  bicycle  rider,  who  goes  6  miles  farther  every  hour, 
2  hours  to  go  the  same  distance.     How  far  is  A  from  B  ? 

16.  A  can  do  a  piece  of  work  in  10  days,  B  in  6  days  and 
A,  B,  and  C  together  in  3  days.  In  how  many  days  can  C  do 
the  work  ? 

17.  A  and  B  together  can  do  a  piece  of  work  in  2  days,  B 
and  C  together  in  3  days,  and  A  and  C  together  in  2^  days. 
In  hovr  many  days  can  A,  B,  and  C  together  do  the  work  ? 

18.  The  circumference  of  the  hind  wheel  of  a  carriage 
exceeds  the  circumference  of  the  front  wheel  by  4  feet,  and 
the  front  wheel  makes  the  same  number  of  revolutions  in  run- 
ning 400  yards  that  the  hind  wheel  makes  in  running  500  yards. 
What  is  the  circumference  of  each  wheel  ? 

19.  A  cistern  has  3  taps.  By  the  first  it  can  be  filled  in 
6  hours,  by  the  second  in  8  hours,  and  by  the  third  it  can  be 
emptied  in  12  hours.  In  what  time  will  it  be  filled  if  all  the 
taps  are  opened  ? 

20.  An  inlet  pipe  can  fill  a  cistern  in  3  hours,  and  an  outlet 
pipe  caji  empty  it  in  9  hours.  After  how  many  hours  will  the 
cistern  be  filled  if  both  pipes  are  open  one-half  of  the  time, 
and  the  outlet  pipe  is  closed  during  the  second  half  of  the 
time? 
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21.  In  a  number  of  two  digits,  the  digit  in  the  tens'  place 
exceeds  the  digit  in  the  units'  place  by  2.  If  the  digits  be 
interchanged  and  the  resulting  number  be  divided  by  the 
original  number,  the  quotient  will  be  equal  to  ||^.  What  is 
the  number  ? 

22.  In  a  number  of  three  digits,  the  digit  in  the  hundreds' 
place  is  2 ;  if  this  digit  be  transferred  to  the  units'  place,  and 
the  resulting  number  be  divided  by  the  original  number,  the 
quotient,  will  be  equal  to  J}.     What  is  the  number  ? 

23.  In  one  hour  a  train  runs  10  miles  farther  than  a  man 
rides  on  a  bicycle  in  the  same  time.  If  it  takes  the  train 
6  hours  longer  to  run  255  miles  than  it  takes  the  man  to  ride 
63  miles,  what  is  the  rate  of  the  train  ? 

24.  A  cistern  has  three  pipes.  To  fill  it,  the  first  pipe  takes 
one-half  of  the  time  required  by  the  second,  and  the  second 
takes  two-thirds  of  the  time  required  by  the  third.  If  the 
three  pip^s  be  open  together,  the  cistern  will  be  filled,  in 
6  hours.     In  what  time  will  each  pipe  fill  the  cistern  ? 

25.  A  and  B  ride  100  miles  from  P  to  Q.  They  ride 
together  at  a  uniform  rate  until  they  are  within  30  miles  of 
Q,  when  A  increases  his  rate  by  \  of  his  previous  rate.  When 
B  is  within  20  miles  of  Q,  he  increases  his  rate  by  \  of  his 
previous  rate,  and  arrives  at  Q  10  minutes  earlier  than  A.  At 
what  rate  did  A  and  B  first  ride  ? 

26.  A  circular  road  has  three  stations.  A,  B,  and  (7,  so 
placed  that  A  is  15  miles  from  B,  B  is  13  miles  from  C  in  the 
same  direction,  and  C  is  14  miles  from  A  in  the  same  direction. 
Two  messengers  leaving  A  at  the  same  time,  and  travelling 
in  opposite  directions,  meet  at  B.  The  faster  messenger  then 
reaches  A  7  hours  before  the  slower  one.  What  is  the  rate 
of  each  messenger  ? 


CHAPTER  IX. 

UTERAIi  EQUATIONS  IN  ONE  UNKNOWN  NUMBER. 

L  The  unknown  numbers  of  an  equation  are  frequently  to 
be  determined  in  terms  of  general  numbers,  i,e.,  in  terms  of 
numbers  represented  by  letters.  The  latter  are  commonly 
represented  by  the  leading  letters  of  the  alphabet,  a,  6,  c,  etc 

Such  numbers  as  a,  b,  c,  etc.,  are  to  be  regarded  as  known. 

E.g,y  in  the  equation  X'{'a  =  b,  a  and  b  are  the  knovm  num- 
bers, and  X  is  the  unknoton  number. 

From  this  equation  we  obtain  a  =  6  —  a.  / 

2.  A  Numerical  Equation  is  one  in  which  all  the  known  num- 
bers are  numerals ;  as2a5-f3  =  7;  4a?  — 3y  =  7. 

A  Literal  Equation  is  one  in  which  some  or  all  of  the  known 
numbers  are  literal ;  as2aa?  +  3&  =  5;  aaj-f6y  =  c. 

3.  Ex.1.   Solve  the  equation  £j=i^+£llJ  =  -(^  ""fl'> 

b  a  2ab 

Clearing  of  fractions, 

2a»-2a*-f26aj-26*  =  -a'  +  2a6-W 
Transferring  and  uniting  terms, 

2(a  +  b)x  =  a*  +  2a6  +  W 

Dividing  by  2  (a  +  6),     x  =  5^- 

Notice  that  the  above  equation,  although  algebraically  frac- 
tional, is  integral  in  the  unknown  number  a?.  The  equation 
which  follows  is  fractional  in  the  unknown  number. 
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Ex.2.   Solve  the  equation  o+^^o^fl^ 

3Iultiplying  by  (b-{-x)(b  + 1),  (a+ic)(64-l)  =  (6+a?)(a+l). 
Simplifying,  db-^-bx-^a  +  x  =  db'{'(iX'{'  b  +x. 

Cancelling  terms,  bx  +  a=:ax  +  b. 

Transferring  and  uniting  terms,      (b^-a^x^b  —  ci. 
Dividing  hj  b  —  a,  a?  =  L 

EXERCISES  I. 
Solve  the  following  equations  : 
1.  a  — a:  =  c.  2.  maj4-a  =  6.  3.  mx  =  nx  +  2. 

4.  3a«  —  6a6-f6aa:  —  7ac  =  2aa5  +  2a6. 

5.  4a'-2a6aj-f 6*  +  3a*»  =  5a»-6*aj  +  2a*iB. 

6.  a(a?  +  a)  — &(a?^6)  =  3aaj-f  (a  — 6)*. 

7.  aj(aj  +  a)  +  aj(aj  +  6)-2(aj  +  a)(aj  +  6)=0. 

^        •  &  ^    a     aj  — 6* 

X  b     x  —  ar 

10.  ^±5  =  5.  U.  ^  +  ^_2  =  « 

a?  — a     4  ox     a     &     0? 

a-fa?_a  +  l  g^  +  <^         ^     --■^~<^, 

6  +  aj""5  +  l'  '       2         aj  +  a"*     2 

-^    6a?  +  a     Sx  —  b     ^i       le    a  +  a?     a  — a? 

14. r  —  t; =  V.         19«     ,  =  ; • 

4a?4-6     2x  —  a  o  +  a     b  —  a 

16    a;  +  a6  _  g^  4-  c^&  +  &^       „    a?  -f  a  _  (2  a?  +  o)* 
•   a._a6     a^-ab'\-W  '  x-b     (2aj-6/ 

4:a^-^a^     2x  +  a         4 

a(a?  +  l)~&(a;-l)^a« 
•   6(aj  +  l)-a(aj-l)      &» 
gs  _  58  ^  fl^  (a.  _  j^2)  ^  j^  (^2  _  a.y 
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21.    ^Zl^  +  £zi^  +  5j=i  =  l  +  l  +  i. 
2  be        2ac        2db      a     b     c 


22. 
23. 
24. 


l-2cut^     l+2aaj2        4a6aj» 


1  +  26052     1-2^2     462a^_i 
a*  -f  4  a  a  1 


a^-^-x  —  a^-^-a     x-{-a     x  —  a-^1 

gg-l-a?     a'-a?^4a6a;  +  2a'-262 
62_a.     52^a;  6*-aj2 


2_  g^  +  oa?  -f  ar^ a*  —  g^a;  +  oar'  __     1 

g*  -f  g^aj  +  gaj^  +  aj'*     g*  +  2  g V  +  a:!*     g  +  a? 


26. 

a4- 


d?  —  X      2a-\-x_ 


x  —  2a      a^  —  x      g^aj  +  2  ga?  —  2  g'^  —  aj^ 

a; 


a-&             2g               ^    _JL±l_-.l 
27. l=-ir*  28.    „   .  7,     —  ^- 

«  +  &  g  +  -^ 


General  Problems. 

4.  A  General  Problem  is  one  in  which  the  knoum  nnmbers  are 
literal. 

Pr.  1.  The  greater  of  two  numbers  is  m  times  the  less,  and 
their  sum  is  s.    What  are  the  numbers  ? 

Let  X  stand  for  the  less  required  number.  Then  mx  stands 
for  the  greater.     By  the  condition  of  the  problem,  we  have 

x  +  mx  =  s'j 

whence,  x=^  ^    ,  the  less  number,  and  ma;=-^?^,  the  greater. 
1+m  '  1+w' 

If  m  =  3  and  s  =  84,  we  have 

X  =  -^  =  21,  and  ma?  =  3  x  21  =  63. 
1  +  3         ' 

When  the  numbers  are  equal,  m  =  1,  and  we  obtain 
a?  =  ^,  and  ma;  =  |. 
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for  all  values  of  s ;  that  is,  either  of  the  two  numbers  is  half 
their  sum. 

Thus  the  solution  of  this  general  problem  includes  the  solu- 
tions of  all  like  problems.  A  solution  for  any  like  problem 
is  obtained  by  substituting  particular  values  for  m  and  s,  as 
above. 

Pr.  2.  A  cistern  has  two  taps.  By  the  first  it  can  be  filled 
in  a  minutes,  and  by  the  second  in  6  minutes.  How  many 
minutes  will  it  take  the  two  taps  together  to  fill  the  cistern  ? 

Let  X  stand  for  the  number  of  minutes  it  takes  the  two  taps 
to  fill  the  cistern.    Then,  in  1  minute,  the  two  together  will  fill 

-  of  the  cistern. 

X 

But,  in  1  minute,  the  first  will  fill  -  of  the  cistern,  the  seo- 

a 

end  --;  and  together  they  will  fill  -  +  -  of  the  cistern* 
0  a     0 

Therefore  l  +  i  =  L 

a     b     X 

Whence  «  = r- 

a  +  6 

This  solution  gives  a  general  rule  for  solving  problems  of 
like  character.  In  a  particular  example,  a  may  be  the  number 
of  minutes  it  takes  a  tap  to  fill  a  cistern,  the  number  of  hours 
it  takes  a  man  to  build  a  wall,  to  dig  a  ditch,  to  plough  a  field, 
etc. 

Pr.  3.  If  one  man  can  dig  a  ditch  in  6  days,  and  a  second 
man  in  3  days,  in  how  many  days  can  they  dig  the  ditch, 
working  together  ? 

Substituting  a  =  6,  6  =  3,  in  the  result  of  Pr.  2,  we  have 

•*'  —  6+8         -^^ 

Therefore  they  can  together  dig  the  ditch  in  2  days.     . 
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EXERCISES  II. 

Find  the  general  solution  of  each  of  the  following  problems, 
and  from  this  solution  obtain  the  particular  solution  for  the 
numerical  values  assigned  to  the  literal  numbers  in  the  problem. 

1.  Find  a  number,  such  that  the  result  of  adding  it  to  n  shall 
be  equal  to  n  times  the  number.     Let  n  =  2 ;  5. 

1  1 

2.  Divide  a  into  two  parts,  such  that  —  of  the  first,  plus  -  of 

m  n 

the  second,  shall  be  equal  to  b.    Let  a  =  100,  6  =  30,  m  =  3, 

n=  5. 

3.  A  sum  of  d  dollars  is  divided  between  A  and  B.  B 
receives  b  dollars  as  often  as  A  receives  a  dollars.  How  much 
does  each  receive  ?    Let  d  =  7000,  a  =  3,  6  =  2. 

4.  A  father's  age  exceeds  his  son's  age  by  m  years,  and  the 
sum  of  their  ages  is  n  times  the  son's  age.  What  are  their 
ages  ?     Let  m  =  20,  n  =  4 ;  m  =  25,  n  =  7. 

5.  A  farmer  can  plough  a  field  in  a  days,  and  his  son  in  b 
days ;  in  how  many  days  can  they  plough  the  field,  working 
together  ?     Let  a  =  10,  b  =  15. 

6.  What  time  is  it,  if  the  number  of  hours  which  have 
elapsed  since  noon  is  m  times  the  number  of  hours  to  mid- 
night ?     Let  m  =  ^. 

7.  One  pipe  can  fill  a  cistern  in  a  hours,  a  second  in  b  hours, 
and  a  third  in  c  hours.  In  how  many  hours  can  the  three  pipes 
fill  the  cistern,  working  together  ?     Let  a  =  2,  6  =  3,  c  =  6. 

8.  One  pipe  can  fill  a  cistern  in  m  hours,  a  second  in  n  hours, 
and  a  third  can  empty  it  in  p  hours.  After  how  many  hours 
will  the  cistqjn  )^e  filled,  if  all  pipes  are  open  ?  Let  m  =  4, 
«  =  6,  p  =  3. 

9.  Two  couriers  start  at  the  same  time  and  move  in  the 
same  direction,  the  first  from  a  place  d  miles  ahead  of  the 
second.  The  first  courier  travels  at  the  rate  of  mi  miles  an 
hour,  and  the  second  at  the  rate  of  m^  miles  an  hour.    After 
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how  many  hours  will  the  second  courier  overtake  the  first? 
Let  d  =  15,  mi  =  17,  mj  =  20. 

From  the  result  of  the  preceding  example  find  the  results  of 
Exx.  10-12. 

10.  At  what  rate  must  the  second  courier  travel  in  order  to 
overtake  the  first  after  h  hours  ?    Let  d  =  18,  mj  =  15,  A  =  3. 

11.  At  what  rate  must  the  first  courier  travel  in  order  that 
the  second  courier  may  overtake  him  after  h  hours?  Let 
d  =  12,  «ia  =  22,  ^  =  3. 

12.  How  many  miles  behind  the  :^rst  courier  must  the  second 
start  in  order  to  overtake  the  first  after  h  hours  ?  Let  rrii  =  18, 
^2  =  21,  ^  =  4. 

13.  In  a  company  are  a  men  a^d  b  women^  and  to  every 
m  unmarried  men  there  are  n  unmarried  women.  How  many 
married  couples  are  in  the  company  ?  Let  a  =  13,  b  =  17, 
m  =  3,  n  =  5. 

INTERPRETATION  OF  THE  SOLUTIONS  OF  PROBLEMS. 

5.  In. solving  equations  we  do  not  concern  ourselves  with 
the  meaning  of  the  results.  When,  however,  an  equation  has 
arisen  in  connection  with  a  problem,  the  interpretation  of  the 
result  becomes  important.  In  this  chapter  we  shall  interpret 
the  solutions  of  some  linear  equations  in  connection  with  the 
problems  from  which  they  arise. 

Positive  Solutiozu. 

6.  Pr.  A  company  of  20  people,  men  and  women,  proposed 
to  arrange  a  fair  for  the  benefit  of  a  poor  family.  Each  man 
contributed  $  3,  and  each  woman  $  1.  If  $  55  were  contributed, 
how  many  men  and  how  many  women  were  in  the  company  ? 

Let  X  stand  for  the  number  of  men;  then  the  number  of 
women  was  20  —  x.  The  amount  contributed  by  the  men  was 
3  X  dollars,  that  by  the  women  20  —  a:  dollars.  By  the  condition 
of  the  problem,  we  have 

3a?+(20-aj)  =  56;  whence  aj  =  17f 
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The  result,  17^,  satisfies  the  equation,  but  not  the  problem. 
For  the  number  of  men  must  be  an  integer.  This  implied  con- 
dition could  not  be  introduced  into  the  equation. 

The  conditions  stated  in  the  problem  are  impossible,  since 
they  are  inconsistent  with  the  implied  condition. 

Negative  Solutions. 

7.  Pr.  A  father  is  40  years  old,  and  his  son  10  years  old. 
After  how  many  years  will  the  father  be  seven  times  as  old  as 
his  son  ? 

Let  X  stand  for  the  required  number  of  years.  Then  after 
X  years  the  father  will  be  40  -f  a?  years  old,  and  the  son  10  -f  a; 
years  old.     By  the  condition  of  the  problem,  we  have 

40  -f  a?  =  7  (10  +  a),  whence  x=='"5,  (1) 

This  result  satisfies  the  equation,  but  not  the  condition  of 
the  problem.  For  since  the  question  of  the  problem  is  "  after 
how  many  years  ?  "  the  result,  if  added  to  the  number  of  years 
in  the  ages  of  father  and  son,  should  increase  them,  and  there- 
fore be  positive.  Consequently,  at  no  time  in  the  future  will 
the  father  be  seven  times  as  old  as  his  son.  But  since  to 
add  —  5  is  equivalent  to  subtracting  5,  we  conclude  that  the 
question  of  the  problem  should  have  been,  "  How  many  years 
ago?'' 

The  equation  of  the  problem,  with  this  modified  question,  is : 

40  — a?  =  7 (10  — a?);  whence  a  =  5.  (2) 

Notice  that  equation  (2)  could  have  been  obtained  from  equa- 
tion (1)  by  changing  x  into  —  x, 

&  The  interpretation  of  a  negative  result  in  a  given  problem 
is  often  facilitated  by  the  following  principle : 

If  —  X  be  substituted  for  x  in  an  equation  which  has  a  negative 
root,  the  resultiru^  equation  ft  III  have  a  positive  root  of  the  same 
absolute  value  ;  and  vice  versa. 

E.g.,  the  equation  a:-fl  =  — a  —  3  has  the  root  —  2  j 
\irliile  the  equatioa  — 0  +  lcsa;  —  3  has  the  root  2, 
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9.  Pr.  Two  pocket-books  contain  together  $100.  If  one- 
half  of  the  contents  of  one  pocket-book  and  one-third  of  the 
contents  of  the  other  be  removed,  the  amount  of  money  left  in 
both  will  be  $  70.  •  How  many  dollars  does  each  pocket-book 
contain  ? 

Let  X  stand  for  the  number  of  dollars  contained  in  the  first 
pocket-book;  then  the  number  of  dollars  contained  in  the 
second  is  100  —  x.  When  one-half  of  the  contents  of  the  first 
and  one-third  of  the  contents  of  the  second  are  removed,  the 

number  of  dollars  remaining  in  the  first  is  -x,  and  in  the  second 

1(100  —  x).    By  the  conditions  of  the  problem,  we  have 
^x  + 1(100  -  oj)  =  70,  whence  a;  =  -  20. 
Substituting  —  a?  for  a?  in  the  given  equation,  we  obtain 
-  iaj  -f  2 (100  ^x)  =  70,  or  1(100  -f  a;)  -  ^a;  =  70. 

This  equation  corresponds  to  the  following  conditions : 
If  X  stand  for  the  number  of  dollars  in  one  pocket-book,  then 
100  +  X  stands  for  the  number  of  dollars  in  the  other ;  that  is, 
one  pocket-book  contains  $100  more  than  the  other.  The 
second  condition  of  the  problem,  obtained  from  the  equation, 
is:  two-thirds  of  the  contents  of  one  pocket-book  exceeds 
one-half  of  the  contents  of  the  other  by  $  70.  Therefore  the 
modified, problem  reads  as  follows: 

Two  pocket-books  contain  a  certain  amount  of  money,  and 
one  contains  $100  more  than  the  other.  If  one-third  of  the 
contents  be  removed  from  the  first  pocket-book,  and  one-half 
of  the  contents  from  the  second,  the  first  will  then  contain 
$  70  more  than  the  second.  How  much  money  is  contained  in 
each  pocket-book  ? 

10.  These  problems  show  that  the  required  modification  of 
an  assumption,  question,  or  condition  of  a  problem  which  has 
led  to  a  negative  result,  consists  in  making  the  assumption, 
question,  or  condition  the  opposite  of  what  it  originally  was. 

Thus,  if  a  positive  result  signify  a  distance  toward  the  right 
from  a  certain  point,  a  negative  result  will  signify  a  distance 
toward  the  left  from  the  same  point ;  and  vice  versa;  etc. 
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Zero  Solutiozu. 

IL  A  zero  result  gives  in  some  cases  the  answer  to  the  ques- 
tion ;  in  other  cases  it  proves  its  impossibility. 

Pr.  A  merchant  has  two  kinds  of  wine,  one  worth  $  7.25  a 
gallon,  and  the  other  $5.50  a  gallon.  How  many  gallons  of 
each  kind  must  be  taken  to  make  a  mixture  of  16  gallons 
worth  $88? 

Let  X  stand  for  the  number  of  gallons  of  the  first  kind ;  then 
16  —  a;  will  stand  for  the  number  of  gallons  of  the  second  kind. 

Therefore,  by  the  condition  of  the  problem,  we  have 

7.25  a;  -f  5.5(16  -  a;)  =  88 ;  whence  a?  =  0. 

That  is,  no  mixture  which  contains  the  first  kind  of  wine  can 
be  made  to  satisfy  the  condition.  In  fact,  16  gallons  of  the 
second  kind  are  worth  $88. 

EXERCISE  III. 

Solve  the  following  problems,  and  interpret  the  results. 
Modify  those  problems  which  have  negative  solutions  so  that 
they  will  be  satisfied  by  positive  solutions. 

1.  A  and  B  together  have  $  100.  If  A  spend  one-third  of 
his  share,  and  B  spend  one-fourth  of  his  share,  they  will  then 
have  $  80  left.    What  are  their  respective  shares  ? 

2.  A  father  is  40  years  old,  and  his  son  is  13  years  old ;  after 
how  many  years  will  the  father  be  four  times  as  old  as  his  son  ? 

3.  The  sum  of  the  first  and  third  of  three  consecutive  numbers 
is  equal  to  three  times  the  second.     What  are  the  numbers  ? 

4.  In  a  number  of  two  digits,  the  tens'  digit  is  two-thirds  of 
miits'  digit.  If  the  digits  be  interchanged,  the  resulting  number 
will  exceed  the  original  number  by  36.     What  is  the  number  ? 

5.  A  teacher  proposes  30  problems  to  a  pupil.  The  latter  is 
to  receive  8  marks  in  his  favor  for  each  problem  solved,  and  12 
marks  against  him  for  each  problem  not  solved.  If  the  number 
of  marks  against  him  exceed  those  in  his  favor  by  420,  how 
many  problems  will  he  have  solved  ? 
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6.  In  a  number  of  two  digits  the  tens'  digit  is  twice  the 
units'  digit.  If  the  digits  be  interchanged,  the  resulting 
number  will  exceed  the  original  number  by  18.  What  is  the 
number? 

7.  A  has  $  100,  and  B  has  $  30.  A  spends  twice  as  much 
money  as  B,  and  then  has  left  three  times  as  much  as  B.  How 
much  does  each  one  spend  ? 

Discuss  the  solutions  of  the  following  general  problems. 
State  under  what  conditions  each  solutionis  positive,  negative, 
or  zero.  Also,  in  each  problem,  assign  a  set  of  particular  values 
to  the  general  numbers  which  will  give  an  admissible  s^ution. 

8.  A  father  is  a  years  old,  and  his  son  is  b  years  old.  After 
how  many  years  will  the  father  be  n  times  as  old  as  his  son  ? 

9.  Having  two  kinds  of  wine  worth  a  and  b  dollars  a  gallon, 
respectively,  how  many  gallons  of  each  kind  must  be  taken  to 
make  a  mixture  of  n  gallons  worth  c  dollars  a  gallon  ? 

10.  Two  couriers,  A  and  B,  start  at  the  same  time  from  two 
stations,  distant  d  miles  from  each  other,  and  travel  in  the  same 
direction.  A  travels  n  times  as  fast  as  B.  Where  will  A 
overtake  B? 


CHAPTER  X. 

BIMUIiTANBOnB  LINEAR  EQUATIONS. 
SYSTEMS  OF  EQUATIONS. 

L  If  the  linear  equation  in  two  unknown  numbers 

x  +  y  =  5  (1) 

be  solved  for  y,  we  obtain 

We  may  substitute  in  this  equation  any  particular  numerical 
value  for  x,  and  obtain  a  corresponding  value  for  y.    Thus, 

when  a?  =  l,  y  =  4;  when  jr  =  2, /  =  3;  when  05  =  3,  y  =  2;  etc. 

In  like  manner  the  equation  could  have  been  solved  for  x  in 
terms  of  y,  and  corresponding  sets  of  values  obtained. 

Any  set  of  corresponding  values  of  x  and  y  satisfies  the  given 
equation,  and  is  therefore  a  solution. 

2.  Solving  the  equation 

y-«  =  l  (2) 

for  y,  we  have  y  =  1  -f  a?.    Then, 

whena:  =  l,  y=^2;  when  jr  =  2, /  =  3;  when  aj  =  3,  y  =  4;  etc. 

Now,  observe  that  equations  (1)  and  (2)  have  the  common 
solution,  x  =  2y  y  =  S.  It  seems-  evident  that  no  other  set  of 
values  of  x  and  y  will  satisfy  both  of  these  equations,  which 
therefore  have  only  this  solution  in  common. 

Equations  (1)  and  (2)  express  different  relations  between  the 
unknown  numbers,  and  are  called  Independent  Equations. 

Also  since  they  are  satisfied  by  a  common  set  of  values  of 
the  unknown  numbers,  they  are  called  Consistent  Equations. 

177 
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3.  A  System  of  Simultaneous  Equations  is  a  group  of  equar 
tions  which  are  to  be  satisfied  by  the  same  set,  or  sets,  of 
values  of  the  unknown  numbers. 

A  Solution  of  a  system  of  simultaneous  equations  is  a  set 
of  values  of  the  unknown  numbers  which  satisfies  all  of  the 
equations. 

4.  The  examples  of  Arts.  1-2  are  illustrations  of  the  follow- 
ing general  principles : 

A  system  of  linear  equations  has  a  definite  number  of  solutions, 
(i.)    When  the  number  of  equations  is  the  same  as  the  number 
of  unknown  numbers. 

(ii.)   When  the  equations  are  independent  and  consistent. 

&    Two  systems  of  equations  are  equivalent  when  every  solution 
of  either  system  is  a  solution  of  the  other. 
E.g.,  the  systems  (I.)  and  (II.) : 


h2y  =  8,l      ,j.  3a?  +  2y  =  8,l       ,jj. 

i-y  =  l,J      ^'^  2x-2y  =  2,\      ^    '^ 


are  equivalent.     For  they  are  both  satisfied  by  the  solution, 
a;  =  2,  y  =  1,  and,  as  we  shall  see  later,  by  no  other  solution. 

6.  If  the  equations         a;  +  y  =  7, 

x-y  =  l, 
be  added,  we  obtain  2  a;  =  8, 

in  which  the  unknown  number  y  does  not  appear.     We  say 
that  y  has  been  eliminated  from  the  given  equations. 

7.  Elimination  is  the  process  of  deriving  from  two  or  more 
equations  an  equation  which  has  one  less  unknown  number. 

Elimination  by  Addition  and  Subtraction. 
a  Ex.  1.   Solve  the  system  3  a;  +  4  y  =  24,  (1) 

5aj-6y  =  2.  (2) 

To  eliminate  y,  we  multiply  the  equations  by  such  numbers 
as  will  make  the  coefficients  of  y  numerically  equal. 
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Multiplying  (1)  by  3,        9  a?  +  12  .y  =  72.  (3) 

Multiplying  (2)  by  2,       10  x  -  12  y  =  4.  (4) 

Adding  (3)  and  (4),  19  «  =  76.  (6) 

Whence  a?  =  4. 

Substituting  4  for  x  in  (1),  12  +  43/  =  24. 

Whence  y  =  3. 

The  equations  (3)-(6)  are  equivalent  to  the  given  equations 

(1H2). 

Consequently  the  required  solution  is  «  =  4,  y  =  3. 

This  solution  may  be  written  4,  3,  it  being  understood  that 
the  first  number  is  the  value  of  a?,  and  the  second  the  value 
ofy. 

Ex.  2.   Solve  the  system  12aj  +  15y  =  8.  ^  '  (1) 

16a?  +  9y  =  7.  (2) 

We  will  first  eliminate  x. 

Multiplying  (1)  by  4,      48  a?  +  60  y  =  32.  (3) 

Multiplying  (2)  by  3,      48  a;  +  27  y  =  21.  (4) 

Subtracting  (4)  from  (3),  33  y  =  11. 

Whence  y  =  \. 

Substituting  \  for  y  in  (1),  12  a?  +  6  =  8. 

Whence  a;  =  J. 

Consequently  the  required  solution  is  \y  \, 

9.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing method  of  elimination  by  addition  and  subtraction : 

Multiply  both  members  of  the  equaJtions  by  such  numbers  as 
wiU  make  the  coefficients  of  one  of  the  unknown  numbers  numeri- 
cally equal.  Subtracty  or  add,  corresponding  members  of  the 
resulting  equaiions,  and  equate  the  results. 

Solve  this  eqiuUion  in  one  unknown  number.  Substitute  the 
value  of  this  unknoum  number  in  the  simpler  of  the  given  equa^ 
tions,  cmd  solve  for  the  other  unknoum  number. 

The  multipliers  are  obtained  by  dividing  the  L.  C.  M.  of  the 
coefficients  of  the  unknown  number  to  be  eliminated  by  the 
coefficients  of  this  unknown  number.  It  is  better  to  eliminate 
that  unknown  number  which  requires  the  smallest  multipliers. 
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EXERCISES  I. 

Solve  the  following  systems  of  equations  by  the  method  of 
addition  and  subtraction : 

^    (x  +  y=^17,  ^    lx  +  y  =  a,  ^    raj-12y  =  3, 

[x  —  y  =  7.  '  \x  —  y  =  b,  *laj  +  4y  =  19. 

(3x  +  y  =  31,  r4aj-7y=jrl9,         riOaj-33^  =  25, 

*•  l5aj-23^  =  16.    ^'   U  +  9y  =  «7.      ^   \5x-9y=-25, 
^    |naj-ay  =  0,        ^   f 6aj+43^=49i,    ^    (5x-3y=:12, 
\n^x-ay=zan,         l2aj+7  2^=63.        *  \  19 x-^By =73^, 
f  12  a?  4- 15  y  =  8,  ((ix-i-by  =  c, 

1 16  a?  4-  9  y  =  7.  I  maj  +  »y  =p. 

r3a?+16y  =  6,  r21a?  +  82^  =  -66, 

l-6a;  +  282^  =  19.  '  l28a-232^  =  13. 

fl8a?-20y=l,  ri2aj-14y  =  -4, 

"•  ll6a?  +  16y  =  9.  ^'  l8aj-21y  =  -8.6. 

1 16  a? -14  2^  =  33,  f  26  a? +  24  2^  =  98, 

^^'   l20aj  +  21y  =  -24.  ^^'   ll5aj- 16y  =  -2. 

r  40  a? -63^  =  67,  j  16a;  + 28y  =  68a, 

^  l36a-18y  =  87.  ^^*   ll8a?-36y  =  a. 

Elimination  by  Comparison. 
10.  Ex.  Solve  the  system 

7aj  +  23^  =  2p,  (1) 

13aj-3y  =  17.  (2) 

To  eliminate  y,  we  proceed  as  follows : 

Solving  (1)  for  y,  y  =  ^^zll.  (3) 

Solving  (2)  for  y,  =  l^£zill.  (4) 

Equating  these  values  of  y, 

20  -  7a; _  13 a; -17  .^ 
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Whence  a  ==  2. 

Substituting   2   for  x  in  (3),   y  =  ^^";^^  =  3. 

The  equations  (3)-(5)  are  equivalent  to  the  given  equations 
(l)-(2). 
Consequently  the  required  solution  is  2,  3. 

IL  This  example  illustrates  the  following  method  of  elimi- 
nation by  comparison : 

Solve  the  given  equations  for  the  unknown  number  to  he  elimi- 
natedy  and  equate  the  expressions  thus  obtained.  The  derived 
equation  wiU  contain  but  one  unknoum  number, 

Sdve  this  derived  equation,  and  substittUe  the  value  of  the 
uriknoum  number  thus  obtained  in  the  simplest  of  the  preceding 
equations^  and  solve  for  the  other  unknown  number. 

BXSSBGISE8  II. 

Solve  the  following  systems  of  equations  by  the  method  of 
comparison : 

faj  =  33/-2,  r52^  =  2aj  +  l, 

'    U  =  5y-12.  •   l83^  =  5aj-ll. 

rSa?  +  9y  =  2Sy  (21x-23y=:  2, 

{7x  +  Sy  =  20.  *•   1  7aj-193/  =  12. 

'  U3^=:Jaj-2.  •   l7ia-5iy  =  55. 

^     r4aj-3y  =  l,  ^^  f8aj  +  3y  =  58, 

l3aj-4y  =  6.  '  l3aj~8y  =  -33. 

^     (5x  +  3y  =  21,  (2x-y  =  5, 

'   l6a:-7y  =  4.  '  l5aj-2y  =  14. 

l8aj  +  9y  =  -26.  '   l32a?-3y  =  26. 


13. 
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•    l42aj-693/  =  96.  *   ly +  c(a?  +  l)  =  0. 

{ax  —  by  =  a*  +  b% 


18. 


Elimination  by  Substitution. 

12.  Ex.    Solve  the  system 

5aj-2y  =  l,  (1) 

4a;4-5y  =  47.  (2) 

If  we  wish  to  eliminate  a,  we  proceed  as  follows : 

Solving  (1)  for  a?,  a?  =  i-=^-  (3) 

Substituting    ii^  for  x  in  (2), 
5 

A(l±^  +  &y  =  n.  (4) 

Whence  y  =  7. 

Substituting  7  for  y  in  (3),      a?  =  3. 

It  seems  evident  that  equations  (3)-(4)  are  equivalent  to  the 
given  equations  (l)-(2). 
Consequently  the  required  solution  is  3,  7. 

13.  This  example  illustrates  the  following  method  of  elimi- 
nation by  substitution : 

Solve  the  simpler  equation  for  the  unknown  number  to  be  elimi- 
nated in  terms  of  the  other.  Substitute  the  value  thus  obtained 
in  the  other  eqvMion.  The  derived  equation  will  contain  but  one 
unknown  number. 

Solve  the  derived  equation,  and  substitute  the  value  of  the 
unknoum  number  thus  obtained  in  the  expression  for  the  other 
unknown  num^ber,  and  solve  for  the  other  unknown  number. 
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BXEBCI8ES  III. 

Solve  the  following  systems  of  equations  by  the  method 
of  substitution: 

^    (5x-2y==21,  ^    (ax-{-by=^c,     ^    (Sx-^5y  =  26, 
'  \y=zx.  '   \x  =  y.  *   \2x  =  y. 

(x=.2y^S,  (x  =  3y--7,  Uy-2aj  =  6, 

'  ly  =  2a?-15.         '   l3^  =  3aj-19.      '   \y  =  Ux. 
(3x-i'2y  =  U,  (x-i-y=:m, 

*  l5a;  =  4y.  la?  — ny  =  0. 

^    r7a?-4y  =  12,  ^    (5x  +  7y=^19, 

l3aj-2^  =  -2.  '   \6y  =  7x-'21. 

13    f7a^-3  =  6y,  ^^    fi«^-iy  =  2, 

*  \7y-S=:8x.  '  \2x'\-Sy  =  60. 

15    1^^  =  ^'  16.   P^  +  42/  =  2, 

la  +  y  =  6  +  a.  l9a;  +  202^=:8. 

r4aj-15y  =  22,  riOaj-2l3^  =  76, 

'  l6a?  +  7y=-26.  Il5aj-14y  =  35. 

Linear  Equatioiui  in  Three  Unknown  Numbers. 

14.  The  following  examples  will  illustrate  a  method  of 
solving  systems  of  three  linear  equations  in  three  unknown 
numbers : 

Ex.  1.  Solve  the  system  2a  —  Sy  +  5z  =  ll,  (1) 

6a?  +  4y  — 62;=-5,  (2) 

-4a?  +  7y-82  =  -14.  (3) 

To  eliminate  x,  we  proceed  as  follows : 

Multiplying  (1)  by  6,  lOx-Wy -{-2Sz  =  66.  (4) 

Multiplying  (2)  by  2,  10aj  +  8y- 12«=- 10.  (6) 
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Subtracting  (4)  from  (5),  23  ^  -  37  «  =  -  65.  (6)- 

Multiplying  (1)  by  2,  4  a;  -  6  y  + 10  2;  =  2%.  {!) 

>  Adding  (3)  and  (7),  y  +  2  2  =  8.  (8) 

Solving  (6)  and  (8),  y  =  2. 

2  =  3. 

Substituting  2  for  y  and  3  for  z  in  (1),         a  =  1. 
Consequently  the  required  solution  is  1;  2^  3. 

Ex.  2.   Solve  the  system 

ay  —  cz^sOf  (1) 

2-aj  =  -6,  (2) 

aai  +  by  =  a^  +  b(a  +  c).  (3) 

Notice  that  by  eliminating  z  from  (1)  and  (2)  we  obtain  an 
equation  in  x  and  y,  which  with  equation  (3)  gives  a  system  of 
two  equations  in  the  same  two  unknown  numbers. 

Solving  (2)  for  2;,  2  =  a?  —  6.  (4) 

Substituting  a?  —  6  for  2  in  (1), 

ay  —  ca?  4-  c6  =  0.  (5) 

Multiplying  (3)  by  a,  a^x  +  aby  =  a'  +  a^b  +  abc.       (6) 

Multiplying  (5)  by  b,       '—bcx  +  aby  =  —  6*c.  (7) 

Subtracting  (7)  from  (6),    (a»  +  6c)aj  ^  a?  +  a%  ■\- abc  +  Vc 

^  a^{a  -\-b)+bG(a  +  b) 
=  (a^  +  6c)(a  +  6);   (8) 
whence  x^a  +  b. 

Substituting  a  +  6  for  a?  in  (4),         z  =  a. 
Substituting  a  for  z  in  (1),  y  =  c. 

15.  These  examples  illustrate  the  following  method : 

Eliminate  one  of  the  unknown  numbers  from  any  two  of  the 
equations;  next  eliminate  the  sam£  unknown  number  from  the 
third  equation  and  either  of  the  other  two.     Two  equations  in 
.  tJie  sam£  two  unknoton  numbers  are  thus  derived. 
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Solve  these  equations  for  the  two  unknoum  numbersy  and.  sub- 
stUvte  the  values  thus  obtained  in  the  simplest  equation  which 
contains  the  third  unknovyii  number. 


BXERCI8B8  IV. 

Solve  the  following  systems  of  equations : 


1. 


5. 


10. 


12. 


14. 


16. 


4y  =  3i», 

3aj-43/  +  62  =  18, 
»  =  42;-17, 
y  =  52;-21. 

aj  +  y  =  28, 

a?  +  2  =  30,  6. 

1^  +  21=32. 

3»~y  =  7, 

3y-2  =  6, 

32;^aj  =  0. 
f3a;  +  22/r-42;  =  15, 

5aj-3y  +  22  =  28, 
3y  +  42;-a;  =  24. 

4a;-3y  +  22  =  9, 

2aj  +  5y-32;  =  4, 

5aj  +  63^-22  =  18. 
aj-2y  +  32  =  6, 

2«4-3y-42;  =  20, 

3«-2^  +  52;  =  26. 

3a;  +  263/-    62;  =  -35, 

6a;  +  10y-2l2=     37, 
I8aj-163^-14«=     64. 


33^  +  22  =0. 

5^  +  42  — 7aj  =  — 44, 
2  =  5y-33, 
aj  =  6y-22. 

faj  +  y  =  2c,  raj-3^  =  2, 

a?  4- 2  =26,  7.     y  — 2=3, 

y  +  2=2a.  laj  +  2=9. 

3a? +  53/ =  35, 
9.     3y  +  52  =  27, 
32  +  5a  =  34. 
a?  +  3/  —  2  =  c, 
U.  <  aj4-2  — y  =  6, 
.  y  +  2  —  a?  =  a. 
(2x^   4y+   92  =  28, 
13.  I  7aj+    3y-    52  =  3, 
[9a  +  10y-ll2  =  4. 
2  a?— 72/+  ^z=^     3, 
15.  -!         9a?+3y-202=-45, 
-13a?+4y-302=-95. 
8a?-21y-   92  =  -61, 
17.  \  12a?-.282/  +  152  =  l, 
15  a? +  49^-182  =  59. 
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18. 


20. 


aai  +  by  =  b\ 

by  +CZ  =b^  +  (^, 

CZ  +  ax^c^. 

ax  +  by  —  cz  =  a^  +  b\ 

ax  =  abz  +  V^ 

by  =  abz  +  a*. 


19. 


21. 


x  +  y  +  z^a  +  b-\-Cf 

ax  =  by, 

az  =  cy, 
x  +  ay  +  ah  +  a^  =  Of 
x-{- by -\-bh +  11^  =  0, 


16.  It  is  frequently  necessary  to  simplify  tlie  equations  be 
fore  applying  one  of  the  preceding  methods : 

Ex.  1.   Solve  the  system 


7  +  a?     2a;  — y 


5 
4aj-3 


=  3y-6, 


■  ^y-^  =  18- 


18-6aj. 


6       '       2 
Clearing  (1)  and  (2)  of  fractions, 

28  +  4  a  -  10  a;  +  5  3/  =  60  y  - 100, 
4aj- 3  +  15y- 21  =  108  -  30as. 
Transferring  and  uniting  terms, 

6aj  +  55  2^  =  128, 
34aj  +  15y  =  132.    • 
Multiplying  (5)  by  3,      18  a  + 165  y  =  384 
Multiplying  (6)  by  11,  374  a;  +  165  y  =  1452. 
Subtracting  (7)  from  (8),  356  x  =  1068 ; 

whence,  a  =  3. 

Substituting  (3)  for  aj  in  (5),  18  +  55  y  =  128; 
whence,  y  ==  2. 

Consequently,  the  required  solution  is  3,  2. 


17.  Certain  fractional  equations  are  to  be  solved  for  the 
reciprocals  of  one  or  both  of  the  unknown  numbers. 


(1) 

(2) 

(3) 
(4) 

(5) 
(6) 
(7) 
(8) 
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Ex.2.   Solve  the  system —-5—-H — ^  =  8,  (1) 

'^        •      ^     =10.  (2) 


2x-Sy 

y-2 

Let  2aj -  3y  =  w,  y  —  2  =  v. 

Then  (1)  and  (2)  become 

?  +  ?  =  8, 

U?=10. 

U       V 

(3) 

We  will  solve  this  system  for  -  and  — 

Multiplying  (3)  by  3,       ^  +  ^  =  24  (6) 

Multiplying  (4)  by  6,     ^  +  15  =  50.  (6) 

26 

Subtracting  (6)  from  (6),       —  =  26. 


Dividing  by  26, 

-  =  1,  or  u=sl. 

Substituting  1  for 

win  (3),  3 +-  =  8, 

or 

5  =  5." 

V 

Dividing  by  6, 

-  =  1,  or  v  =  l. 

We  now  have  to  solve  the  system, 

2a?-33/  =  l, 

y-2  =  l. 

From  (8), 

y  =  3. 

Substituting  3  for 

ym(T),  2aj-9=:l, 

or  . 

2aj  =  10. 

Dividmg  by  2, 

x  =  5. 

Therefore  the  required  solution  is  5,  3. 

(7) 
(8) 
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Ex.  3.     Solve  the  system,  «  4-  y  =  a«^,     (1)  ] 

2a  +  2;?  =  a»,     (2)  i  (I.) 

Sy-\-3z=:yz,     (3)  J 

Observe  that  the  given  equations  are  neither  linear  nor  frac- 
tional. Yet  they  can  be  transformed  so  that  they  will  contain 
only  the  reciprocals  of  x,  y,  and  z. 

Dividing  (1)  by  xy,  (2)  by  xz,  (3)  by  yz,  we  have : 


l  +  i  =  l.     (4)         ?  +  ?=!.     (5)         ?  +  ?=!. 
y     X            ^  ^         z     X            ^  ^         z     y 

(6) 

ai.) 

We  will  solve  this  system  for  -,  -,  — 

X    y    z 

Multiplying  (4)  by  2,                ?  +  ?  =  2. 

y    ^ 

(7) 

Subtracting  (5)  from  (7),          ?  -  ?  =  1. 

y    z 

(8) 

Solving  (6)  and  (8)  for  i  and  i,    ^  =  ^,   1  =  - 
y          z    y     12    z 

1 
"12* 

Substituting  ^^  for  ^  in  (4),          "^  =  7  • 
12          y                       a?      12 

Consequently,  a  solution  of  the  given  system  is  ^,  J^,  — 12. 

It  is  important  to  notice  that  we  cannot  assume  that  the 
system  (II.)  is  equivalent  to  the  system  (I.),  since  the  equa- 
tions of  (II.)  are  derived  from  the  equations  of  (I.)  by  dividing 
by  expressions  which  contain  the  unknown  numbers. 

But  if  any  solution  of  (I.)  be  lost  by  this  transformation,  it 
is  a  solution  of  the  expressions  (equated  to  0)  by  which  the 
equations  of  (I.)  were  divided ;  that  is,  of 

a?2/  =  0,  xz  =  0,  yz  =  0,  (III.) 

The  system  (III.)  has  the  solution  0,  0,  0,  and  this  solution 
evidently  satisfies  the  system  (I.). 

We  therefore  conclude  that  the  given  system  has  the  two 
solutions  ^,  V;  -  12,  and  0,  0,  0. 
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1. 


EXBBCISBS  V. 

Solve  the  following  systems  of  equations : 

y-1     4' 


7. 


3a?-f^  =  22, 


o 

3  2  ' 

x-7 , y— 5_a 

2^±l_3v±2^2 
5  7 

3^4.ZJd:2^2^_ 

4  6 

X      I      .V     ^     1    ^ 
n-l-1      ri  —  1      w  —  1 

w-l^n  +  l      Ti^-l 


g;  4-3^10 

l2^  +  3     13' 

2a;  +  7y     ^^  +  7^^ 
6  3 

3x-4t  .  4y-l      ^,„ 


5a;_9      ^-2 


==x-y. 


-^+-24=1, 

n— a     n— 0 


10. 


u. 


hx  +  7y  +  2     3a;  +  4y  +  7_ 

3  *  4  -•^' 

7a;  +  3y  +  4     6x  +  5y  +  7^ 

4  6  ^' 

«'-^^  +  17  =  6s,  +  i^, 

22~6y     5a;-7^a;  +  l     8y  +  5 
3  11  6  18     ' 

3a?  +  7,y  +  l     2a;-3y  +  8^2 

5  3 

5a;-7y  +  10     3a?  +  2y-f6^o 
3  5 


^    r6y-6a;  =  a^,  ^^    ri2a;- 14  2^  =  5ajy, 

ll0^  +  3jc  =  6ajy.  *    IQa?- 102/  =  4a^. 
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14. 


17. 


7a!-2  =  16, 

y 
y 

as  — 4     y  —  1 
_9  2 


•4     «-l 


15. 

=  3, 

2. 


X 


22. 


a?     y     « 

I-2  +  i  =  21. 
La?     y     « 


20. 


a?     y 
5-5  =  2. 


16. 


-  +  -  =  m, 

— I —  =  n. 

a?     2^ 


18. 


23. 


3      ^a^-gy^8, 
a!+2y^      3  ' 

1  6y— a'_3i 

4(ar+2y)         6         ^" 


X     y     z 


21. 


2(     2      a; 
z      X      " 


y 


3  +  *-§  =  16, 
a?     3^     « 

--  — -|--  =  i 
X     2y     z     % 

4a;     y     2; 


BXBBCISBS  VI. 
MISCELLANEOUS   EXAMPLES. 


Solve  the  following  systems  of  equations  by  the  methods 
given  in  this  chapter : 


'a?  +  y  =  2  +  10, 
y  =  2aj- 13, 
.»  =  22^-ll. 

a?  +  y--l_ 

aj-y-f  1 

y-a?  +  l 
laj-y  +  1 


a, 
=  06. 


4. 


2/2  =  2(^  +  2), 

a»  =  3  (a?  +  2;), 
ajy  =  4(aj  +  y). 

7        ^      11 
2aj  +  32^     2aj-3y 

X       ^9 
102^-7      10' 


I 

/ 


^ 
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x+a—b_x—b 
y—a—b     y—a 
b    _    a 
x—a     y+b 

r  ax  +  by  , a  +  1 

I        2      ^'^ ~' 

fo»x-6*y  =  0, 
^\{a*  +  bl^x+(a*-b*)y 
^  <ia  +  b)x  +  (a-b)y  = 
\{a-b)x+(a  +  b)y  = 


2» 


x  +  ny     n  —  ny 
lOn  3      _ 

x  +  ny     n  —  ny 


■(x  +  y)  =  l  + 


=  1, 


a  — 1 


2a  ' 


u. 


13. 


15; 


'^   -a, 

x  +  y 

XX          , 
x  +  z       ' 

y  +  z 

aj  +  y+»  =  6, 

«  +  y  +«  =  7, 

ai  +  z  +  u  =  8, 

y  +  «  +  tt=:9. 

2(y  +  6)         7* 
5a!          4y  +  l 

I 

3(y  +  5)        3x 

-1 

.     7ar          4«  +  l" 

—  JLa 

17. 


cy  +  (w  =  a' +  c*. 


=  a*  +  6*. 

a'  +  V, 

a«-y. 

12. 

a;     y^2       ' 

.«    y     2 

a  +  y  +  2-t«  =  ll, 

14 

a  +  y-«4-w  =  l7, 

a  —  y  +  «  +  w  =  9, 

L— «  +  y  +  «  +  w  =  12. 

>  +  l  ,  5a?_3, 

16. 

2x    '    y-"^*' 
2^+-^  1  ^*     31 

.    3a.    '    y-^*- 

[a  +  y_y  +  2 
a-\-h        a   ' 

18. 

y — «_a— & 

y  +  »     a  +  6' 

«+y+2=a+ft. 
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19. 


10  9  ^17 

2aj  +  3y-29     7a;-82/  +  24     48* 
2x-\-Sy-29^7x-Sy     g 


20. 


21. 


^(a  +  6-c)a:-hi(a-6  +  c)y  =  a2  +  (6-c)«, 

X 


n'— 1     a*— 1 


22. 


la«+l    n*4-l 


y-6       10    ^y+6 
a.-4    16-i»*    a?+4r' 

5    ^         3      ^  _10 
ic*— 3  a?    3y—xy        xy 


Problems. 

18.  Pr.  1.  The  sum  of  the  two  digits  of  a  number  is  12.  If 
the  digits  are  interchange'd,  the  resulting  number  will  exceed 
the  original  one  by  three-fourths  of  the  original  number. 
What  is  the  number? 

Let  X  stand  for  the  units'  digit,  and  y  for  the  tens'  digit. 

Then  the  original  number  is  lOy  -f  a?. 

When  the  digits  are  interchanged,  the  resulting  number  is 

10a; -f.y. 
The  first  condition  of  the  problem  states, 

in  verbal  language :  the  sum  of  the  digits  is  12; 

in  algehraic  language :       x-\-y  =  12.  (1) 

The  second  condition  states, 
in  verbal  language:    the  resulting  number  minus  the  original 

number  is  equal  to  f  of  the  original  number; 
in  algebraic  language :  lOaj  -\-y  —  (lOy  -{-x)  =  |(10y  +  x).     (2) 

Solving  (1)  and  (2),      aj  =  8, 2^  =  4. 

Therefore  the  required  number  is  48. 

Pr.  2.  A  tank  can  be  filled  by  two  pipes.  If  the  first  is  left 
open  6  minutes,  and  the  second  7  minutes,  the  tank  will  be 
filled;  or  if  the  first  is  left  open  3  minutes,  and  the  second 
12  minutes,  the  tank  will  be  filled.  In  what  time  can  each 
pipe  fill  the  tank  ? 
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Let  X  stand  for  the  number  of  minutes  it  takes  the  first  pipe 
to  fill  the  tank,  and  y  for  the  number  of  minutes  it  takes  the 
second  pipe.     Let  the  capacity  of  the  tank  be  represented  by  1. 

Then  in  1  minute  the  first  pipe  fills  -  of  the  tank,  and  in 

\.  ft  7 

6  minutes  -  of  the  tank ;  the  second  pipe  fills  -  of  the  tank 
X  y 

in  7  minutes.    Therefore,  by  the  conditions  of  the  problem. 

6  +  1=1;     5+12^^ 

X     y  X      y 

Whence  x  =  lOi,  y  =  17. 

Pr.  3.  The  sum  of  the  three  digits  of  a  number  is  9.  The 
digit  in  the  hundreds'  place  is  equal  to  one-eighth  of  the  number 
composed  of  the  two  other  digits,  and  the  digit  in  the  units' 
place  is  equal  to  one-eighth  of  the  number  composed  of  the  two 
other  digits.    What  is  the  number  ? 

Let  X  stand  for  the  units'  digit, 

y  for  the  tens'  digit, 
and  z  for  the  hundreds'  digit. 

Then,  by  the  first  condition, 

aj  +  y-f«  =  9.  (1) 

The  number  composed  of  the  tens'  and  units'  digits  is  lOy-f  a?. 
Therefore,  by  the  second  condition, 

z^\(10y^-x).  (2) 

The  number  composed  of  the  hundreds'  and  tens'  digits  is 
102  +  y. 
Therefore,  a;  =  |(10  2  -f  2^).  (3) 

Solving  equations  (l)-(3),  we  obtain, 

a?  =  4,  y  =  2,   «  =  3. 
Therefore,  the  required  number  is  324. 

Pr.  4.  The  report  of  a  cannon  travels  172.21  yards  with  the 
wind  toward  A  in  the  same  time  that  it  travels  167.97  yards 
against  the  wind  toward  B,  Three  seconds  after  it  is  fired  it 
is  heard  at  A  and  JB,  which  are  2041.08  yards  apart.     What  is 
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the  velocity  of  the  report  in  still  air,  and  what  is  the  velocity 
of  the  wind  ? 

Let  X  stand  for  the  number  of  yards  the  report  travels  a 
second  in  still  air, 
and  y  for  the  number  of  yards  the  wind  travels  a  second. 

Then,  in  1  second  the  report  travels  x-\-y  yards  with  the 

wind  toward  A,  and  x  —  y  yards  against  the  wind  toward  B. 

172  21 
Therefore,  it  takes  ' —  seconds  to  travel  172.21  yards 

toward   A,    and   ' —    seconds    to    travel    167.97    yards 

x  —  y  •' 

toward  B. 


Consequently,  by  the  first  condition, 
172.21     167.97 


(1) 


x-{-y       x  —  y 

In  3  seconds  the  report  travels  S(x  +  y)  yards  to  A,  and 
3  (x  —  y)  yards  to  B. 

Therefore,  by  the  second  condition, 

S(x-\-y)-\-S(x-y)=  2041.08.  (2) 

Solving  equations  (1)  and  (2),  we  obtain 

a;  =  340.18,  2/  =  4.24. 

Therefore,  the  velocity  of  the  report  in  still  air  is  340.18 
yards  a  second,  and  the  velocity  of  the  wind  is  4.24  yards  a 
second. 

Pr.  5.  Two  boys,  A  and  B,  run  a  race  from  P  to  Q  and  return. 
A,  the  faster  runner,  on  his  return  meets  B  90  feet  from  Q,  and 
reaches  P  3  minutes  ahead  of  B.  If  he  had  run  again  to  Q,  he 
would  have  met  B  at  a  distance  from  P  equal  to  one-sixth  of 
the  distance  from  P  to  Q.  How  far  is  Q  from  P,  and  at  what 
rates  do  A  and  B  run  ? 

Let  X  stand  for  the  number  of  feet  from  P  to  Q, 
y  for  the  number  of  feet  A  runs  in  1  minute, 
z  for  the  number  of  fee^  B  runs  in  1  minute. 
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When  they  first  meet  90  feet  from  Q,  A  has  evidently  run 

a;  4-  90  feet  in  ^ minutes,  and  B  has  run  a  —  90  feet  in 

aj-90 


z 


minutes. 


Therefore,  £±90^x-90. 

y  z 

A  runs  2  x  feet,  from  P  to  Q  and  return,  in  —  minutes,  and 

2x  y   ' 

B  the  same  distance  in  —  minutes. 
z 

Therefore,  by  the  second  condition, 

2^  =  2£_3.  (2) 

y       z 

-i  q  ^ 

If  A  had  again  met  B,  he  would  have  run  2x-\-^x,  = , 

6 

feet  in  -—-?  minutes,  and  B  would  have  run  2a?  — 4- a?,  =— r^, 
oy  "^  6  ' 

11  af 
feet  m  — —  minutes. 

Therefore,  by  the  last  condition, 

13  a?     11  aj   ^^  13     11  ,^. 

— —  =  — — .  or  —  =  — •  (3) 

Solving  equations  (l)-(3),  we  obtain 

a?  =  1080,  2^  =  130^,  2  =  110ff. 

Therefore  the  distance  from  P  to  Q  is  1080  feet ;  A  runs 
130}^  feet  a  minute*  and  B  runs  110^^  feet  a  minute. 

EXERCISES  VII. 

1.  Find  two  numbers  whose  sum  is  19  and  whose  difference 

is  7. 

2.  If  one  number  be  multiplied  by  3  and  another  by  7, 
the  sum  of  the  products  will  be  58 ;  if  the  first  be  multiplied 
by  7  and  the  second  by  3,  the  sum  will  be  42.  What  are  the 
numbers  ? 
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3.  In  a  meeting  of  48  persons,  a  motion  was  carried  by  a 
majority  of  18.  How  many  persons  voted  for  the  motion  and 
how  many  against  it  ? 

4.  If  one  of  two  numbers  be  divided  by  6  and  the  other  by 
5,  the  sum  of  the  quotients  will  be  52 ;  if  the  first  be  divided 
by  8  and  the  second  by  12,  the  simi  of  the  quotients  will  be  31. 
What  are  the  numbers  ? 

5.  Find  two  numbers,  such  that  if  1  be  subtracted  from  the 
first  and  added  to  the  second,  the  results  will  be  equal ;  while 
if  5  be  subtracted  from  the  first  and  the  second  be  subtracted 
from  5,  these  results  will  also  be  equal. 

6.  If  45  be  subtracted  from  a  number,  the  remainder  will 
be  a  certain  multiple  of  5 ;  but  if  the  number  be  subtracted 
from  135,  the  remainder  will  be  the  same  multiple  of  10.  What 
is  the  number,  and  what  multiple  of  5  is  the  first  remainder? 

7.  If  1  be  added  to  the  numerator  of  a  fraction,  the  result- 
ing fraction  will  be  equal  to  -^;  but  if  1  be  added  to  the 
denominator,  the  resulting  fraction  will  be  equal  to  ^.  What 
is  the  fraction  ? 

8.  A  said  to  B :  "  Give  me  three-fourths  of  your  marbles 
and  I  shall  have  100  marbles."  B  said  to  A  :  "  Give  me  one- 
half  of  your  marbles  and  I  shall  have  100  marbles."  How 
many  marbles  had  A  and  B  ? 

9.  A  bag  contains  white  and  black  balls.  One-half  of  the 
number  of  white  balls  is  equal  to  one-third  of  the  number  of 
black  balls,  and  twice  the  number  of  whit*e  balls  is  6  less  than 
the  total  number  of  balls.  How  many  balls  of  each  color  are 
there? 

10.  The  sum  of  two  numbers  is  47.  If  the  greater  be 
divided  by  the  less,  the  quotient  and  the  remainder  will  each 
be  6.     What  are  the  numbers  ? 

11.  A  father  said  to  his  son :  "  After  3  years  I  shall  be  three 
times  as  old  as  you  will  be,  and  7  years  ago  I  was  seven  times 
as  old  as  you  then  were."  What  were  the  ages  of  father  ajid 
son? 
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12.  A  merchant  received  from  one  customer  $26  for  10 
jards  of  silk  and  4  yards  of  cloth' ;  and  from  another  customer 
$23  for  7  yards  of  silk  and  6  yards  of  cloth  al  the  same  prices. 
What  was  the  price  of  the  silk  and  of  the  cloth  ? 

13.  A  merchant  has  two  kinds  of  wine.  If  he  mix  9  gallons 
of  the  poorer  with  7  gallons  of  the  better,  the  mixture  will  be 
worth  $  1.37^  a  gallon;  but  if  he  mix  3  gallons  of  the  poorer 
with  5  gallons  of  the  better,  the  mixture  will  be  worth  $1.45  a 
gallon.    What  is  the  price  of  each  kind  of  wine  ? 

14.  A  man  has  a  gold  watch,  a  silver  watch,  and  a  chain. 
The  gold  watch  and  the  chain  cost  seven  times  as  much  as  the 
silver  watch ;  the  cost  of  the  chain  and  half  the  cost  of  the 
silver  watch  is  equal  to  three-tenths  of  the  cost  of  the  gold 
watch.  If  the  chain  cost  $40,  what  was  the  cost  of  each 
watch? 

15.  A  and  B  make  a  purchase  for  $  48.  A  gives  all  of  his 
money,  and  B  three-fourths  of  his.  If  A  had  given  three- 
fourths  of  his  money  and  B  all  of  his,  they  would  have  paid 
$  1.50  less.    How  much  money  had  A  and  B  ? 

16.  A  mechanic  and  an  apprentice  together  receive  $40. 
The  mechanic  works  7  days  and  the  apprentice  12  days ;  and 
the  mechanic  earns  in  3  days  $  7  more  than  the  apprentice 
earns  in  5  days.     What  wages  does  each  receive  ? 

17.  I  have  7  silver  balls  equal  in  weight  and  12  gold  balls 
equal  in  weight.  If  I  place  3  silver  balls  in  one  pan  of  a 
balance  and  5  gold  balls  in  the  other,  I  must  add  to  the  gold 
balls  7  ounces  to  maintain  equilibrium.  If  I  place  in  one  pan  4 
silver  balls  and  in  the  other  7  gold  balls,  the  balance  is  in 
equilibrium.  What  is  the  weight  of  each  gold  and  of  each 
silver  ball  ? 

la.  A  tank  has  two  pumps.  If  the  first  be  worked  2  hours 
and  the  second  3  hours,  1020  cubic  feet  of  water  will  be  dis- 
charged. But  if  the  first  be  worked  1  hour  and  the  second  2^ 
hours,  690  cubic  feet  of  water  will  be  discharged.  How  many 
cubic  feet  of  water  can  each  pump  discharge  in  one  hour  ? 
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19.  It  was  intended  to  distribute  $25  among  a  certain 
number  of  the  poor,  each  adult  to  receive  $  2.50  and  each 
child  75  cents.  But  it  was  found  that  there  were  3  more 
adults  and  5  more  children  than  was  at  first  supposed.  Each 
adult  was  therefore  given  $  1.75  and  each  child  50  cents. 
How  many  adults  and  how  many  children  were  there  ? 

20.  A  man  ordered  a  wine  merchant  to  fill  two  casks  of 
different  sizes  with  wine,  one  at  $  1.20  and  the  other  at  $  1.50 
a  quart,  paying  $  88.50  for  both  casks  of  wine.  By  mistake 
the  casks  were  interchanged,  so  that  the  purchaser  received 
more  of  the  cheaper  wine  and  less  of  the  dearer.  The  mer- 
chant therefore  returned  to  him  $  1.50.  How  many  quarts 
did  each  cask  hold? 

21.  A  and  B  jointly  contribute  $  10,000  to  a  business.  A 
leaves  his  money  in  the  business  1  year  and  3  months,  and  B 
his  money  2  years  and  11  months.  If  their  profits  are  equal, 
how  much  does  each  contribute  ? 

22.  One  boy  said  to  another :  *'  Give  me  5  of  your  nuts,  and 
I  shall  have  three  times  as  many  as  you  will  have  left."  "  No," 
said  the  other,  "  give  me  2  of  your  nuts,  and  I  shall  have  five 
times  as  many  as  you  will  have  left."  How  many  nuts  had 
each  boy  ? 

23.  A  father  has  two  sons,  one  4  years  older  than  the  other. 
After  2  years  the  father's  age  will  be  twice  the  joint  ages  of  his 
sons ;  and  6  years  ago  his  age  was  six  times  the  joint  ages  of 
his  sons.     How  old  is  the  father  and  each  of  his  sons  ? 

24.  If  a  number  of  two  digits  be  divided  by  the  sum  of  the 
digits,  the  quotient  will  'be  7.  If  the  digits  be  interchanged, 
the  resulting  number  will  be  less  than  the  original  number  by 
27.     What  is  the  number  ? 

25.  A  man  walks  26  miles,  first  at  the  rate  of  3  miles  an 
hour,  and  later  at  the  rate  of  4  miles  an  hour.  If  he  had 
walked  4  miles  an  hour  when  he  walked  3,  and  3  miles  an 
hour  when  he  walked  4,  he  would  have  gone  4  miles  farther. 
How  far  would  he  have  gone,  if  he  had  walked  4  miles  an 
hour  the  whole  time  ? 
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26.  Two  trains  leave  different  cities,  which  are  650  miles 
apart,  and  run  toward  each  other.  If  they  start  at  the  same 
time,  they  will  meet  after  10  hours ;  but  if  the  first  start  4^ 
hours  earlier  than  the  second,  they  will  meet  8  hours  after  the 
second  train  starts.     What  is  the  speed  of  each  train  ? 

27.  If  the  base  of  a  rectangle  be  increased  by  2  feet,  and 
the  altitude  be  diminished  by  3  feet,  the  area  will  be  dimin- 
ished by  48  square  feet.  But  if  the  base  be  increased  by  3 
feet,  and  the  altitude  be  diminished  by  2  feet,  the  area  will  be 
increased  by  6  square  feet.  Find  the  base  and  the  altitude  of 
the  rectangle. 

2a  A  number  of  three  digits  is  in  value  between  400  and 
500,  and  the  sum  of  its  digits  is  9.  If  the  digits  be  reversed, 
the  resulting  number  will  be  |^  of  the  original  number.  What 
is  the  number  ? 

29.  The  report  of  a  cannon  travels  with  the  wind  344.42 
yards  a  second,  and  against  the  wind  335.94  yards  a  second. 
What  is  the  velocity  of  the  report  in  still  air,  and  what  is  the 
velocity  of  the  wind  ? 

30.  The  sum  of  three  digits  of  a  number  is  14 ;  the  sum  of 
the  first  and  the  third  digit  is  equal  to  the  second ;  and  if  the 
digits  in  the  units'  and  in  the'  tens'  place  be  interchanged,  the 
resulting  number  will  be  less  than  the  original  number  by  18. 
What  is  the  number  ? 

31.  The  sum  of  the  ages  of  A,  B,  and  C  is  69  years.  Two 
years  ago  B's  age  was  equal  to  one-half  of  the  sum  of  the  ages 
of  A  and  C,  and  10  years  hence  the  suin  of  the  ages  of  B  and 
C  will  exceed  A's  age  by  31  years.  What  are  the  present  ages 
of  A,  B,  and  C? 

32.  The  total  capacity  of  three  casks  is  1440  quarts.  Two 
of  them  are  full  and  one  is  empty.  To  fill  the  empty  cask  it 
takes  all  the  contents,  of  the  first  and  one-fifth  of  the  contents 
of  the  second,  or  the  contents  of  the  second  and  one-third  of  the 
contents  of  the  first.    What  is  the  capacity  of  each  cask  ? 
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33.  Three  brothers  wished  to  buy  a  house  worth  $  70,000, 
but  none  of  them  had  enough  money.  If  the  oldest  brother 
had  given  the  second  brother  one-third  of  his  money,  or  tlie 
youngest  brother  one-fourth  of  his  money,  each  of  the  latter 
would  then  have  had  enough  money  to  buy  the  house.  But  the 
oldest  brother  borrowed  one-half  of  the  money  of  the  youngest 
and  bought  the  house.     How  much  money  had  each  brother  ? 

34.  A  father's  age  is  twenty-one  times  the  difference  between 
the  ages  of  his  two  sons.  Six  years  ago  his  age  was  six  times 
the  sum  of  his  sons'  ages,  and  two  years  hence  it  will  be 
twice  the  sum  of  their  ages.  Find  the  ages  of  the  father  and 
his  two  sons. 

35.  Find  the  contents  of  three  vessels  from  the  following 
data :  If  the  first  be  filled  with  water  and  the  second  be  filled 
from  it,  the  first  will  then  contain  two-thirds  of  its  original 
contents ;  if  from  the  first,  when  full,  the  third  be  filled,  the 
first  will  then  contain  five-ninths  of  its  original  contents; 
finally,  if  from  the  first,  when  full,  the  second  and  third  be 
filled,  the  first  will  then  contain  8  gallons. 

36.  Two  messengers,  A  and  B,  ttavel  toward  each  other, 
starting  from  two  cities  which  are  805  miles  distant  from  each 
other.  If  A  starts  6f  hours  earlier  than  B,  they  will  meet  6^ 
hours  after  B  starts.  But  if  B  starts  5f  hours  earlier  than  A, 
they  will  meet  5|  hours  after  A  starts.  At  what  rates  do  A 
and  B  travel  ? 

37.  Each  of  two  servants  was  to  receive  $  160,  a  dress,  and  a 
pair  of  shoes  for  one  year's  services.  One  servant  left  after  8 
months,  and  received  the  dress  and  $  106 ;  the  other  servant 
left  after  9^  months,  and  received  a  pair  of  shoes  and  $  142. 
What  was  the  value  of  the  dress,  and  of  the  pair  of  shoes  ? 

38.  On  the  eve  of  a  battle,  one  army  had  5  men  to  every  6 
men  in  the  other.  The  first  army  lost  14,000  men,  and  the 
second  lost  6000  men.  The  first  army  then  had  2  men  to  every 
3  men  in  the  other.  How  many  men  were  there  originally  in 
each  army  ? 
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39.  If  the  sum  of  two  numbers,  each  of  three  digits,  be  in- 
creasisd  by  1,  the  result  will  be  1000.  If  the  greater  be  placed 
on  the  left  of  the  less,  and  a  decimal  point  be  placed  between 
them,  the  resulting  number  will  be  six  times  the  number  ob- 
tained by  placing  the  smaller  number  on  the  left  of  the 
greater,  with  a  decimal  point  between  them.  What  are  the 
numbers  ? 

40.  Three  cities  A,  B,  and  (7,  are  situated  at  the  vertices  of 
a  triangle.  The  distance  from  ^  to  G  by  way  of  B  is  82  miles, 
from  B  to  ^  by  way  of  C  is  97  miles,  and  from  (7  to  JB  by  way 
of  A  is  89  miles.     How  far  are  A,  B,  and  C  from  one  another  ? 

41.  A  regiment  of  600  soldiers  is  quartered  in  a  four-story 
building.  On  the  first  floor  are  twice  as  many  men  as  are  on 
the  fourth ;  on  the  second  and  third  are  as  many  men  as  are 
on  the  first  and  fourth ;  and  to  every  7  men  on  the  second  there 
are  5  on  the  third.  How  many  men  are  quartered  on  each 
floor? 

42.  Pour  men  are  to  do  a  piece  of  work.  A  and  B  can  do 
the  work  in  10  days,  A  and  C  in  12  days,  A  and  D  in  20  days, 
and  B,  C,  and  D  in  7^  days.  In  how  many  days  can  each  man 
do  the  work,  and  in  how  many  days  can  they  all  together  do 
the  work  ? 

43.  The  year  in  which  printing  was  invented  is  expressed  by 
a  figure  of  four  digits,  whose  sum  is  14.  The  tens'  digit  is 
one-half  of  the  units'  digit,  and  the  hundreds'  digit  is  equal  to 
the  sum  of  the  thousands'  and  the  tens'  digit.  If  the  digits  be 
reversed,  the  resulting  number  will  be  equal  to  the  original 
number  increased  by  4905.  In  what  year  was  printing  invented  ? 

44.  A  vessel  sails  110  miles  with  the  current  and  70  miles 
against  the  current  in  10  hours.  On  a  second  trip,  it  sails 
88  miles  with  the  current  and  84  miles  against  the  current  in 
the  same  time.  How  many  miles  can  the  vessel  sail  in  still 
water  in  one  hour,  and  what  is  the  speed  of  the  current  ? 
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45.  A  and  B  run  a  race  of  400  yards.  In  the  first  heat  A 
gives  B  a  start  of  20  seconds,  and  wins  by  50  yards.  In  the 
second  heat  A  gives  B  a  start  of  125  yards,  and  wins  by 
5  seconds.     What  is  the  speed  of  each  runner  ? 

46.  A  and  B  formed  a  partnership.  A  invested  $20,000 
of  his  own  money  and  $  5000  which  he  borrowed ;  B  invested 
$  22,000  of  his  own  money  and  $  8000  which  he  borrowed  at 
the  same  rate  of  interest  as  was  paid  by  A.  At  the  end  of 
a  year,  A's  share  in  the  profits  amounted  to  $  1750  more  than 
the  interest  on  his  $  5000,  and  B's  share  to  $  2000  more  than 
the  interest  on  his  $  8000.  What  rate  per  cent  interest  did 
they  pay,  and  what  rate  per  cent  did  they  realize  on  their 
investments  ? 

47.  Two  bodies  move  along  the  circumference  of  a  circle 
in  the  same  direction  from  two  different  points,  the  shorter 
distance  between  which,  measured  along  the  circumference, 
is  160  feet.  One  body  will  overtake  the  other  in  32  seconds, 
if  they  move  in  one  direction ;  or  in  40  seconds,  if  they  move 
in  the  opposite  direction.  While  the  second  goes  once  around 
the  circumference,  the  distance  passed  over  by  the  first 
exceeds  the  circumference  by  45  feet.  What  is  the  circum- 
ference of  the  circle,  and  at  what  rates  do  the  bodies  move  ? 

48.  A  number  of  workmen,  who  receive  the  same  wages, 
earn  together  a  certain  sum.  Had  there  been  7  more  work- 
men, and  had  each  one  received  25  cents  more,  their  joint 
earnings  would  have  increased  by  $18.65.  Had  there  been 
4  fewer  workmen,  and  had  each  one  received  15  cents  less, 
their  joint  earnings  would  have  decreased  by  $9.20.  How 
many  workmen  are  there,  and  how  much  does  each  one  receive  ? 

49.  A  farmer  has  enough  feed  for  his  oxen  to  last  a  certain 
number  of  days.  If  he  were  to  sell  75  oxen,  his  feed  would 
last  20  days  longer.  If,  however,  he  were  to  buy  100  oxen, 
his  feed  would  last  15  days  less.  How  many  oxen  has  he,  and 
for  how  many  days  has  he  enough  feed  ? 
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50.  An  alloy  of  tin  and  lead,  weighing  40  pounds,  loses  4 
pounds  in  weight  when  immersed  in  water.  Find  the  amount 
of  tin  and  lead  in  the  alloy,  if  10  pounds  of  tin  lose  1|  pounds 
when  immersed  in  water,  and  5  pounds  of  lead  lose  .375  of 
a  pound. 

51.  Two  men  were  to  receive  $96  for  a  certain  piece  of 
work,  which  they  could  do  together  in  30  days.  After  half  of 
the  work  was  done,  one  of  them  stopped  for  8  days,  and  then 
the  Other  stopped  for  4  days.  They  finally  completed  the 
work  in  35^  days.  How  many  dollars  should  each  one  receive, 
and  in  what  time  could  each  one  have  done  the  work  alone  ? 

52.  It  took  a  certain  number  of  workmen  6  hours  to  carry  a 
pile  of  stones  from  one  place  to  another.  Had  there  been  2 
more  workmen,  and  had  each  one  carried  4  pounds  more  at 
each  trip,  it  would  have  taken  them  1  hour  less  to  complete 
the  work.  Had  there  been  3  fewer  workmen,  and  had  each 
one  carried  6  pounds  less  at  each  trip,  it  would  have  taken 
them  2  hours  longer  to  complete  the  work.  How  many  work- 
men were  there,  and  how  many  pounds  did  each  one  carry  at 
every  trip  ? 

53.  Three  carriages  travel  from  A  to  B.  The  second  carriage 
travels  every  4  hours  1  mile  less  than  the  first,  and  is  4  hours 
longer  in  making  the  journey.  The  third  carriage  travels 
every  3  hours  If  miles  more  than  the  second,  and  is  7  hours 
less  in  making  the  journey.  How  far  is  B  from  -4,  and  how 
many  hours  does  it  take  each  carriage  to  make  the  journey  ? 

54.  A  fox  pursued  by  a  dog  is  60  of  her  own  leaps  ahead  of 
the  dog.  The  fox  makes  9  leaps  while  the  dog  makes  6,  but 
the  dog  goes  as  far  in  3  leaps  as  the  fox  goes  in  7.  How  many 
leaps  does  each  make  before  the  dog  catches  the  fox  ? 


CHAPTER   XI. 

INBOUALITIES. 

1.  One  number  is  greater  than  a  second  number  when  the 
remainder  obtained  by  subtracting  the  second  number  from  the 
first  is  positive. 

Thus,  since  6  —  4,  =  2,  is  positive,  6  >  4. 

One  number  is  less  than  a  second  number  when  the  remainder 
obtained  by  subtracting  the  second  number  from  the  first  is 
negative. 

Thus,  since  —  5  —  2,  =  —  7,  is  negative,  —  5  <  -f  2. 

In  general, 

a  >  &,  when  a  —  &  is  positive, 

and  a  <  6,  when  a  —  &  is  negative. 

2.  An  Inequality  is  a  statement  that  two  numbers  or  expres- 
sions are  unequal ;  as  a^  -f  &*  >  a\ 

The  members  or  sides  of  an  inequality  are  the  numbers  or 
expressions  which  are  connected  by  one  of  the  signs  of  in- 
equality, >  or  <. 

3.  Two  inequalities  are  of  the  Same  or  Opposite  Species,  or 

are  said  to  subsist  in  the  same  or  opposite  sense,  according  as 
they  have  the  same  or  opposite  sign  of  inequality. 

E.g.,  8  >  3  and  —  5  >  —  7  are  inequalities  of  the  same  spe- 
cies ;  0  >  —  1  and  0  <  1  are  inequalities  of  opposite  species. 

Principles  of  Ineqaalities. 

4.  A  relation  of  inequality  between  two  numbers  can  be 
stated  in  two  ways ;  as  7  >  3,  or  3  <  7. 

That  is,  if  the  members  of  an  inequality  he  interchanged,  the 
sign  of  inequality  must  be  reversed. 
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5.  If  one  number  be  greater  than  a  second,  and  this  second 
number  he  greater  than  a  thii%  then  the  first  number  is  grea>ter 
than  the  third;  that  is, 

If  a  >  6  and  b>c,  then  a>c. 

In  Hke  manner,  if  a  <  6  and  b<c,  then  a<c. 

E.g.,  3>2,  2>1,  and  3>1;  -3<-2,  -2<0,  and  -3<0. 

6.  An  inequality  will  continue  to  be  of  the  same  species, 

(i.)  When  the  same  number  is  added  to,  or  subtracted  from, 
each  member. 

(ii.)  When  each  member  is  multiplied  or  divided  by  the  same 
positiye  number. 

That  is,  if  a  >  6, 

then  a  +  /i>6-f/i,  a  —  /i>6  —  /i; 

and  an>bn,        a  -j-  /i  >  6  -t-  /i ; 

wherein  n  is  positive. 

^.gf.,  8  >  4,  and  8  -f  2  >  4  +  2,  8  -  2  >  4  -  2; 
and  8x2>4x2,  8-»-2>4-»-2. 

7.  An  inequality  will  be  reversed, 

(i.)  Wh£n  each  member  is  subtracted  from  the  same  number. 

(ii.)  When  each  member  is  multiplied  or  divided  by  the  same 

neg^ative  number. 

That  is,  if  a  >  6, 

a         ^ 
then        n  —  aKn^b,  a  (—  /i)  <  6  (—  /i), < 


n      —n 

E.g.,         8>4,  and  5-8<5-4,  or  -3<1; 

8(-2)<4(-2),or-16<-8;  and -^<-i-j  or -4<-2. 

—  Zi       —  Zi 

&  There  is  often  an  advantage  in  using  the  same  letter 
with  some  distinguishing  marks  to  represent  different  numbers 
in  the  same  discussion. 

Thus,  with  subscripts:  ai,  ctj,  Og,  etc.,  read  a  sub-one,  a  sub- 
two,  a  sub-three,  etc.,  or  simply  a  one,  a  two,  a  three,  etc. 
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A  subscript  ipust  not  be  confused  with  an  exponent.  Thus, 
a^  stands  for  the  product  acui',  while  Oj  is  a  notation  for  a 
single  number. 

Two  or  More  InequalitieB. 

9.  IftJie  correspondiiig  members  of  two  or  more  inequalities  of 
the  same  species  he  addedy  the  resulting  inequality  will  he  of  the 
same  species. 

That  is,  if  fli  >  *i,  fla  >  *a,  •••,  then  ai  +  aj •••  >  61  +  62 •••. 

E,g,y  — 5>-7,  3  >  2,  and  — 5+3>-7+2;    or,  —2>-'b, 

10.  If  all  the  members  of  two  or  more  inequalities  of  the  same 
species  he  positive,  and  if  the  corresponding  memhers  he  multiplied 
together,  the  resulting  inequality  will  he  of  the  sam£  species. 

That  is,  if  Oi  >  61,  02  >  b^,  a^  >  63,  then  OiO^^  >  bib^^ 

wherein  aj,  hi,  Og,  62?  <hf  h  a-re  all  positive. 
E,g,,    12  >  4,  3  >  2,  and  12  X  3  >  4  x  2,  or  36  >  8. 

U.  If  the  m£nihers  of  one  inequality  he  stihtra/Cted  from,  or 
divided  hy,  the  corresponding  members  of  another  inequality  of 
the  same  species,  the  resulting  inequality  vjUI  not  necessarily  he  of 
the  sam£  species. 

That  is,  if  Oi  >  bi  and  ag  >  *» 

then  Oi  —  02  oiAy  or  may  not  >  bi  —  b^ 

and  ^  may  or  may  not  >  ^» 

O2  ^2 

E.g.,     11  >  6,  4  >  3,  and  11  -  4  >  6  -  3,  Y  >  I; 
5>4,  3>1,   but    5-3<4-l,     Kf; 
8  >  6,  4  >  2,  while  8-4  =  6-2; 
8  >  6,  4  >  3,  while  |  =  f . 
These  examples  show  the  truth  of  the  principle  enunciated. 

12.  Transformation  of  Inequalities.  —  The  preceding  princi- 
ples enable  us  to  make  the  following  transformations  of  in- 
equalities : 
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(i.)  Any  term  may  he  transferred  from  one  m^eraber  of  an  in- 
equality  to  the  other,  if  its  sign  be  reversed. 

E,g.,  if  a  —  b>c,  then  a>b  +  c, 

(ii.)  If  the  signs  of  both  members  of  an  inequality  he  reversed 
from  +  to  --yor  from  —  to  +,  the  sign  of  inequality  must  he 
reversed, 

E.g.,  —  3 < 5,  and  3 >- 5. 

13.  Ex.  1.  Find  one  limit  of  the  values  of  x,  if 

a?  >  5  a?  — 10. 

Transferring  5  a?,  —  4  a?  >  — 10. 

Dividing  by  —  4,  x<,2^. 

That  is,  the  inequality  is  satisfied  by  all  values  of  x  less 
than  2^. 

Ex.  2.  Find  the  limits  of  the  values  of  x,  if 

a._5<4-2a?,  (1) 

and  5  — 2aj>7  — 4a?.  (2) 

Transferring  in  (1),  3  a?  <  9,  whence  a?  <  3 ; 

Transferring  in  (2),  2  a?  >  2,  whence  a?  >  1. 

Therefore  the  values  of  a?  lie  between  3  and  1. 

Ex.  3.  What  values  of  a?  and  y  satisfy  the  inequality 

5a?  +  3y>ll,  (1) 

and  the  equality  3  a?  +  5  y  =  13  ?  (2) 

Multiplying  (1)  by  3,      15  a?  +  9  y  >  33.  (3) 

Multiplying  (2)  by  5,    15  a?  +  25  ^^  =  65,  (4) 
Subtracting  (4)  from  (3),     -  16  2^  >  -  32,  or  y  <  2. 

Multiplying  (1)  by  5,    25  »  +  15  2^  >  55.  (5) 

Multiplying  (2)  by  3,      9x4-15y  =  39.  (6) 
Subtracting  (6)  from  (5),          16  a;  >  16,  or  a?  >  L 


208  ALGEBRA.  [Ch.  XI 

Pr.  1.  A  man  receives  from  an  investment  an  integral  num- 
ber of  dollars  a  day.  He  calculates  that  if  he  were  to  receive 
$  6  more  a  day  his  investment  would  yield  over  f  270  a  week ; 
but  that,  if  he  were  to  receive  $  14  less  a  day,  his  investment 
would  not  yield  as  much  as  $  270  in  two  weeks.  How  much 
does  he  receive  a  day  from  his  investment  ? 

Let  X  stand  for  the  number  of  dollars  which  he  receives  a 
day. 

Then,  by  the  first  condition, 

7(a;  +  6)  >  270 ;  whence  x  > 32f. 
And,  by  the  second  condition, 

14  (x  - 14)  <  270 ;  whence  a?  <  33^. 
Therefore  he  receives  $  33  a  day  from  his  investment. 

BXBBCISBS  I. 

Determine  one  limit  of  the  value  of  x  in  each  of  the  following 
inequalities : 

1.   a;-8>4.  2.    - 3(aj  + 10)  >- 20 

4  3  4a+6      b—a 

1— a  a—1  a+b     a—b 

Determine  the  limits  of  the  values  of  x  in  each  of  the  fol- 
lowing systems  of  inequalities : 

r6aj  +  l>0,       .  [\x-\x  +  ^x>x^B^ 

•  l25-4aj>0.  l|(a.  +  2)>-|(aj-2). 

Determine  the  limits  of  the  values  of  x  and  y  in  each  of  tlie 
following  systems : 

g    r2a;  +  3y  =  -4,  ^^     Hx  +  y^U, 

{x-y>2.  '    |3aj-2y>14. 

11.  What  integers  have  each  the  property  that  one-half  of 
the  integer,  increased  by  5,  is  greater  than  four-thirds  of  iti, 
diminished  by  3  ? 
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12.  What  integers  have  each  the  property  that,  if  9  be  sub- 
tracted from  three  times.the  integer,  the  remainder  will  be  less 
than  twice  the  integer,  increased  by  12  ? 

13.  A  has  three  times  as  much  money  as  B.  If  B  gives  A 
$  10,  then  A  will  have  more  than  seven  times  as  much  as  B 
will  have  left.  What  are  the  possible  aijiounts  of  money  which 
A  and  B  have  ? 

Identical  Inequalities. 

14.  Many  inequalities  hold  for  all  values  of  the  literal  num- 
bers involved ;  as  a*  +  6*  >  €?, 

Such  inequalities  are  analogous  to  identical  equations. 

15.  Prove  that  if  a  is  not  equal  to  6,  then  o?+li^>2ab. 

We  have  (a  -  hf  >  0,  (1) 

since  the  square  of  any  positive  or  negative  number  is  positive, 
and  therefore  greater  than  0. 

From  (1),  a^ - 2a6  +  6* > 0; 

whence  a*  +  6*  >  2  a6,  by  Art.  12  (i.). 

EXBBCISBS  II. 

Prove  the  following  inequalities,  in  which  the  literal  num- 
bers are  all  positive,  and  unequal : 

1.  a'-f-&'  +  c*>a6  +  ac  +  &c. 

2.  a*62-|-5V  +  aV>a6c(a-f-6  +  c). 

3.  a6(a  +  6)  +  6c(6  +  c)  +  ac(a  +  c)>6a6c. 

4.  If  Z«  +  m*  +  n^  =  1,  and  l^  +  m^  +  n^  =  1,  then 

III  +  w^i  +  w^i  <  1- 

5.  a»  +  6»>a*6  +  a6^  6.   a*  +  6* > a%  +  afe^. 
7.    (a-\-h)(h-\-c){c-\-a)>SaJbc. 

a   3(a*  +  &*  +  c*)>(a  +  &  +  cy. 


CHAPTER   XII. 

INDETERMINATE  LINEAR  EQUATIONS. 

1.  It  was  shown  in  Ch.  X.,  Art.  1,  that  the  linear  equation  in 
two  unknown  numbers 

x  +  y  =  5 

is  satisfied  by  an  indefinite  number  of  sets  of  values  of  x  and  y. 

An  Indeterminate  Equation  is  an  equation  which^  like  the 
above,  has  an  indefinite  number  of  solutions. 

Evidently  the  number  of  solutions  will  be  more  limited  if 
only  positive  integral  values  of  the  unknown  numbers  are 
admitted. 

In  this  chapter  we  shall  consider  a  simple  method  of  solving 
in  positive  integers  linear  indeterminate  equations. 

2.  Ex.  1.   Solve  4  «  +  7  2/  =  94,  in  positive  integers. 
Solving  for  x,  which  has  the  smaller  coefiBicient,  we  obtain 

.  =  ?i:^  =  23-,  +  ^  (1) 

or  a.-23  +  2^  =  ^qj^. 

4 

Since  x  and  y  are  to  be  integers,     ""    ^  must  be  an  integer. 

4 

That  is,  y  must  have  such  a  value  that  2  —  3y  shall  be  divisi- 
ble by  4. 

Let  ""    ^  =  m,  an  integer. 

4 

Then  y=  ^ — ,  an  inconvenient  form  from  which  to  de- 

termine  integral  values  of  y.    But  since  the  expression  — - — 2l 

4 

is  to  be  an  integer,  any  multiple  of  it  will  be  an  integer.    W^e 

therefore  multiply  its  numerator  by  the  least  number  whiclx 
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will  make  the  coefficient  of  y  one  more  than  a  multiple  of  the 
denominator,  t.e.,  by  3. 
We  then  have 

""    y  =  1  —  2  y  -f-    7'^?  a^  integer. 
4  4 

Therefore,  — zif  =  m,  an  integer. 

4 

Whence  2^  =  2  —  4  w.  (2) 

Then,  from  (1)  and  (2),  a?  =  20  +  7  m.  (3) 

Any  integral  value  of  m  will  give  to  x  and  y  integral  values. 
But  since  2^  is  to  be  posUivey  w  <  1 ; 
and,     since  a?  is  to  be  positive,  m  >  —  3. 
Therefore  the  only  admissible  values  of  m  are  0,  —  1,  —  2. 
Whenm  =  0,  a?  =  20,  y=   2; 

m  =  — 1,         aj  =  13,  y=   6; 

m  =  —  2,         a?=   6,  y  =  10. 

3.  An  Indeterminate  System  is  a  system  of  equations  which 
has  an  indefinite  number  of  solutions. 

Thus,  if  the  system       a?  +  y  —  «  =  9, 
2a?- y  + 7^  =  33, 
be  solved  for  x  and  y,  we  obtain 

aj  =  14-2«,  3^  =  3«-6. 
In  these  values  of  x  and  y  we  may  assign  any  value  to  z 
and  obtain  corresponding  values  of  x  and  y, 

4.  In  solving  a  system  of  two  linear  equations  in  three 
unknown  numbers,  we  first  eliminate  one  of  the  unknown  num- 
bers, and  apply  to  the  resulting  equation  the  preceding  method. 

Pr.  A  party  of  20  people,  consisting  of  men,  women,  and 
children,  pay  a  hotel  bill  of  $  67.  Each  man  pays  $  5,  each 
woman  $4,  and  each  child  $  1.50.  How  many  of  the  company 
are  men,  how  many  women,  and  how  many  children  ? 

Let  X  stand  for  the  number  of  men,  y  for  tbQ  number  q£ 
women^  z  for  the  number  of  children. 
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Then,  by  the  conditions  of  the  problem, 

x  +  y  +  z  =  20,  (1) 

5x  +  4.y  +  ^z  =  e7.  (2) 

Eliminating  z,  7  a?  +  5  y  =  74. 

Solving  this  equation,  we  obtain 

aj  =  2  —  5m,  2^  =  12  +  7m,  2f  =  6  —  2m. 
When  m  =  0,  x  =  2,  y  =  12,  z  =  6; 

m  =  —  1,      a?  =  7,  2/  =   5,  »  =  8. 

EXERCISES. 

Solve  in  positive  integers : 
1.  5x-\'Sy=29.         2.  3  x+5y  =zlO.  3.  12aj+13y=175. 

4.  25a?+15y=215.    5.  5  aj+13  2^=229.       6.  34a?+89y=407. 
r    aj  +  3y  +  52;  =  44,  J 8a? +  32^  — 22?  =  8, 

^'  l3a;  +  52/  +  7j5  =  68.  ®*  |7a?-22/-    2j  =  8. 

Solve  in  least  positive  integers : 
a  89:iT-i442/=l.    10.  14 a: -49 2^=133.    11.  67aj-432^=5. 

12.  Divide  1000  into  two  parts  so  that  one  part  shall  be  a 
multiple  of  13,  and  the  other  a  multiple  of  53. 

13.  What  positive  integers  when  divided  by  4  give  a  re- 
mainder 3j  and  when  divided  by  5  give  a  remainder  4  ? 

14.  A  farmer  received  $16  for  a  number  of  turkeys  and 
chickens.  If  he  was  paid  $  2  for  each  turkey  and  $  .75  for 
each  chicken,  how  many  of  each  did  he  sell  ? 

15.  A  gardener  has  fewer  than  1000  trees.  If  he  plants 
them  in  rows  of  37  each,  he  will  have  8  left ;  but  if  he  plants 
them  in  a  different  number  of  rows  of  43  each,  he  will  have  11 
left.     How  many  trees  has  he  ? 

16.  A  said  to  B :  "  If  I  had  eight  times  as  much  money  as  I 
now  have,  and  you  had  seven  times  as  much  money  as  you 
now  have,  and  I  were  to  give  you  f  1,  we  should  have  equal 
amounts."     How  many  dollars  had  each  ? 
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CHAPTER  XIII. 

INVOLUTION 

L  Involution  is  the  process  of  raising  a  number  to  any 
required  power. 

Powers  of  Powers. 

2.  Ex.  1,   (a*y  =  a^aVaV  =  a*+*+*+*+*  =  a*^*  =  a» 

Ex.  2.  (a^)i«  =  afafaf^ ...  to  10  factors 

_.  gJH-9+9+  -  to  10  lomiDMida  _.  q^xW  ^^  ^^ 

These  examples  illustrate  the  following  method  of  finding 
any  required  power  of  a  given  power : 

Multiply  the  exponent  of  the  given  power  by  the  exponent  of 
the  required  power ;  or,  stated  symbolically, 

For,  {cry  =  tt"'a'"a'" ...  to  w  factors 

£,m+m+w»+  •••  to  n  •ummanda  __  >>"•» 

Powers  of  Products. 

a  Ex.  1.  (aby  =  (a6)  {ah)  {ah)  {ah) 

=  {aaaa){hhhh)  =  a*h\ 

Ex.  2  {xyy^  =  {xy)  {xy)  {xy)  ...  to  10  factors 

=  {xxx ...  to  10  factors)  {yyy ...  to  10  factors) 
=  a^y^^ 
These  examples  illustrate  the  following  method  of  finding 
any  required  power  of  a  product : 

Talce  the  product  of  the  factors,  each  raised  to  the  required 
power;  or,  stated  symbolically, 

{aby^^oTI^;    {abc)"  =  a^b"c\'  etc. 
213 


214  ALGEBRA.  [Ch.  XIII 

For,  (aby  =  (ah)  (db)  (db)  •  •  •  to  n  factors 

=  (aaa  •••  to  n  factors)  (bbb  •••  to  n  factors) 
=  a"6». 

In  like  manner,  (obey  =  a'^b'^if ;  and  so  on. 

4.  The  converse  of  the  principle  of  Art.  3  is  evidently  true. 

That  is, 

^mjm  _.  (aft)"* ;  a'^b^d*  =  (obey ;  etc. 

5.  The  principles  of  Arts.  2-3  prove  the  method,  already 
given  in  Ch.  V.,  Art.  5,  of  raising  a  monomial  to  any  required 
power. 

Raise  the  numerical  coefficient  to  the  required  power,  and 
multiply  the  exponent  of  each  literal  fa/dor  by  the  exponent  of  the 
required  power. 

Ex.  1.  (4  a«6)2  =  42  a'^^tf*  =  16  a«6l 

Ex.  2.       (-  3  a^^''  =  (-  3)«  a*^8^>^«  =  -  27  a^a^. 

Powers  of  FractionB. 


^    -CI     ,     f2x^     2aj2     2a^     (2QFf     4iC* 
Ex.  2.  r?Y=  ?  X  ?  X  ? ..'  to  9  factors 


bj      b     b     b 

__  gag  "*  to  9  factors  _  c? 
bbb  •••  to  9  factors      6^' 

These  examples  illustrate  the  following  method  of  raising 
any  fraction  to  a  required  power: 

Raise  each  term  of  the  fraction  to  the  required  power;  or, 
stated  symbolically, 


For,      ( ? )  =  ?  X  ?  X  ^ ...  to  n  factors 
b     0     b 

aaxz  ...  to  n  factors  a* 


666  •••  to  n  factors  6* 
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BXEBCISBS  I. 
Write  the  cubes  and  the  fourth  powers  of: 
1.  ar*.  2.  -aj*.  3.   2i£.  4.    -3a6. 

5.   hoJt?.        6.   4aY-  7.   2mV-  8-   Sa^ft^c^. 

9.   2.  10.  ^.  11.    -^.  12.    -^^. 

Write  the  squares,  the  cubes,  and  the  nth  powers  of : 

13.   a-'+l         14.   af-l         15.   20^-^'^.         16.    —  Sa-'+'-y. 

Find  the  values  of  each  of  the  following  powers : 

17.    (--SxYf.  la    {6aVc)\  19.    (-4i»y2«)« 

20.    (2xyV)\  21.    {"Cfxff.  22.    (-^2nM)\ 

23.   r^^Y-  24.   ^-l^Y-  25.   T-^^Y- 

Powers  of  Binomials. 
7.  By  actual  multiplication,  we  obtain 

(a-6)»  =  (a*-2a6  +  62)(a_ft)  =  a8_3^24^3^^_^^ 

=  a*  +  4a«6+6a2*2  +  4fl*'  +  *^ 
(a-*y  =  a*-4fl«A  +  6a2*2-4a6»  +  **. 

The  result  of  performing  the  indicated  operation  in  a  power 
of  a  binomial  is  called  the  Expansion  of  that  power  of  the 
binomial. 

In  the  preceding  expansions  the  following  laws  are  evident : 

(i.)    TJie  number  of  terms  exceeds  the  binomial  exponent  by  1. 

(ii.)  The  eocponent  of  a  in  the  first  term  is  equal  to  the  binomial 
eo^poneiitj  and  decreases  by  1  from  term  to  term, 

(iii.)  The  exponent  of  b  in  the  second  term  is  1  and  increases 
by  1  from  term  to  term,  and  in  the  last  term  is  equal  to  the 
binomial  eminent. 
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(iv.)  The  coefficient  of  the  first  tei-m  is  1,  and  that  of  the  second 
term,  except  for  sign,  is  equal  to  the  binomial  exponent 

(v.)  The  coefficient  of  any  term  after  the  second  is  obtained, 
except  for  sign,  by  midtiplying  tJie  coefficient  of  the  preceding  term 
by  the  exponent  of  a  in  that  term,  and  dividing  the  product  by  a 
number  greater  by  1  tKan  the  exponent  of  b  in  that  term, 

E.g.,  the  coefficient  of  the  fourth  term  in  the  expansion  of 
(a  +  6)Ms  6x2-^3,  =4. 

(vi.)  The  signs  of  the  terms  are  aU  positive  when  the  terms  of 
the  binomial  are  both  positive  ;  tlie  signs  of  the  terms  aUemate, 
+  and  — ,  tchen  one  of  the  terms  of  the  binomial  is  negative. 

Observe,  as  a  check : 

(vii.)  Th£  sum  of  the  exponents  of  a  and  b  in  any  term  is  equal 
to  the  binomial  exponent, 

(viii.)  The  coeffixdents  of  two  terms  equally  distant  from  the 
beginning  and  the  end  of  the  expansion  are  equal. 

In  a  subsequent  chapter  the  above  laws  will  be  proved  to 
hold  for  any  positive  integral  power  of  the  binomial. 

a  Ex.  1. 

(2  a  -  3  6)*  =  (2  ay  -  4(2  a)8(3  b)  +  6(2<i)2(3  bf 
-4(2a)(36)»+(36)* 
=  16a*^96a%  +  216a^«-216ay»+816*. 
Ex.  2.   (a?+2y)«=aj»+5iB*(22^)+10ic8(2y)2 

+10a?(22/)«+5a?(22/y+(2y)« 
=aj*+10  iB*2^+40  ary +80  a?2/»+80  a^+32|/«. 

EXERCISES  II. 

Eaise  each  of  the  following  expressions  to  the  required 
power : 

1.  {x  +  1)\  2,  (a  -  Sy.  3.  (2  a?  +  3)» 

4.  (5-22^)«  5.  (2ab-\-Sy,  6.  (5aj-6y)». 

7.  (a?-Sy.  a  (5a^-'Syy.  9.  (6a?-5f)\ 

10.  (x-iy.  11.  (2  a? +  3)*.  12.  (3  a; -2  2/)*. 

13.  (a  +  by.  14.  (2  m  -  3  n)*.  15.  (x  -  y/. 
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Powers  of  Multinomials. 
9.  We  have 

=  a«  +  2a6  +  6«  +  2ac  +  26c  +  c«. 
Therefore  (a -h  b -\' cf  =  a^  +  b^  +  (^  +  2  ab -\' 2  ac  +  2  be. 
In  like  manner^ 

(a  +  *  -  c)»  =  a»+  b^  +  c^  +  2ab  --2ac-2bc. 

(a-b-cy  =  a*  +  ft«+  £?2__ 2a*  -2aG  +  2bc. 

By  repeated  application  of  this  principle  we  can  obtain  the 
square  of  a  multinomial  of  any  number  of  terms.     We  have  . 

=  a«  +  6«  +  c*  +  2a5  +  2ac  +  26c4-2(a  +  6  +  c)d  +  cP 
=  a«  +  &^  -Fc*  +  (?  +  2a6  +  2ac-f2ad  +  26c  +  26d  +  2cd. 

That  is,  *^e  square  of  a  multinomial  is  equal  to  the  sum  of  the 
squares  of  the  terms,  plu^  the  algebraic  sum  of  twice  the  product 
of  each  term  by  eo/ch  term  which  follows  it 

Ex.  1,  (3aj+5y-72;)*=(3a?)'+(5y/+(-7^)«+2(3i»)(5y) 

+2(3aj)(-72f)+2(5y)(-7;?) 
=9a^+25y2+492;*+30ajy-42a»-702/2j. 

BXBBCISBS  III. 

Kaise  each  of  the  following  expressions  to  the  required 
power : 

1.    (a  +  5  +  1)*.  2.  {x^y-^iy. 

3.    (2a  +  36  +  l)*.  4.  (3a-46  +  6c/. 

5.    (cf  +  a  +  l)\  6.  (aj«-a?  +  l)*. 

7.    {a?  +  xy-\-f)\  8.  (a*-3a6  +  6«)l 

9.    (a  +  6  +  c)».  10.  (a-6-c)«. 

U.    (a^-a  +  l/.  12.  (2a- 6 +  5)3. 

13.    (a-f  5  +  c4-<0*.  ^*-  (a-6-c4-d)l 

15.    (a«-a«  +  a-l)l  16.  (a^  +  2 ar^ - 3 a  +  4)«. 


CHAPTER  XIV. 

EVOLUTION. 

1.  A  Root  of  a  number  is  one  of  the  equal  factors  of  the 
number. 

E.g.,  2  is  a  root  of  4,  of  8,  of  16,  etc. 

2.  A  Second,  or  Square  Root  of  a  number  is  one  of  two  equal 
factors  of  the  number. 

E,g.,  since  5  x  5  =  25  and  (—  5)  (—  5)  =  25,  therefore  +  5 
and  —  5  are  square  roots  of  25. 

A  Third,  or  Cube  Root  of  a  number  is  one  of  three  equal 
factors  of  the  number. 

E.g.,  since  3  x  3  x  3  =  27,  therefore  3  is  a  cube  root  of  27 ; 
since  (— 3)  (— 3)  (— 3)  =  —  27,  therefore  —3  is  a  cube  root 
of  -  27. 

In  general,  the  qth  root  of  a  number  is  one  of  q  equal  factors 
of  the  number. 

E.g.y  a  gth  root  of  o^  is  x. 

3.  The  Radical  Sign,  ->/,  is  used  to  denote  a  root,  and  is 
placed  before  the  number  whose  root  is  to  be  found. 

The  Radicand  is  the  number  whose  root  is  required. 

The  Index  of  a  root  is  the  number  which  indicates  what  root 
is  to  be  found,  and  is  written  over  the  radical  sign.  The  index 
2  is  usually  omitted. 

E.g.,  -y/d,  or  -y/9,  denotes  a  second,  or  square  root  of  9;  the 
radicand  is  9,  and  the  index  is  2. 

4.  A  vinculum  is  often  used  in  connection  with  the  radical 
sign  to  indicate  what  part  of  an  expression  following  the  sign 
is  affected  by  it. 
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Eg-)  V^  +  1^  means  the  sum  of  ^9  and  16,  while  V9  +  16 
means  a  square  root  of  the  sum  9  + 16.  Likewise  -^a?  x  b^ 
means  the  product  of  -^a^  and  &•,  while  -y/cfi  x  b^  means  a  cube 
root  of  c^b\ 

Parentheses  may  be  used  instead  of  the  vinculum  in  connec- 
tion with  the  radical  sign ;  as  y (9  +  16)  for  V9  +  16. 

5.  It  follows  from  the  definition  of  a  root  that  the  square 
of  a  square  root  of  a  number  is  the  number,  the  cube  of  a  cube 
root  of  a  number  is  the  number,  and  so  on. 

E.^.,(V4)*  =  4;  «/8)»  =  8;  etc. 

In  general,  '  (-V^y  =  «• 

6.  An  Even  Root  is  one  whose  index  is  even;  as  -^a^  -^a^ 

An  Odd  Root  is  one  whose  index  is  odd;  as  ^8,  -^S^^  ^-^a^+\ 

7.  In  this  chapter  we  shall  consider  only  roots  of  powers 
whose  exponents  are  multiples  of  the  indices  of  the  required 
roots;  as  Vl6,  =V^*>  y/^y  \^«*'- 

Number  of  Roots. 

a  Since  (±  4)«  =  16,  therefore  Vl^  =  ±  4 ; 

since  (±  a)*  =  a*,  therefore  ^a*  =  ±  a. 

These  examples  illustrate  the  principle : 

A  positive  number  has  at  least  two  even  roots,  equal  and  oppo- 
site; i.e.,  one  positive  and  one  negative. 

9.  Since  (-  3)»  =  -  27,  therefore  ^-  27  =  -  3 ; 
since         2*  =  32,      therefore      ^32  =  2. 

These  examples  illustrate  the  principle : 
A  positive  or  a  negative  number  Ims  at  least  one  odd, root  of 
the  same  sign  as  the  number  itself, 

10.  Since  (+  4)'  =  +  16  and  (—  4)*  =  +  16,  there  is  no  num- 
her,  with  which  we  are  cw  yet  familiar ,  whose  square  is  — 16. 
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Consequently  V""  ^^  cannot  be  expressed  as  a  positive  or  as 
a  negative  number;  that  is^  in  terms  of  the  numbers  as  yet 
used  in  this  book. 

Such  roots  are  called  Imaginary  Numbers^  and  will  be  con- 
sidered in  Ch.  XVI. 

Evolution. 

11.  Evolution  is  the  process  of  finding  a  root  of  a  given 
number, 

12.  In  the  following  articles  the  radicands  are  limited  to 
positive  values,  and  the  roots  to  positive  roots. 

13.  (i.)  Since  {a^  =  a«,  therefore  -^a®  =  a^  =i  a*. 

This  example  illustrates  the  principle  : 

The  root  of  a  power  is  obtained  by  dividing  the  exponent  of 
the  power  by  the  index  of  the  root. 

nq 

In  general,  J^a"^  =za'>  =  0". 

For,  since    (a")«  =  a"«,  therefore  -^a"*  =ia''  =  a''. 

(ii.)  Since  (abf  =  d^bl^,  therefore  ^(a^b^  =  ab  =  V«*  X  V^- 

This  example  illustrates  the  principle : 

The  root  of  a  product  of  two  or  more  factors  is  equal  to  the 
product  of  the  like  roots  of  the  factors,  and  conversely, 
E.g.,        ^(16  X  25)  =  -y/U  x  V^^  =  4  x  5  =  20; 

^(8a»6«)  =  ^8  X  ^a«  X  ^6«  =  2  X  a  xV  =  2aly^. 
In  general,  -^(c^^b^)  =r=  -^a^  X  ^b^. 

For,  since    (a5)«  =  a«6«,  therefore  -^(a't*)  =  ab  =  ^a«:^6«. 

(iii.)  Since    gj=|,  therefore  ^g  =  |  =  ^ 

This  example  illustrates  the  principle : 

The  root  of  a  quotient  of  two  numbers  is  equal  to  the  quotient 
of  the  like  roots  of  the  numbers,  and  conversely. 
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E.g.,    ,^=:sZ26  =  6      «/27a»_^(27a')     3a 

In  general,  ^#  =  ^- 

Roots  of  Monomials. 

14.  The  positive  root  of  a  positive  number  can  be  found  by 
applying  the  principles  of  Art.  13. 

The  negative  even  root  of  a  positive  number  is  found  by  pre- 
fixing the  negative  sign  to  its  positive  root. 

Since  ^-8  =  -2,  and  -^8=-2, 

therefore  ^-.  8  = — ^8. 

That  is,  the  negative  odd  root  of  a  negative  number  is  found 
by  prefixing  the  negative  sign  to  the  positive  root  of  the  radi- 
cand  taken  positively. 

Ex.  1.  V(l^«*^*)  =  V16 X  Va'  X  V**  =  4a*6* 

=  4a6',  the  positive  square  root. 
Therefore   ±  V(16  a*&*)  =  ±  4  a6*. 

In  the  following  examples  we  shall  give  only  the  positive 
even  roots. 

Ex.  2.     ^(-  21^7?)  =^-  27  X  </aj»  X  ■<//  X  ^^ 

=  -3a5*yM  =  -3«yV. 

These  examples  illustrate  the  following  method : 

Take  the  required  root  of  the  numerical  coefficient,  and  divide 

the  exponent  of  each  literal  fajctor  by  the  index  of  the  required 

root, 
Ea      4  /16  a%"  ^  -^(16  a^W^  ^  ^16  ah^  ^  2  aV 
^'    '    \l625<^'      ^(625c^0       ^6250^^        ^c*  * 
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IS.  It  is  frequently  of  advantage  to  separate  a  number  ex- 
pressed in  figures  into  its  prime  factors  before  taking  the  root. 

Ex.4.   V(lSx40x216)=V(5-3x2».5x2».3«) 

=  V(S'  •  3*  •  2«)  =  6  . 3« .  28  =  360. 

EXERCISES  I. 
Simplify  the  following  expressions : 
1.    V^""-  2.    ^-a».  3.    -^aP.  4.    ^a}^, 

5.   V(^6^-  6.   -^(27  f),  7.    ^(-642«). 

8.    </(81a^.  a    ^(32a^<*).  10.    V(16«'A 

11.   ^(-8m«w»).     12.   </(16aV).  13.   ^(-243a«6^. 

14.   VC^i^'^"""")-     1^-    \/(5i^5a;^/""'^-  16.    V[^l«*(«'+aj2)8]. 
17.   V(3  CKF^  X  27  c?7?^).  la   .2/(9  a*y2»  ^  3  aV). 


64a^y^ 


19.   ^/49al.^  ^     ./     ^^.  2^^    3/ 

\  W(f  \      343  \i 

22.    J-^^.  23.    ,/^25^.  24.     »/:5^i«l^. 

Find  the  values  of  each  of  the  following  expressions : 
25.    V^"^-  26.    V49*-  27.    -^2161  2a    ^-27*. 

29.   V(40xl5x6).  30.   V(56x  40x35). 

31.   V1024.  32.   V2025.  33.    V12544. 

34.   ^(6x20x225).  35.   ^(84x18x49). 

36.  -^(^5xy  X  S5xz  x  632^2;). 

37.  ^(36a26cx  75  oyc^x  80  a^ft^. 

SQUARE  ROOTS  OF  MULTINOMIALS 

16.  The  square  root  of  a  trinomial  which  is  the  square  of  a 
binomial  can  be  found  by  inspection  (Ch.  VI.,  Art.  9). 

17.  Since  (a  •{- by  =  a^ -{- 2  ab  +  V, 
wehave            ^(a^  +  2ab +  b^=a  +  b. 
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From  this  identity  we  infer : 

(i.)  The  first  term  of  the  root  is  the  square  root  of  the  first 
term  of  the  trinomial;   i.e.,  a=^a^. 

(ii.)  If  the  square  of  the  first  term  of  the  root  be  subtracted 
from  the  trinomial^  the  remainder  wijl  be 

2aJ)'{-b%  =::(2a  +  b)b. 

Twice  the  first  term  of  the  root,  2  a,  is  called  the  Trial 
Divisor. 

(iii.)   The  second  tei*m  of  the  root  is  obtained  by  dividing  the 

first  term  of  the  remainder  by  the  trial  divisor;  i.e.,  b  =  -- — • 

Z  a 

The  trial  divisor  plus  the  second  term  of  the  root  is  called 
the  Complete  Divisor. 

(iv.)  If  the  product  of  the  complete  divisor  by  the  second  term 
of  the  root  be  subtracted  from  the  first  remxiinder,  the  second 
remainder  will  be  0. 

The  work  may  be  arranged  as  follows : 


a^  +  2ab'{-b^ 
2ab 
2ab  +  b^ 


a4-6 


2  a  trial  divisor 

2  ab  -^  2  a  ^  b,  second  term  of  root 
2a-{-b  complete  divisor 

=  (2a4-&)& 


JLR    Ex.  1.   Find  the  square  root  of  4  aJ*  —  12  a^y  +  9  2/*.     ' 
The  work,  arranged  as  above,  writing  only  the  trial  and  the 
complete  divisor,  is : 


4:ie'-12a?y  +  9f 

2^-^y 

-12a?y 
-\2a?y  +  9f 

i.^-Zy 

The  square  root  of  4  a?*  is  2  a^,  the  first  tet^m  of  the  root.    The 
trial  divisor  is  2(2  a^,  =  4  aj^.     The  second  ^erm  of  the  root  is 

-  V^  ^y,  =  —  3y.    The  complete  divisor  isia^-3y. 
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Ex.  2.   Find  the  square  root  of 
The  work  follows : 


4iB«- 12  ar»  + 29  2b«-30x  + 26 

2a?-dx  +  5 

4a!« 

-12  a? 
-12a!»+   9a!* 

4:0? 

4a?-3x 

20a!» 

20  ai*- 30  a; +  26 

ia?  —  6x  +  5 

Only  the  trial  divisor  and  the  complete  divisor  of  each  stage 
are  written,  the  other  steps  being  performed  mentally. 

The  square  root  of  4  aj*  is  2  aj*,  the  first  term  of  the  root.  The 
trial  divisor  is  2(2Q?)y  =  4  a?^.    The  second  term  of  the  root  is 


12  a^ 
4aj«' 


=  —  3  a?.     The  complete  divisor  is  4  a?*  —  3  aj,  which  is 


multiplied  by  the  second  term  of  the  root,  giving  — 12  aj*  +  9  a?. 
The  first  term  of  the  second  remainder  is  20  a^. 

20a^       r 


The  third  term  of  the  root  is 


4aj2' 


To  form  the  complete  divisor  at  this  stage,  we  multiply  the 
part  of  the  root  previously  found,  2  a^  —  3  a;,  by  2,  and  to  the 
product  add  the  term  just  found.  We  thus  obtain  4  a^— 6  x+5. 
This  complete  divisor  we  multiply  by  the  last  term  of  the  root. 

In  the  preceding  examples  the  terms  were  arranged  to  de- 
scending powers  of  x.  They  could  equally  well  have  been 
arranged  to  ascending  powers. 


19.  The  preceding  method  can  be  extended  to  find  square 
roots  which  are  multinomials  of  any  number  of  terms. 
The  work  consists  of  repetitions  of  the  following  steps : 

After  one  or  more  terms  of  the  root  have  been  /ownd,  obtain 
each  succeeding  term,  by  dividing  the  first  term  of  the  remainder 
at  that  stable  by  twice  the  first  term  of  the  root. 
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Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  expression  (2a-\-b)  b,  wherein  a  stands  for  the  part  of  the 
root  already  found^  and  b  for  the  term  last  found, 

BXBRCISES  II. 

[Find  the  squaxe  root  of  each  of  the  following  expressions : 
1.  V  — 4aj«  +  8aj-f-4.  2.  4m*--4m*+5m«— 2m+l. 

3.   aj*-.2aj'-f-3aj«-2aj  +  l.         4.   4iB*+12aj»+5a^--6a5+l. 
5.   9iB*+12ar»-26ic*-^20a?+26.     6.  4aJ*-28aj«+51ic*-7a5+i. 

7.  jcy  — 4ajy  +  6aV  — 4a^-f-l. 

a  iaj*  +  |aj8y  +  2aj«y«-12«2^  +  9y. 

9.  iB*-6aa^  +  13aV-12a«a;  +  4a*. 

10.  4a"  +  9y  +  16c2-12a6  4-16ac~246c. 

11.  49^  +  42jr«-19iB*~12aj*  +  4. 

12.  25a5*-30aaj«  +  49aV-24a»a;  +  16a*. 

13.  a*-f-4a«  +  4a«  +  2a  +  4  +  ^. 

14.  9a*  +  30a»6  +  49a%«  +  40a6»  +  166*. 

15.  89a«&«-70ay  +  16a^-56a?6  +  256^ 

16.  4a«-rl2a*6-28a«y  +  9a%*  +  42a6*  +  496«. 

17.  ^-i^  +  4a5y  +  6a?-12y»  +  9^. 

la  (^  +  2£!4.^  +  2aa?  +  2+g. 
a       or  X 

19.   1  +  2a; -a^  +  3iB*- 20^  +  3^. 

20.  aj«-6aar»  +  15aV-20aV  +  15aV-6a*a;  +  a^. 

21.  l-4a  +  64a«-64a*-32a»  +  48a*  +  12al 

22.  4a«  +  17a«-22a«  +  13a*-24a-4a»  +  16. 

23   9aj«  +  6iB»2^4-43ajy  +  2««ir*4-45a;*^-28a?/  +  4y«. 

24.   a^  +  4a;»  +  6a;«  +  5a?  +  5+54.   9  _^1_^1 

oj     4ar     ar     ar 


/ 
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CUBE  ROOTS  OF   MULTINOMIALS. 

20.  The  process  of  finding  the  cube  root  of  a  multinomial  is 
the  inverse  of  the  process  of  cubing  the  multinomial. 

Since  (a  +  by  =  a^-\-3  a%  +  3  oft^  +  6« 

=  a3  +  (3a2  +  3a6  +  6')^ 
we  have  ^a*  +  3  a^fc  +  3  aft^  4. 5^  =  a  +  &. 

From  the  identity  (2),  we  infer : 

(i.)  The  first  term  of  the  root  is  the  cube  root  of  the  first  term 
of  the  multinomial ;  i.e.,  a=-^a\ 

(ii.)  If  the  cube  of  the  first  term  of  the  root  be  subtracted  from 
the  multinomial,  the  remainder  will  be 

3a%  +  3a62-f.6«,  =  (3  a^  +  3  06  + «»')  2>. 

Three  times  the  square  of  the  first  term  of  the  root,  3  a?,  is 
called  the  Trial  Divisor. 

(iii.)    The  second  term  of  the  root  is  obtained  by  dividing  the 

first  term  of  the  remainder  by  the  trial  divisor;  i.e.,  b=——^' 

o  a 

The  sum  3  a^  +  3  06  +  6^  is  called  the  Complete  Divisor. 

(iv.)  If  the  product  of  the  complete  divism'  by  the  second  term 
of  the  root  be  subtracted  from  the  first  remainder,  the  second 
remainder  will  be  0. 

The  work  may  be  arranged  as  follows : 


«8 


3a% 
3a2&+3ay4-y 


a-\-b 


3  a®  trial  divisor 

3  Q^l)  -5-  3  a* = 6,  second  term  of  root 

3  a2+ 3  oft  -f-  6^^  complete  divisor 

=  (3a2+3a6+62)x6 


21.  Ex.  1.   Find  the  cube  root  of  27  x^-ir^^y-\-3^x^  -h8  3/*. 
The  work,  arranged  as  above,  is : 

27aj»  +  543^2^  4-  36aj/  ^%f 
27aj» 


54a^y 
54a^yH-36a?.v2  4.8y« 


3a?H-2y 


3(3a;)2  =  27aj2 
(27ar^4-18a^  +  4t/«^ 
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The  cube  root  oi  27  a?  is  3x,  the  first  term  of  the  root. 
The  trial  divisor  is  3  (3  xf  =  27  a?. 

The  second  term  of  the  root  is  -^=--j>  =  2  y.  The  complete 
divisor  is 

S{3xy-\-3(3x)(2y)  +  (2yy,  ^27 x^ +  lSxy +  4.f, 

which  is  multiplied  by  the  second  term  of  the  root,  giving 

54:ic^y  +  Sexf-{-Sf. 

22.  The  preceding  method  can  be  extended  to  find  cube 
roots  which  are  multinomials  of  any  number  of  terms,  as  the 
method  of  finding  square  roots  was  extended.  The  work  con- 
sists of  repetitions  of  the  following  steps : 

After  one  or  more  terms  of  the  root  have  been  fi)undy  obtain 
each  succeeding  term  by  dividing  the  first  term  of  the  remainder 
at  that  stage  by  three  times  the  square  of  the  first  term  of  the  root. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  expression  (3  a^  -f-  3  a5  +  5*)  by  wherein  a  stands  for  the  part 
of  the  root  already  found,  and  b  for  the  term  last  found, 

23.  The  given  multinomial  should  be  arranged  to  powers  of 
a  letter  of  arrangement. 

Ex. 


27 -27  aj+90  a?-55  3C8+90  JB*-27  a*+27  a^ 

27 


-27  a; 
-27a;+  9gg~ 


81x2_54aj8 

81  a;g--54  a!»+90  g^-27  afi+21  vfi 


3-x+3aj2 


3(3)3=27 

3(3)a+3(3)(-x)  +  (-g)3=27-9a;+a:^ 
3(3-«)2+3(3-x)(3x2)  +  (3x2)2= 

27--18x+30^-9jc8+9«* 


EXBBCISES  ni. 
Find  the  cube  root  of  each  of  the  following  expressions  : 

1.  a^  +  9ar^  +  27a;  +  27. 

2.  l-6ic  +  12a^-8aj». 

3.  64a8  +  240a*6  +  300a62  +  1256». 

4.  iB«-6aj«-M5aJ*-20a:»  +  15ar«-6a;  +  l. 
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5.  8a^  — 36aj»  +  66aJ*-63aj»  +  33iB*~9aj  +  l. 

6.  156  a*  - 144  a«  -  99  a»  +  64  a«  4-  39  a^  -  9  a  + 1. 

7.  l  +  3a5  +  6ar*  +  7aj»  +  6aj*  +  3ar*  +  aJ«. 
a  l-6a5  +  9ic*  +  4aj»  — 9iB*-6a?*  — ««. 
9.  8«^-12«^  +  12.-7  +  ?-A  +  ^. 

10.  27  aV  +  54  a*iB»  +  9  aV  -  28  aV  -  3  aV  +  6  ckc  -  1. 

11.  8a«+  48a«6  +  60a*62-80a36'-  90a26*  +  108a6«-  276« 

12.  aj»  +  3aj'-9a?"-27a^-6ar^-54a?^  +  28aj». 

13.  108  a«  -  48  a*  +  8  a«  +  54  a^  -  12  a«  +  a»  -  112  a\ 

14.  8a«-48a*aj  +  60a*iB2-27aj«-108aar^-90aV  +  80aV. 

15.  l  +  3aj-8aj»-6aJ*  +  6ar'4-8a^-3iB8-a^. 

16.  125y«     150y^     165^^  ^  172.y»  ^  992^     54y     p^ 

JT^  ic*  aj*  or*  iB*  05  * 

ROOTS  OF  ARITHMETICAL  NUMBERS. 
Ekjnare  Roots. 

24.  Since  the  squares  of  the  numbers  1,  2,  3,  •••,  9,  10,  are 
1,  4,  9,  •••,  81, 100,  respectively,  the  square  root  of  an  integer 
of  one  or  two  digits  is  a  number  of  one  digit. 

•Since  the  squares  of  the  numbers  10,  11,  —,  100,  are  100, 
121,  •••,  10000,  the  square  root  of  an  integer  of  three  or  four 
digits  is  a  number  of  two  digits ;  and  so  on. 

Therefore,  to  find  the  number  of  digits  in  the  square  root  of  a 
given  integer,  we  first  mark  off  the  digits  from  right  to  left  in 
groups  of  two.  The  number  of  digits  in  the  square  root  wiU  be 
equal  to  the  number  of  groups,  counting  any  one  digit  remaining 
on  the  left  as  a  group, 

25.  The  method  of  finding  square  roots  of  numbers  is  then 
derived  from  the  identity 

(a  +  by  =  a'-\-(2a-\-b)b,  (1) 

wherein  a  denotes  tens  and  6  denotes  units,  if  the  square  root 
is  a  number  of  two  digits. 
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26,  Ex.  1.     Find  the  square  root  of  1296. 

We  see  that  the  root  is  a  number  of  two  digits,- since  the 
given  number  divides  into  two  groups.  The  digit  in  the  tens^ 
place  is  3,  the  square  root  of  9,  the  square  next  less  than  12. 
Therefore,  in  the  identity  (1),  a  denotes  3  tenSy  or  30. 

The  work  then  proceeds  as  follows : 

a  +  6 
12'  96  I  30  +  6  =  36 
9  00  I  2a  =  60,     "   trial  divisor 

2a  =  396 -^60  =  6  + 


3  96 
3  96 


2a  =  60, 

(2a6  +  6^ 

=  (2a  +  6)x5  =  (60  +  6)x6 


(1) 
(2) 
(3) 

The  first  remainder,  396,  is  equal  to  2ah-\-  6*,  and  cannot 
be  separated  into  the  sum  of  two  terms,  one  of  which  is  2  ah. 
We  cannot,  therefore,  determine  b  by  dividing  2  oft  by  2  a,  as 
in  finding  square  roots  of  algebraic  expressions.  Consequently 
step  (2)  suggests  the  value  of  b,  but  does  not  definitely  deter- 
mine it.  As  a  rule,  we  take  the  integral  part  of  the  quotient, 
6  in  the  above  example,  and  test  that  value  by  step  (3). 

This  method  may  be  extended  to  find  roots  which  contain 
any  number  of  digits.  At  any  stage  of  the  work  a  stands  for 
the  part  of  the  root  already  found,  and  6  for  the  digit  to  be 
found. 

Ex.  2.    Find  the  square  root  of  51529. 

The  root  is  a  number  of  three  digits,  since  the  given  number 
divides  into  three  groups.  The  digit  in  the  hundrsda^  place  is  2, 
the  square  root  of  4,  the  square  next  less  than  5.  Therefore  in 
the  identity  (1),  a  denotes  2  hundreds,  or  200,  in  the  first  stage 
of  the  work.     The  work  then  proceeds  as  follows : 


5'  16'  29 
4  00  00 


1  15  29 
84  00 


31  29 
31  29 


200  +  20  +  7  =  227 


2  a  =  400,         trial  divisor 

(2a6  +  6^  -*-  2a  =  11529  -^  400  =  20  + 

=  (2a-\-b)b  =  (400  +  20)  x  20 


(2a6  +  6^-i-2a  =  3129^440=7  + 
=  (2a  +  b)b  =  (U0'{-7)  x7 


(1) 
(2) 
(3) 

(5) 
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In  the  second  stage  of  the  work,  a  stands  for  the  part  of  the 
root  already  found,  220,  and  h  for  the  next  figure  of  the  root. 
In  practice  the  work  may  be  arranged  more  compactly,  omitting 
unnecessary  ciphers,  and  in  pach  remainder  writing  only  the 
next  group  of  figures.     Thus : 


5'  16'  29 
4 

1  16 
,  84 

227 

11  +  4  =  2  + 
42 

(2) 

31  29 
31  29 

312^-44  =  7  + 

447 

(4) 

Observe  that  the  trial  divisor  at  any  stage  is  twice  the  part  of 
the  root  already  found,  as  in  (2)  and  (4). 

27.  The  abbreviated  work  in  the  last  example  illustrates 
the  following  method: 

After  one  or  more  figures  of  the  root  have  been  founds  obtain 
the  next  figure  of  the  root  by  dividing  the  remainder  at  that  stooge 
(omitting  the  last  figure),  by  the  trial  divisor  at  that  stooge. 

See  lines  (2)  and  (4). 

Annex  this  quotient  to  the  part  of  the  root  already  found,  and 
also  to  the  trial  divisor  to. form  the  complete  divisor. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root 
last  found, 

28.  Since  the  number  of  decimal  places  in  the  square  of  a 
decimal  fraction  is  twice  the  number  of  decimal  places  in  the 
fraction,  the  number  of  decimal  places  in  the  square  root  of  a 
decimal  fraction  is  one-half  the  number  of  decimal  places  in 
the  fraction. 

Consequently,  in  finding  the  square  root  of  a  decimal  frac- 
tion, the  decimal  places  are  divided  into  groups  of  two  from 
the  decimal  point  to  the  right,  and  the  integral  places  from 
the  decimal  point  to  the  left  as  before. 
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Ex. 


14' 46.28' 09 

38.03 

9 

5  46 

5  44 

68 

2.28  09 

2.28  09 

76.03 

In  finding  the  second  figure  of  the  root,  we  have  ^  =  9 ;  but 
69  X  9  =  621,  which  is  greater  than  546,  from  which  it  is  to  be 
subtracted.     Hence  we  take  the  next  less  figure  8. 

BXBBCISES  IV. 

Find  the  square  root  of  each  of  the  following  numbers : 
1.  196.  2.   841.  3.   1296.  4.   65.61.  5.   7396. 

6.  3481.  7.   667489.  a   170569.  9.   1664.64. 

10.  582169.      11.   1.737124.      12.   556.0164.      13.   .00099225. 

Cube  Roots. 

29.  Since  the  cubes  of  the  numbers  1,  2,  3,  •••,  9, 10,  are  1, 
8,  27,  •..,  729,  1000,  respectively,  the  cube  root  of  any  integer 
of  one,  two,  or  three  digits  is  a  number  of  one  digit.  The  cube 
roots  of  such  numbers  can  be  found  only  by  inspection. 

Since  the  cubes  of  10, 11, ...,  100  are  1000, 1331,  ,  1000000, 
respectively,  the  cube  root  of  any  integer  of  four,  five,  or  six 
digits  is  a  number  of  two  digits,  and  so  on. 

Therefore,  to  find  the  number  of  digits  in  the  cube  root  of  a 
given  integer,  we  first  mark  off  the  digits  from  right  to  left  in 
groups  of  three.  The  number  of  digits  in  the  cube  root  will 
be  equal  to  the  number  of  groups,  counting  one  or  two  digits 
remaining  on  the  left  as  a  group. 

30.  The  method  of  finding  cube  roots  of  numbers  is  derived 
from  the  identity 

(a  +  by  =  a^  +  (3  a^  +  3  a6  +  ft")  b,  (1) 
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wherein  a  denotes  tens,  and  b  denotes  units,  if  the  cube  root 
is  a  number  of  two  digits. 

Ex.   Find  the  cube  root  of  69319. 

The  digit  in  the  tens'  place  of  the  root  is  3,  the  cube  root 
of  27,  the  cube  next  less  than  59.  Therefore  in  identity  (1), 
a  denotes  3  tens,  or  30.    The  work  may  be  arranged  as  follows: 


59'319 
27  000 


32  319 


32319 


a-^-b 
30  +  9 


3  a2=:  3  (30)2  =  2700  ^^ 

(3a%  +  3a62  +  6»)  ^  Sa^  =  32319  +  2700  =  9  +     (2) 

3  a*  =  3  (30)*   =2700 

3a6  =  3(30)9=   810 
62  =  92  =     81 

=  (3a2  +  3a5-h&2)  ^  6=3591  x9  (3) 


As  in  finding  square  roots  of  numbers,  step  (2)  suggests  the 
value  of  b,  but  does  not  definitely  determine  it.  If  the  value 
of  b  makes  (Sa^  +  3a^  +  b^xb  greater  than  the  number  from 
which  it  is  to  be  subtracted,  we  must  try  the  next  less  number. 

In  practice  the  work  may  be  arranged  more  compactly, 
omitting  unnecessary  ciphers,  and  in  each  remainder  writing 
only  the  next  group  of  figures ;  thus 


59' 319 

27 


32  319 


32  319 


39 


2700 

810 

81 


(1) 
(2) 
(3) 


3591 


31,  The  preceding  method  may  be  extended  to  find  roots 
that  contain  any  number  of  digits. 

At  any  stage  of  the  work  a  stands  for  the  part  of  the  root 
already  found,  and  b  for  the  digit  to  be  found. 

The  method  consists  of  repetitions  of  the  following  steps : 

The  tibial  divisor  at  any  stage  is  three  times  the  square  of  the 
part  of  the  root  already  found;  as  27  in  the  preceding  example. 
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Afler  one  or  more  figures  of  the  root  have  been  foundy  obtain 
the  next  fi^re  of  the  root  by  dividing  the  remainder  aJt  that  stage 
{omitting  the  la^t  two  figures)  by  the  trial  divisor.  In  the  last 
example,  9  +  =  323  +  27. 

Annex  this  quotient  to  the  part  of  the  root  already  found. 

To  obtain  the  complete  divisor y  add  to  the  trial  divisor  (with  two 
ciphers  annexed)  three  times  the  product  of  the  part  of  the  root 
already  foand  (with  one  cipher  annexed)  by  the  figure  of  the  root 
just  found,  and  also  the  square  of  the  figure  of  the  root  just 
found. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root  last 
found. 

32.  Evidently,  in  finding  the  cube  root  of  a  decimal  fraction 
the  decimal  places  are  divided  into  groups  of  three  figures  from 
the  decimal  point  to  the  right,  and  the  integral  places  from  the 
decimal  point  to  the  left  as  before. 

BSXBBCISBS  V. 

Find  the  cube  root  of  each  of  the  following  numbers : 
L  2744.  2.  39304.  3.  110.692.         4.  328609. 

5.  1.191016.   6.  74088000.     7.  340068392.     a  426.967777. 
9.  684067.412279.    10.  376601280.468961.  11.  .041063625, 

HIGHER  ROOTS. 

33.  Since      -^a^s^a,  and  -^^a*=y^a*  =  a, 
therefore,  -^a*  =  V  V^** 

Since  ~^a*  =  a,  and  ^V^*  =  a/^^  =  ^ 

therefore,  \/a^  =  ^  Va'. 

In  general,  since 

f^a'^  =  a,  and  -{/^a'^  =^aF  =  a, 

therefore,  ^-{/o^  =  ^^a^. 


284  ALGEBRA.  ^Ch.  XIV 

That  is,  the  pqth  root  of  a  number  is  the  pth  root  of  the  qth 
root  of  the  number. 

^    In  particular,  the  fourth  root  is  the  square  root  of  the  square 
root,  the  sixth  root  is  the  cube  root  of  the  square  root. 

EXBBCISES  VI. 

Find  the  fourth  root  of  each  of  the  following  expressions : 

1.  iB«  +  4««-f  6aJ*  +  4aj2  +  l. 

2.  a8  +  4a^6-M0aW  +  16a*6»  +  19a*6* 

4-  16a»6*  + 10  a^b^  +  4a6^  +  &». 

3.  16a^-.160ic'  +  408aj«  +  440a?«-2111aj* 

-  1320  a^  +  3672  x"  +  4320  x  + 1296. 

4.  625  aj8  + 55000?^  + 17150  a^  + 20020  a?* 

4-  721  oj*  -  8008  «« +  2744  aj^  -  352  a;  + 16. 

Find  the  sixth  roots  of  each  of  the  following  expressions : 

5.  64aj^-192ici«  +  240a^-160aj«  +  60a^-12ar«  +  l. 

6.  a}^+6  a"&+21  a^V+50  a»6»+90  a%*+126  a^6«+141  a«6« 

+126  aV+90  a*6«+50  a?b''+21  a%^°+6  a6"+6". 

Find  the  value  of  each  of  the  following  indicated  roots : 

7.  ^279841.        a   ^3010936384.        9.   ^164204746.7776. 


CHAPTER  XV. 

SURDS. 

1.  In  Ch.  XIV.  we  considered  only  roots  of  powers  whose 
exponents  were  multiples  of  the  indices  of  the  required  roots. 
Such  roots  as  \/^>  ^^^  ®*^->  were  excluded. 

2.  Such  roots  as  y^2,  -^a^,  etc.,  cannot  be  expressed  either 
as  integers  or  as  fractions.  Thus,  there  is  no  integer  or  frac- 
tion whose  square  is  2. 

But  it  is  there  proved  that  the  value  of  such  a  root  can  be 
found  approximately  to  any  degree  of  accuracy. 
E.g.,  approximate  values  of  ^2  are  1.4, 1.41, 1.414,  etc. 

3.  It  is  also  proved  that  these  roots  obey  the  fundamental 
laws  of  Algebra ;  as  V^  x  V^  =  V^  ^  V^>  ®*^- 

4.  An  Irrational  Number  is  a  number  which  cannot  be  ex- 
pressed as  an  integer  or  as  a  fraction ;  as  V^,  -^a\ 

An  Irrational  Expression  is  an  expression  which  involves  an 
irrational  number;  as  ^5,  a-k-^h. 

5.  A  Rational  Number  is  a  number  which  can  be  expressed  as 

O/j. 

an  integer  or  as  a  fraction;  as  2,  -— ,  ^(27 a*). 

A  Rational  Expression  is  an  expression  which  involves  only 
rational  numbers ;  as  |  a  -f  ^  6,  a6  -f-  -yja^, 

6.  A  Radical  is  an  indicated  root  of  a  number  or  expression ; 
as  V7,  V9,  ^/(a  +  h), 

A  Radical  Expression  is  an  expression  which  contains  radi- 
cals ;  as  2 V7,  ^x  +  ^y,  V(«  +  V^)- 

7.  A  Surd  is  an  irrational  root  of  a  rational  number;  as 

235 
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Observe  that  ^(1  +  V^)  is  not  a  surd,  since  1  +^1  is  not  a 
rational  number. 

8.  The  Order  of  a  surd  is  indicated  by  the  index.  Thus,  -^a 
is  a  surd  of  the  second  order ,  or  a  quadratic  surd;  ■y/5  is  a  surd 
of  the  third  order;  and  so  on.  *  . 

Principles  of  Surds.  - 

9.  As  in  Ch.  XIV.,  we  limit  the  radicands  to  positive  values, 
and  the  roots  to  positive  roots. 

10.  The  principles  established  in  Ch.  XIV.,  Art.  13,  and 
their  proofs,  hold  also  for  surds.  For,  any  positive  number  is 
a  power  of  either  a  rational  or  an  irrational  number. 

Thus,  4  =  2«,  3  =  ( V3)*,  a  =  (^a)«. 

We  have  V(^)  =  V[(V^)^( V^)*]  =  V^  X  V^  >  ^^^  ^^  ^^ 
Therefore, 

(i.)         ^a''^  =  a"9'=  a".        [Ch.  XIV,  Art.  13,  (i.).] 
(ii.)      ^(ab)  =  ^a  X  ^b.     [Ch.  XIV.,  Art.  13,  (ii.).] 

(iii.)  ^l  =  ^-  [Ch.  XIV.,  Art.  13,  (iii.).] 

Reduction  of  Surds. 

!LL  A  surd  is  in  its  simplest  form  when  the  radicand  is  in- 
tegral, and  does  not  contain  a  factor  with  an  exponent  equal  to 
or  a  multiple  of  the  index  of  the  root ;  as  ■y/2,  ^(a%),  -^a*. 

12.  Ex.  1.    V^O  =  V(16  X  5)  =  V16  X  V5  =  4  V^- 

Ex.  2.   V(18  ^^^O  =  V(9  «'^^  X  2  a)  =  V(9  a'b^  x  V(2  «) 

=  3  a%  V(2  a)- 

These  examples  illustrate  the  following  method  of  reducing 
a  surd  to  its  simplest  form  : 

Separate  the  radicand  into  two  factors,  one  a  product  of  powers 
with  the  highest  exponents  which  are  multiples  of  the  given  index. 
Multiply  the  rational  root  of  this  factor  by  the  irroMonal  root  oj 
the  second  factor. 
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Ex.  a    ^(48ajy)  =  ^(8aYx6aj^  =  2ajy^(6a^. 
Ex.  4.    ^(a"+'y^»)  =  ^(a»6*»  x  a5«)  =  ab^^(ab^. 

BXBBOIBBB  I. 
Rednce  each  of  the  following  surds  to  its  simplest  form : 
1.  V32.  2.    -y/l^.  3.    ^10%.  4.   V*"- 

9.  ^192.        10.    </-10f    11.    ^-a*«.        12.    ^(246»c*). 

13.  -^{16  of  a?).  14.   -^(32  a«a^.  15.   ^(-96aj»y^«). 

16.  ^a?^.  17.  *+^a*'+».  18.   "sya*'+^ 

19.  VCa'"^"^')-  20.   -^C- «'*&»•).  21.    -^(a^^by 

22.  ^{a^  +  a^i?).  23.   ^(aJt^d'-h^if). 

24.  V(6-c)(6»-c»).  25.   V(a*-l)(l4-a). 

26.  VC^^'-lSa^  +  Ooj).  27.   V(4a'^-8a%2  +  4a6»). 

13.  When  the  Expression  under  the  Radical  Sign  is  a  Frac- 
tion. —  In  this  case  we  reduce  the  numerator  and  denominator 
separately  by  Art.  10  (iii.). 


Ex.1.  ^g^*^V(3a*)^a^ 
\46«      V(46*)       26 


Ex.2.  ^M=.^/i^=V(8^)=2«'V(2y). 

When  the  required  root  of  the  denominator  is  not  rational, 
we  proceed  as  in  Ex.  2 : 

First  multiply  both  terms  of  the  fraetion  by  the-  expression  of 
lowest  degree  which  witt  make  the  denominator  a  power  with  an 
exponent  equal  to  the  index  of  the  root.     Then  proceed  as  before. 

EXEECISBS  II. 

Simplify  each  of  the  following  expressions : 


4  ^^i-  ^^m-  ^4. 


16  a?y 
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13.    Vf.  14.  Vf                  15.  V|.  16.    V^lir- 

21.     '/5..  22.  4/-^.            23.  ^/^^.  24.    ll^^ 

25     s  /128  aV  «^  4  /16  aV«       _  5  ja^b^  _  '  e  /     a« 


,     8/128aV     ^     4/16aW«       ,_     5/a«6«         ,.     e/ 


14.  When  the  index  of  the  root  and  the  exponent  of  the  radi- 
cand  have  a  common  factor.     We  have 

Therefore,  ^a«  =  ^a?  =  ^J. 

This  example  illustrates  the  following  method : 
Divide  the  index  of  the  root  and  the  exponent  of  the  radicand 
by  their  H.  C.  F. 

^     np 

In  general,  "-^a^P  =  ^a"  =  {/aP. 

For,  (^a'')««  =  [(V«0']"  =  M"  =  «**• 

Therefore,  V^«^  =  -</^''- 

Ex.1.   ■^a^=y/a. 

Ex.2.   ^9  =^3*  =  ^3. 

Ex.  3.   ^(27  c^b"^  =  ^&«  X  ^(3  ay  =  5 V(3  «)• 

EXERCISES  III. 
Simplify  each  of  the  following  expressions : 

1.   </25.  2.   </49.  3.   ^8.  4.   ^26. 

5.   4/I6.  6.   -^81.  7;   </(81a«).  a   </(27a»). 

9.    </(4a«a!^.  10.   -^(126a''af).  U.   ^(49  aV). 

12.   ^(8a»6'»),  13.   ^(64aV«).  14.  >*y((^6»). 

15.  v/^.  16.  J»/J2_.  ~    X7.  r/-l.  ■ 
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Addition  and  Subtraction  of  Surds. 

15.  Similar  or  Like  Surds  are  rational  multiples  of  one  and 
the  same  simple  monomial  surd ;  as  V^^>  =  2-^3,  and  6-^3. 

The  rational  factor  is  called  the  coefficient  of  the  surd  factor. 

16.  Like  surds,  or  such  sui*ds  as  can  be  reduced  to  like  surds, 
can  be  united  by  algebraic  addition  into  a  single  like  surd. 

Ex.  1.  Vl2+2V27-9V48=2V3+6V3-36V3=-28V3. 
Ex.  2.  8^40  +  3^136  -  2^625  =  16^5  +  9^5  - 10</5 

=  15^5. 

Ex.  3.  V2  -  Vi  +  V-02  =  V2  -  i V2  + 1^ V2'=  f V2. 
Ex.4.   V(«'^)  +  2VK^')+V(«^') 

These  examples  illustrate  the  method :  Reduce  each  surd  to 
its  simplest  foi-my  and  take  the  algebraic  sum  of  the  coefficients, 

„.      ,.,  EXBROISBS  IV. 

Simplify : 

1.  5v2  +  3V2-7V2.  2.  S^a^5^a  +  7^a. 

3.  8^9-3^9  4-7^9.  4.   2^x^5^x-9^x, 

5.   V^+V20.                 6.  -y/90-5^^0,     7.  ■y/(16a)-3^a. 

a  8V(96)-3V(16  6).    9.  ^16-3^54.    10.  2^81-5^24. 

U,  2^(8x)  4-5^(27 a:).  12.   6^(108 a)- 3^(500 a> 

13.  x^{xf)-hy^/{a^y).  14.  5aV(3&')-&V(48a«). 

15.  y2-h3v8~V^0-  16.   3V3+V27-11V^8- 

17.  3V6  +  2V24-V54.  18.  30V20^4V45-11V245. 

19.  3V75  +  4JV192-2fVl2.    20.   v2^Tr+V5H-Vf 
21.  4Vi-^VA-2V27.  22.  2V|  +  V60~Vl5+Vf 

23.  8^48  +  3^162-2^384.      24.   5^54  +  9^250-^686. 

25.  2f  ^600  + 1^256  -  3f  ^32  -  1^108. 

26.  ^40-6^^^  +  4^(-.625)-f-^16f 
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27.  2V3-Vl2+</9.  28.   .^4  +  3^9-6^192. 

29.  V(4  «*)  +  V(^  «^  +  V(25  a«)  -  V(81  «^- 

30.  V(12  a%)  +  V(75  a%)  -  V(27  a%). 

31.  .^(64a«&«)4-^(125a*6^-.{/(a%»). 

32.  a VK^^O  +  ^VC^^^*)  -  2  a5 V(a'^  +  ^  (a""^- 

33.  </(9a«6«)+V(27a»&)  +  6^(729a«6«). 

34.  ^(9a  +  27)  +  3V(4a  +  12). 

35.  V(4«?  +  4a*6)+V(4a^  +  4y). 

36.  7  x-y/(25  a +  75)"  5-^/(9  a^a  + 27  a?). 

37.  2V(2a0-V(8«)-V(2«»-4aj«  +  2a?). 

Reduction  of  Surds  .of  Different  Orders  to  Equivalent  Surds  of 
the  Same  Order. 

17.  The  converse  of  the  principle  of  Art.  14  evidently 
holds.    That  is^ 

Ex.  1.  Reduce  ^2,  ^(3  a),  and  ^(5  b)  to  equivalent  surds  of 
the  same  order. 

We  have  V2=^2«       =^64; 

</(3a)=^(3a)«  =  ^(27a»); 
^(66)=^(56)»-^(256*). 

We  thus  have  the  following  method : 

Take  the  L.  C,  M,  of  the  given  indices  as  the  common  index 
of  the  equivalent  surds.  Raise  each  radicand  to  a  power  whose 
eoDponent  is  equal  to  the  quotient  obtained  by  dividing  this  L.  C  M. 
by  the  given  index, 

18.  Any  rational  number  can  be  expressed  in  the  form^ 
of  a  surd. 

Ex.2.  2  =  V4  =  ^/8  =  — ;  a=V«*  =  ^«'  =  ^^*- 
Write  under  the  radical  sign  a  power  of  the  number  whose 
exponent  is  equal  to  the  index. 
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19.  Two  surds,  or  a  surd  and  a  rational  number,  can  be 
compared  by  first  reducing  them  to  equivalent  surds  of  the 
same  order. 

Ex.  3.  Which  is  greater,  V^  or  ^3  ? 

We  have  V^  =  ^8,  and  ^3  =  ^9. 

Since  9  >  8,  therefore  ^9  >^8,  or  ^3  >y/2. 

BXBBOIBBS  V. 

Eeduce  to  equivalent  surds  of  the  same  order: 

4.  Vi,  ^i-  5.  6,  ^10.  6.  6,  </4. 

7.  ^2,  ^3.  a  ^16,  «/10.  9.  ^a»,  ^V. 

10.  V5,  ^10,  </16.     11.  </2,  V3,  -^6.     12.  V«*J  V^>  Vc"- 

Which  is  the  greater, 
13.  2V3  or  3V2?       14.  ^5  or  ^10?     15.  ^^25  or  iV^^ 
16.  ^a*  or  -y/a,  when  a  <  1  ?        17.  ^aj*  or  ^o?*,  when  a?  >  1  ? 

Which  is  the  greatest, 
la  V3,  ^6,  or  </10?  la  Vi  Vh  or  -^J?  / 

Multiplication  of  Surds. 

20.  Multiplication  of  Monomial  Surds.  —  The  converse  of  the 
principle  of  Art  10  (ii.)  evidently  holds.     That  is, 

Ex.1,  5</4x  2^6  =  10^24  =  20^3. 

Ex.2,   ^ax-^af^-^a^x-^a^^^-^d^a-^a. 

We  thus  have  the  following  method : 

Reduce  surds  of  different  orders  to  equivalent  surds  of  the  same 
order. 

Multiply  the  product  oftJie  coefficients  by  the  product  of  the  surd 
foKtors, 

Simplify  the  resulL 
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Ex.3.    Vl2x^36=V(4x3)x^(4x9)=2v3x-^(22x3«) 
=  2^3»x^(2*x3^)=2^(2^x30 
=  6^(2^X3)  =  6^48. 

When  the  radicands  contain  numerical  factors  it  is  advisable 
to  express  them  as  powers  of  the  smallest  possible  bases. 

21.  It  is  frequently  desirable  to  introduce  the  coefficient  ol 
a  surd  under  the  radical  sign. 

Ex.4.  4V5  =  Vl6xV^'=V^^- 

Ex.  5.  3  a^(2  ab)=  ^(27 a»)  x  -^(2  ab)  =  ^(54 a'b). 

BXEBCISBS  VI. 
Multiply : 

1.   V^XV^-  2.   V(^«)XV(^^)-    3-   V2x2v8. 

4.  4V15  X  V45.        5.   Vf  X  Vrk-         6.  2</H  x  i^f 

7.  3^45x5^160.  a  9</54x3</24. 

9.    ^6  X  3^36.       10.    -y/a  x  ^/{2a).      11.   5Vw  X  V»»*^- 
12.   7V(6«)x4V(18a?).  13.    ^(a^a?)  X -4/a. 

14.    ^(5a0x^(25a^).  15.    -^(4  a%)  X  ^(6  a6«). 

16.    V(l+«)xV(«a'  +  «>        ^^-   ^(1  -  «)' X -^(1  -  a?). 
18.   V6x^4.  19.   ^50x^75.        20.   V21x</27. 

21.   ^20xV2.  22.   </72x^l08.      23.   ^|xV3. 

«-Vf>^\'?-         "-^^^        -^'gx^^ 
27,   ^64  X  3V6  X  5-^2.  28.   VlOx  ^00x^600. 

29.    ^2x^108x^^486.         30.   12^4xV2|x</^. 

31.  -^2  X  ^216  X -5/96. 

32.  V(40a!)x^(260a!)x^(80a?). 
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In  each  of  the  following  expressions  introduce  the  coeffi- 
cient under  the  radical  sign : 

33.  3V2.  34.   6V3.  35.    2^26.  36.   10^7. 

37.  5^3.  3a   iV2.  39.   i^4:.  40.    f^'J^. 

41.  2aV«.  *2.  5a?^(Sxy).        4a  4a«&^(2a). 

44.  a-J;/a.  45.   a%*^(a6).  46.  a^+V^""^^' 

^         ''W  +  2a6  +  y  V  ''\,ii-.w 

22.  Involution  of  Monomial  Surds. — We  have 

In  general,       (</«)*  =  V^  x  ^a  x  ^a  •••  to  n  factors 
=  ^{aaa  •••  to  n  factors) 
or,  (^a)''=:^a'». 

That  is,  to  raise  a  surd  to  any  required  power: 
Raise  the  radicand  to  the  required  potoer. 

Ex.  a    (^2)*  =  ^2*  =  2^2. 

23.  If  the  index  of  the  root  and  exponent  of  the  required 
power  have  a  common  factor,  the  work  is  simplified  by  Art.  14 : 

Ex.1.   (^5)«=^5.       Ex.2.  [^(a5)]«=[^(a6)]2=^(a«6^. 
Ex.  a    [5aj^(32y*)]»=  25aj«</(2«y*)  =  50ajV^2. 

EXERCISES  VII. 
Simplify : 

1.  (V5)'.        a  (^a)\  a  (</^)«.      4.  (^;/^«. 

5.    (^/2x)\        a   (V35)^  7.   (\/5^)«.       a   (3VaS)*. 

9.    (2</aj8)j,      10^   (</^«.        11.   (3^2)«.      12.   (^VeaSy. 

13.    C^v^)*-      "•   (V^8^)^.      15.   (</7a/.     la   (2aV36/. 
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24.  Multiplication  of  Multinomial  Surd  Numbers.  — The  work 
may  be  arranged  as  in  multiplication  of  rational  multinomiaJa 

Ex.  Multiply  2V5  +  3V2  by  V5-4V2. 
We  have  2^5  +  3^ 

V5-4V2. 
10  +  3V10 

-8V10-24 
10-6VlO-24=-14  -  5V10. 

2&  Conjugate  Surds.  — Two  binomial  quadratic  surds  which 
differ  only  in  the  sign  of  a  surd  term  are  called  Conjugate  Surds. 

E'9',  V3  +^/2  and  -  V3  +  V^;  1  -  V^  an<i  1  +  V^- 
Either  of  two  conjugate  surds  is  the  conjugate  of  the  other. 
The  product  of  two  conjugate  surds  is  a  rationed  number. 
For,    ( Va  +  ^b)  {^a  -  V^)  =  ( V^)'  -  ( V^)^  =  a  -  6. 

26.  Type-Forms.  — Many  products  are  more  easily  obtained 
by  using  the  type-forms  given  in  Ch.  V. 

Ex.        ( V2  +  V3)'  =  ( V2)'  +  2^2  X  V3  +  ( V^)' 
=  2+2V6  +  3  =  6  +  2V6. 

EXERCISES  VIII. 

Simplify  each  of  the  following  expressions : 

1.  (V3  +  3  V6  -  5  V8)  X  V^- 

2.  (V9  --.2V46  +  6 V54)  X  V^- 

'a   (5+V3)(l-3V3).  4.   (VlO-2)(VlO  +  5). 

5.  (2V7-5Vl3)(V91-5).    6.   (V6+11V^)(V2+4V15). 
7.  (a?  +  2 ya)  (a?  -  3  v«)  »  8.   (V«  4- V^)  (^V^  —  ^  V«)- 

9.   (4V3-3V6  4-5V2)(6V3-6V2). 
10.   (V3  +  8V6--7)(V6-2V3  +  7V2). 


I* 
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11.  (3  V2  -  6  V5  +  3  VIO)  (V2  +  3  V6  +  4vl0). 
"•  ( V7  +  </21  +  V3)  «/7  -  </3). 

13.  V(3-2V2)x</(17  +  12V2). 

14.  ^(2-V3)xV(2+V3)- 

15,  (6^9 +  34/26)  (^3 -^5). 

16,  (^27-</2)(2^3  +  3^8). 

Find  the  value  of  each  of  the  following  expressions,  without 
performing  the  actual  multiplications : 

17.  (V5-V10)*.      la  (V6-4^40)«.     19.   (V3-V6)'- 

20.  (V6-2^2)«.      21.   (1+V2-V3)'-    SB-   (V2  +  V3+1)' 

».  (8  +  3V7)(8-3v7). 

24.  (2V6-4V3)(2V5+4V3). 

25.  V(6+Vll)xV(6-Vll)- 

26.  ^(2  V2  -  3)  X  ^(2  V2  +  3). 

27.  [V(7  +  2V10)-V(7-2VlO)]» 
2a  [ Va  +  V(o'  -  6*) + Vo  -  V(o»  -  6^]*. 
»•  ( V2 + V6 + V7)  ( V2 + V6  -  V7)- 

30.  (V31  +  2V7-1)(V31-2V7  +  1). 

31.  V(6 + V7)  X  V(2  -  V2)  X  V(6  -  V7)  X  V(2  +  V2). 
»•  </2  -  V(2  +  V3)  X  4^2  +  V(2  +  V3)  X  4/(2  +  V3). 

,W.  ^  V(«  + 16)  +  V(«  - 16)  X  •v' V(«  + 16)  -  V(*  - 16) 


Simplify  each  of  the  following  expressions : 
^   V(a'  -  ^  X^J±|.             35.   V(6a^-  6)  X^ff^ 
gg  a^  — Sg*  ^      a?*        / xz 


V(aj'  +  2a^2  +  4aj2^     x^2z\a^ -^2xz  +  4:S? 


„.  (.+|+^)(.+|_^^_,). 
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Division  of  Surds. 

27.  Diyision  of  Monomial  Surds.  —  The  converse  of  the  prin- 
ciple of  Art.  10  (iii.)  evidently  holds.     That  is, 

Ex.2.  ^i^  =  ^i^  =  3./^=3.^=,i<y(27o). 
4^(3  a)     4^(3«a»)     i\BW     4 \  3*       *V«>  •    ; 

We  thus  have  the  following  method : 

Beduee  surds  of  different  orders  to  equivcUent  surds  of  the  same 
order. 

MuUiplif  the  quotient  of  the  coefficients  by  the  quotient  of  the 
surd  factors. 

Simplify  the  resuit. 

BZBSBOISBS  IX. 
Simplify  each  of  the  following  expressions : 
1.   V60-t-V6-  2.   V15H-Vf 

3-   V¥+Vf  ♦•    4^32 -j-^4. 

5.   y(45!B»)+V(5»).  6-   ^(16a»)+^(64o*). 

7.    ■y/X-h-^X.  6.    ■y/si?  +  -^a?.  9.    -^X-h-^X. 

10.   V30^-</46.  U.  3V5-»-<^15-         "•   </72-j-^12. 

la  6V2+^9.  ik.  2^6+^/2.  15.  3-^96-1-^18. 

16.   V(14a6)+^(28a'6^.  17.   ^(15a^)-i-^(25xy'). 

la  (V6-6Vl4)-s-V2.  19-   (3vlO-4Vl6)-»-v5. 

20.   (V6-3</4)-i-y2.  21.   (^3 -3-5/6)-!- -5/3. 

22.  (3V20-|-2V15-4v5)h-V1<>- 

23.  (6-^4 -8^36 -15-5/48)-!- ^8. 

24.   -y/(6»-o')H-v/(a-f  6).  25.   -5/(a»6-a6^-!-5/(6*-0- 

26.   ajVCasy-J-j/O+yVCa^+a^)-        27._  («*-yO+V(a^  +  a^- 
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28.  To  Rationalize  a  surd  expression  is  to  free  it  from  irra- 
tional numbers. 

Thus,  ^4  is  rationalized  by  multiplying  it  by  ^2,  since 
^4x^2  =  ^8  =  2. 

29.  The  quotient  of  one  surd  divided  by  another,  expressed 
as  a  fraction,  may  be  simplified  by  rationcUizing  its  denominator. 

We  thus  have  the  following  method : 
Multipiy  tJie  numerator  and  denominator  by  a  factor  which  wiU 
nltwnalize  the  denominator. 
Ex  2      2V«    ^    2^ax-^(2a)   ^2-i/d>  x  ^(i a') 
'   '  ^(4o»)     ^(4o')x</(2a)  </(8a?) 

^  2^(40*)^  ^(4  g^ 
2a  a 

30.  The  Divisor  a  Binomial  Quadratic  Surd.  — We  express  the 
quotient  as  a  fraction  and  rationalize  the  denominator. 

Ex.  1. 

3V2  +  2V3^(3V2  +  2V3)(5V2-4V3) 
6V2  +  4V3     (5V2  +  4V3)(5V2-4V3) 

_  30-2V6-24  ^6-2V6^o        ,g 
(5  V2)«  -  (4  V3)'      50-48  ^ 

We  thus  have  the  following  method : 

Multiply  the  numerator  and  denominator  by  ike  conjugate  of 
the  denominator. 
Ex.  2. 

V(l-ha;)+va-a;)^V(l+a?)-fV(l-a?)     V(l+a?)-fV(l--a?) 

v(i+aj)-va-«)  va+a?)-va-^)  va+aj)4-v(i-^) 

(l4-«)-(l-aj)  X 

ZL  When  the  denominator  contains  three  quadratic  surds, 
a  similar  method  may  be  employed. 
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Ex.3. 

V2 V2(2V3-V2~V5) 

2V3-V2+V5""[(2V3-V2)  +  V5][(2V3-V2)-V5] 
_  2V6-2- ylO  _2V6-2--VlO 

-12_4V64-2-5""       9-4V6 

_  (2V6-2- V10)(9+4V6) 

-       (9-4V6)(9+4V6) 

=  ^(9VlO+8  V15-10V6.-30). 

BXEBCISBB  X. 

Change  each  of  the  following  fractions  into  an  equivalent 
fraction  with  a  rational  denominator : 

1.    J-.  X    -12_.  3.   -^.  4.    ^5_. 

V2  5V3  3</4  7</25 

.X  -OX  _3  »a 


V*  -^(a**)  -J^(a6»c^  -v/Ca^'V) 


2-V3  6  +  V21  4  +  vll 

12.   _J 13.    1+V2.  14.      V3+V7. 

5-2V6  2-V2  6V3-3V7 

j^    5V2  -  4V3  j^g    3V5-r2V2  ^^^    a V6  +  & Va 

5V2  +  4V3*  '   2V5-3V2'  '      V«+V*  " 

la  1 19.  l  +  2V(2«-l) 

V(V5  +  2)-V(V5-2)  1-V(2a-1) 

ao.  I 21.       3  +  4V3 

V10-V2-V3  V6+V2-V6 

j^        V«+V&  23^  v(3a-6)+V(a-3ft) 

Surd  Factors. 
32.  The  expression 

a;*  +  2  oa?  +  a' 

is  evidently  the  square  of  a;  +  a.    The  third  term  of  this  ex- 
pression may  be  obtained  as  follows : 


Ht) 


V 
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That  is,  tJie  third  term  is  the  square  of  half  the  coefficient  of  x. 

Consequently,  if  to  any  binomial  of  the  form  aj*  +  2  oo?,  we 
add  the  square  of  half  the  coefficient  of  Xj  the  resulting  tri- 
nomial will  be  the  square  of  a  binomial. 

This  step  is  called  completins;  the  square. 

Thus,  if  to  a?  +  6  aj,  we  add  (f  )*,  =  9, 

we  have  a?  +  6  a?  +  9,  =  (a?  +  3)*. 

33.  By  applying  the  principle  of  the  preceding  article,  we 
can  transform  an  expression  of  the  second  degree  into  the 
difference  of  two  squares,  and  hence  factor  it. 

Ex.1.   Factor  aj*  4- 6  a?  +  7. 

We  first  complete  a?*  +  6  a?  to  the  square  of  a  binomial  by 
adding  (f)',  =9.  In  order  that  the  value  of  the  expression 
may  remain  unchanged,  we  also  subtract  9  from  it.  We  then 
have 

aj»  +  6aj  +  9-9  +  7,  =(aj  +  3)«-2 

=  («  +  3+V2)(«  +  3-V2). 
Ex.  2.  Factor  a?*  +  a?  —  1. 
We  have  aj«  +  a?  -  1  =  aj*  +  a?  +  (i)*  -  (i)«  - 1 

=  (a^  +  i)'-f 

=  (^  +  i)*-aV5)' 

=  («  +  i+W5)(«  +  i-iV^- 
Ek.  3.  Factor  3aj*  +  4ajy  -  2y. 

Since  the  coefficient  of  of  is  not  1,  we  first,  take  out  the  fac- 
tor 3.    We  then  have 

3aj«4-4a^-22^  =  3(aj2  +  JaJ2^--j2^. 

Completing  t?  +  \xy\x>  the  square  of  a  binomial  by  adding 
(|y)*,  =^2/>,  to  the  expression  within  the  parentheses,  and  also 
subtracting  |^  from  it,  we  have 

3(a?  +  ixy-[-lf-^f-^if) 

=  3[(a?4-|yy-aVl02^)T 
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We  thus  derive  the  following  method: 

If  the  coefficient  of  a?  is  1,  add  to,  and  subtract  from,  the  given 
expression  the  square  of  half  the  coefficient  of  x. 

Write  this  result  in  the  form  a^  —  6*  and  factor. 

If  the  coeffijcient  of  a^  is  not  1,  factor  out  this  coefficient,  and 
treat  the  remaining  factor  as  before. 

EXBBCISBB  XL 

Factor  each  of  the  following  expressions : 

1.  a5*  +  4aj  +  l.  2.  a?-2aj-ll. 

3.   166  +  6x-a?.  4.   9aj«  +  12a;-l. 

5.  4:a?-^xy-'l7f.  6.   aj'  +  la-f 

7.   2a?  +  6a?-3.  8.  S  +  2x-lla?. 

9.  a?  —  2  mx  —  1.  10.   mV  —  4  mo?  4-  4  —  m^n. 

Evolution  of  Surds. 

34.  The  principle  established  in  Ch.  XIV.,  Art.  33,  holds 
also  for  surds.  For  any  positive  number  can  be  expressed 
as  a  power  of  a  rational  or  irrational  number,  as  in  Art  10. 

We  therefore  have  ^a  =  -{/  -^a ; 

or,  for  present  purposes,     -yZ-^a  =^a. 
Ex.1.   -^^5=^5. 

It  is  important  to  notice  that  ^^a  =^-{/a. 
Ex.2.    ^.</(8a^  =  ^^(8aj»)=^(2a:). 

Ex.  3.   ^[2x-^(ax)^  =  ^(2x)X'^(ax)  =  -^(^a?)^(ax) 
=  ^(4aa?). 

We  thus  have  the  following  method : 

If  possible,  take  the  required  root  of  the  radicand;  as  in  Ex.  2. 

Otherwise,  take  the  required  root  of  the  coefficient,  and  midtiply 
the  index  of  the  surd  by  the  index  of  the  required  root;  as  in 
Ex.3. 

Simplify  the  result 
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BXEBOISBS  XII. 

Simplify  each  of  the  following  expressions : 
1.    VV9.       2.    VV16.         3.    VV36.         4.    ^(36^16). 

\V2  \Va  ^^V® 

Prop«rtieB  of  Quadratic  Surds. 

35.  The  symbol  of  equality  cancelled,  ^,  is  read  is  not  equal 
to  ;  as  2  =3fc  4. 

36.  A  quadratic  surd  cannot  be  equal  to  the  sum  of  a  rational 
number  and  another  quadratic  surd  ;  or 

wherein  -y/a  and  -y/c  are  surds,  and  b  is  rational. 

For,  if  V^  =  ^+V^> 

then  squaring,  a  =  &*  +  2  b^c  4-  c 

Transposing,        2  b^c  =  a  —  6*  —  c 

a  —  }^^c 


Dividing  by  2  b,       -y/c  = 


26 


This  equation  asserts  that  ^c,  an  irrational  number,  is  equal 
to  ^~  ""^,  a  rational  number.  This  is  a  contradiction  of 
terms,  and  therefore  the  hypothesis  -y/a  =  b-\-  -^Jc  is  untenable. 

37.  //  fl+V*  =  '+V/^  W 

wherein  -yjb  and  -y/y  are  surds,  and  a  and  x  are  rational,  then 
a  =  X  and  b  =/. 

For,  if  a  =^  a,  let  a  =  a?  +  m. 

Then  (1)  becomes   x  +  m+^b  =  x  +  -y/y, 
OP  m+^b=2^y. 
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But,  by  Art.  36,  this  is  impossible,  unless  m  =  0. 
When  m  =  0,  a  =«,  and  therefore  ^6  =  -y/y. 

3a  If  v(«  +  V*)= V'  +  V/»  ^'i«^*  v(«  -  v*)= v  -  V/- 

From  y  (a  +  ^6)  =  ^x  +  V2^, 

we  obtain  a  -f  ^^  =  a;  +  y  +  2^(Qcy), 

Whence,  by  Art.  37,  a  =  x  +  y,  (1) 

and  V^  =  2V(«2/)-  (2) 

Subtracting  (2)  from  (1), 

a  —  V^  =  a?  +  2^ — 2  V(«y)  =  (  V^— VJ')*- 
Therefore  y'(a  —  y  6)  =  -y/x  —  ^y. 

Square  Roots  of  Simple  Binomial  Surds. 

39.  Ex.  1.  Find  a  square  root  of  3  -f  2-^/2. 

Let  V(3  +  V2)=V«^+Vy-  (1) 

Then,  by  Art.  38,  V(3  -  2  V2)  =  V»  -  V2'-  (2) 

Multiplying  (1)  by  (2),  V(9  -  8)  =  a:  -  y, 
or  x  —  y  =  l,  (3) 

Squaring  (1),  3  +  2  V2  =  «  +  y  +  2V(a^) ; 
whence,  by  Art.  37,  » +  y  =  3.  (4) 

Solving  (3)  and  (4),  we  have  aj  =  2,  y  =  1. 

Therefore  V(3 +  2V2)  =  V2  +  Vi=V2  +  1. 

This  example  could  have  been  solved  by  inspection.     We 
change  3  +  2^2  into  the  form 

m  +  2-y/{mn)  +  n  =  ( ym  +  V^)^- 

We  then  have 

V(3  +  2V2)  =  V(2  +  2V2  +  1)  =  V(V2  +  1)'  =  V^  +  L 
Ex.  2.   Solve,  by  inspection,  ^(21  —  3  V24). 
We  have        V(21  -  3  V24)  =  V(21  -  2  V54) 

=  V(18-2V64  +  3) 

=  V18-  V3  =  3  V2  -  V3- 
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In  solving  by  inspectioriy  first  write  the  surd  term  of  the  given 
binomial  surd  in  the  form  2y'(m»),  as  3^24  =  2^54. 

Then  find  by  inspection  two  numbers  whose  sum  is  equal  to  the 
rational  term  of  the  given  binomial  surd,  and  whose  product  is 
equd  to  mn. 

EXERCISES  XIII. 

Find  a  square  root  of  each  of  the  following  expressions : 


1.  7+V48.                 2.   5-V24. 

3.   2+V3. 

4.   H  +  V2.                 5.   3-V5. 

6.   6-l-Vll- 

7.  S^-y/2S.               8.   6  +  4V2. 

9.   7-f2VlO. 

10.  11-6V2.            11.   11+4V7. 

12.  30-10V5. 

13.  ^  +  |V21.          14.  A-i*rV2. 

15.  H-AV5. 

16.  4a-|-2V(4a'-^.             17.   n- 

-2v(n-l). 

la  10n*+l-6nV(n*  +  l).     19-    «- 

-aj-2V(a-«-l). 

Approximate  Values  of  Surd  Numbers. 

40.  An  approximate  value  of  a  surd  number  can  be  found  to 
any  degree  of  accuracy  by  the  methods- given  in  Ch.  XIV. 

Ex.  1.   Find  an  approximate  value  of  -^^2  correct  to  three 
decimal  places.     The  work  proceeds  as  follows : 


2.00' 00' 00' 00 

1.4142 

1 

2 

100 
96 
4  00 

24 

2  81 

281 

1  19  00 

1  12  96 

2824 

6  04  00 

2828 

The  work  is  simplified  by  neglecting  the  decimal  point, 
writing  it  only  in  the  result.  It  is  necessary  to  find  the  root 
to  four  decimal  places  in  order  to  determine  whether  to  take 
the  figure  found  in  the  third  place  or  the  next  greater  figure, 
according  to  the  well-known  principle  of  Arithmetic. 
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We  now  have  V2  ==  1.4142  •  • .. 

This  value  lies  between  1.4142,  =  |^^,  and  1.4143,  =  |  J^. 
It  therefore  differs  from  either  of  these  fractions  by  less  than 
they  differ  from  each  other. 

■^^^  iSJoo  ""  iinrM  ~  TTToinr* 

Consequently  the  error  of  taking  either  1.4142  or  1.4143  as 
an  approximate  value  of  ^2  is  less  than  y^^firr-  ^7  taking 
the  root  to  more  decimal  places  a  still  more  accurate  value  can 
be  found.  It  is  therefore  possible  to  find  an  approximate 
value  such  that  the  error  will  be  less  than  any  assigned  num- 
ber, however  small. 

Ex.  2.   Find  the  value  of  ^(1  —  a?)  to  three  terms. 

The  work  proceeds  as  follows : 
1-aj 
1 

—0? 


l-ia?^^a^ 


3x1^^=3 


An  approximate  value  of  a  fractional  surd  is  obtained  most 
simply  by  rationalizing  its  denominator,  then  finding  the 
required  root  of  the  numerator  of  the  resulting  fraction,  and 
dividing  this  value  by  the  denominator. 

Ex.  3.  Find  an  approximate  value  of  — -,  correct  to  three 
decimal  places.  ^ 

We  have        -^  =  ?^  =  ?  (1.4142)  =  2.121. 

EXERCISES  XIV. 

Find  an  approximate  value  of  each  of  the  following  expres- 
sions, correct  to  four  figures : 

5.   V345.06.  6.   V10862.321.  7.    V^-^^^- 

-      ^  -      ^  10.   A.  11.      ^ 


V^  V8  2^4  V75 
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12.  1±^.  13.    1+2^.  14.  V^^        . 

1-^3  5-4V11  V2.S+V6 

Find  an  approximate  value  of  each  of  the  following  expres- 
sions, to  include  four  terms : 

15.  V(l-a:).         16.    V(«'  +  ^*)-       ".    ^(y?-xy^f). 
ia^(l+aj8).        19.    ^(a«-68).        20.    ^(7?+7?y+xi^+rf^). 

IRRATIONAL  EQUATIONS. 

4L  An  Irrational  Equation  is  an  equation  whose  members, 
either  or  both,  are  irrational  in  the  unknown  number  or  num- 
bers; as  V(^  +  l)  =  3. 

42.  To  solve  an  irrational  equation,  we  must  first  derive 
from  it  a  rational,  integral  equation.  Tliis  step,  which  is 
usually  effected  by  raising  both  members  of  the  equation  to 
the  same  positive  integral  power  one  or  more  times,  is  called 
rationalizing  the  equation,  •   • 

Ex.  1.  Solve  the  equation  V(36  +  a^)  —  ^  =  2. 
Transferring  «,  VC^^  +  aj^  =  2  +  «. 

Equating  squares  of  both  members, 

36  +  aj*  =  44-4ic4-aj2. 
Transferring  and  uniting  terms, 

-4ic  =  -32. 
Dividing  by  —  4,  a;  =  8. 

Check:  V(36  +  64)  =  2  +  8,  or  VIOO  =  10. 

Ex.  2.  Solve  the  equation  VC'^^  +  a?)  +  V^  =  ^* 
Transferring  -y/x,       -yji^  -f  a?)  =  9  —  ^x. 
Equating  squares,  45  -f  a;  =  81  —  1%-y/x  +  x. 

Transferring  and  uniting  terms, 

18Va?  =  36. 
I/ividing  by  18  and  equating  squares, 

a?  =  4. 
Check:  v(46  +  4)+V4  =  9,  or  7  +  2  =  9. 


256  ALGEBRA.  [Ch.  XV 

The  preceding  examples  illustrate  the  following  method  of 
solving  irrational  equations: 

Transform  the  given  equation  so  that  one  radical  stands  by 
itself  in  one  member  of  the  equation. 

Equate  equal  powers  of  the  two  members  when  so  transformed, 

RepeaJt  this  process  untU  a  rational  equation  is  obtained, 

BXEBOISBS  XV. 
Solve  each  of  the  following  equations : 
1.   y'aj  =  5.  2.  2^0?  =  3.  3.  a^aj  =  6. 

4.   V(»-l)  =  6.        5.   V(7-«)=V3.      6.    ^(5a;-7)=2. 
-7.  s^y'a-^^  a  9=V(3«)4-3.        9.   a=V«  +  c. 

10    V^  +  ^  =  5.         11.  V^-^=l         12.      V(^^)    =g. 
V^-3  1-V^     3  ^(ax)-l     h 

13.    ^(7x+2)^-^^±\.    14.   V(aj  +  5)=.^"^- 


V(7aj  +  2)  vv     .     /      V(»-3) 

15.   9-V(3«  +  l)  =  6.  16.   V(7-3aj)=V(9-4a;). 

17.   2V(«-7)=V(3«-17).        18.    ^(4ir  +  9)=^(7a;-6). 
19.    ^x+^{5-\'X)=.5,  20.    Vaj  =  11  -  2 V(7  +  «). 

21.    V(36  +  a?)  =  2+V^-  22.    V^-V(^  +  ^)=-l- 

23.   a  =  V(a  +  «)-V^-  24.    ^{a^  +  12a^  =  x  +  4:, 

25.  V(6  +  i»)+V(3  +  «)  =  3. 

26.  3V(«-3)4-V(9a  +  l)  =  14. 

27.  v(2+V»)+V(2-V^)=V^- 

3 


28.    V(14-a^)+V(ll-«)  = 


V(ll-aj) 


5  +  3V(a?-^7)_2V(a?-7)-3 

^^-  i_6V(a^-7)~7-4v(«-7)' 

30.  V(16  «  -  15)  -  V(9  a?  -  11)  =  V«- 

31.  V(«4-2a)-V(^  +  26)  =  2V«. 

32.  V(«  +  4)+V(«^-'*)=V(4«-4). 

33.  V(«  +  2)  +  V(«  -  6)  =  2  V(«  -  3). 

.34.  V(^  -  ^)  -  V(»  +  3)  =  V(»  -  2)  -  V(^  +  10). 


CHAPTER  XVI. 

IMAQINART  AND  COMPLEX  NUMBERS. 

L  Attention  was  called  in  Ch.  XIV.,  Art.  10,  to  the  fact 
that  ^—16  cannot  be  expressed  in  terms  of  numbers  with 
which  we  are,  as  yet,  familiar.  In  general,  since  even  powers 
of  both  positive  and  negative  numbers  are  positive,  even  roots 
of  negative  numbers  cannot  be  expressed  in  terms  of  either 
rational  or  irrational  numbers. 

It  is  therefore  necessary  either  to  exclude  from  our  consider- 
ation such  roots  as  V""  ^>  ^^^  ^^  general  ^—  a,  or  again  to 
enlarge  our  ideas  of  number. 

2.  We  will  now  define,  that  is,  fix  the  meaning  of,  the  num- 
bers V—  1  and  ^—  a,  by  assuming  that  they  obey  the  law 

(^a)»  =  a. 
This  relation  follows  from  the  definition  of  a  root,  as  was 

shown  in  Ch.  XIV.,  Art.  5. 
We  therefore  have  (V- 1)*  =  - 1,  and  (?;/-  af=^  -a. 
Whatever  meaning  and  use  these  new  numbers  have  must 

be  derived  from  these  relations. 

Imaginary  Numbers. 

3.  The  square  root  of  a  negative  number  is  called  an  Imagi- 
nary Number;  as  V""^>  V"~^- 

The  study  of  these  numbers  is  simplified  by  first  considering 
the  properties  of  ^—  1,  which  is  taken  as  the  Imaginary  Unit.*' 

*  The  designation,  imaginary,  is  unfortunate,  since,  as  will  be  shown 
in  P&it  II.,  Text-Book  of  Algebra,  such  numbers  are  no  more  imaginary 
(in  the  ordinary  meaning  of  the  word)  than  common  fractions  or  negative 
numbers.  Dr.  Creorge  Bruce  Halsted,  Professor  of  Mathematics  in  the 
University  of  Texas,  has  suggested  Neomon  for  the  imaginary  unit,  and 
Neomonic  for  imaginary. 
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This  new  unit  is  commonly  designated  by  the  letter  t,  and  its 
opposite  by  —  i. 

We  then  have  by  definition 

(V-l)'=(±/T=-l- 

For  thfe  sake  of  distinction  all  numbers,  rational  and  irra- 
tional, which  have  been  used  hitherto  in  this'  book  are  caHed 
Real  Numbers. 

4.  The  Fundamental  Operations  with  the  Imaginary  Unit.— 

The  imaginary  unit  V""  ^>  ^^  h  is  used  like  a  real  term  or 
factor  in  the  fundamental  operations. 

Just  as  3  =  1  +  1  +  1,  and  -3=-l  —  1  —  1; 

so      3V— 1=V— ^+V"-1+V— Ij      or      3 1=1+1+15 
-3V-1=-V-1-V-1-V-1>  or  -3t=-i-i-t. 
Again, 
V-lx2  =  2V-l,ori2  =  2i;   ^^~'}  =  a,  or  ^*  =  a. 

5.  We  now  have,  in  addition  to  the  double  series  of  real 
numbers,  the  double  series  of  imaginary  numbers : 

•• —  3  ^,  —  2  i,  —  i,  0,  i,  2  i,  3  i,  ••• . 

6.  Powers  of  /.  —  The  following  values  of  the  positive  in- 
tegral powers  of  V"-  Ij  ^^  h  follow  directly  from  the  definition 
of  i  and  Art.  4 : 

V—  1  =  V~  1>  or  i  =  i, 

(V-i)^=-i,  ^-^  =  -1, 

(v-i)«=(v-mv-i)=-v-i,   *•'=*•'••  =-h 

(V-  i)*=(V-  i)'(V- 1)'=  + 1>  i^  =  t^ .  t«  =  + 1, 

(V-i)«=(V-i)'(V-i)=+V-i.     i«  =  i*.i=  +  t, 

(V-  i)*=(v-  mv- 1)^=  - 1,        ^'^ = *•*  •*•*=-!. 

The  preceding  results  give  the  following  properties  of 
powers  of  i: 

(i.)  AU  even  powers  of  i  are  real. 
(ii.)  All  odd  powers  of  i  are  imaginary. 
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The  sign  of  any  particular  power  of  i  is  readily  determined 
by  expressing  it  as  a  power  of  i^  if  an  even  power,  or  of  t* 
multiplied  by  i  if  an  odd  power. 

Ex.1.  i22=(t«)ii=(-l)^  =  -l. 

Ex.2.  i»=(t^«=(-l)^  =  +  l. 

Ex.3.  i«  =  i«xi=(iT-*  =  (-l)'^'  *'  =  +  t. 

Ex.4.  i»  =  i«xi  =  (iO'^-i  =  (-iy«.i=-t. 

7.  Multiples  of  the  Imaginary  Unit.  —  Since 

(V-  ay  =  -  a,  and  (^a  x  V- 1)'  =  (Va)'( V- 1)'  =  -  «? 
we  have  (V—  «)'  =  (V^  ><  V-"  1)^- 

Whence  V"~  ^  =  V**  ^  V~  !• 

Ex.1.  V-9=  V9><V-l  =  3V-l  =  3i, 
Ex.2.  v-2=V2xV-l=V^-*'  =  *V2- 

In  all  reductions  involving  imaginary  terms  or  factors  it  is 
advisable  thus  to  express  them  as  multiples  of  ^—  1  or  i. 

8.  Addition  of  Imaginary  Numbers.  —  Imaginary  numbers 
are  united  by  addition  and  subtraction  just  as  real  numbers 
are  united. 

Ex.  1.  V- 9  +  V- 16  =  3 V- 1  +  4 V-  1  =  V-  1  =  7t. 
Ex.2.  10V-5-4V-5  =  6V-5  =  6V^xV-l 

Ex.3.  i^  +  i^  =  i  +  (^i)  =  0. 

9.  Multiplication  of  Imaginary  Numbers. — The  principle  of 
Art.  7  is  of  importance  in  the  multiplication  of  imaginary 
numbers. 

Ex.  1.  V-  9  X  V16  =  V9  X  V- 1  X  V16  =  12V- 1  =12  *• 
Ex.2.  v-2xV-8=V2xv-l  xv^xV-1 

=vi6x(v-iy=-4. 
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A  point  in  Ex.  2  deserves  special  notice.    Had  we  used  the 
principle 

as  in  surds,  we  should  have  obtained 

V[(-  2)  X  (-  8)]  =  V16  =  4,  and  not  -  4 

But  that  principle  was  proved  for  positive  roots  of  positive 
numbers,  and  therefore  cannot  be  applied  in  this  and  similar 
examples. 
Ex.  3. 

y«6xV-10xV-15=VSxVl^xV15x(V-l)' 

=  - 5^30  X  V- 1  =  -  5tV30. 

10.  Division   of   Imaginary  Numbers.  —  The  following  ex- 
amples illustrate  all  possible  cases. 

Ex.  3. 

V6   ^         V6         ^    V6XV-1    ^        /6  . 

y-3     v^xV-l     V3x(V-l)'         \3     ^ 
=  -  V2  X  V-1  =  -  *V2- 
Ex.4    3Z:^^V9xV~l^^^3, 

V-4     y^4xV-l     V^     2 

EXBBCISES  I. 

Eeduce  each  of  the  following  expressions  to  the  form  aV— 1» 
or  ai : 
1.  V-9.  2.  6V-25.         3.  V-«'-        *•  aV-^- 

5.  v-12.  6.  v-10-        7.  v-«^-      8-  vc-^^o 

9.  V(--8a«5«)-      10.  V(3-27).    11.  ^-64.     12.  ^-a". 
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Simplify  each  of  the  following  expressions : 
13.  i«.  14.  i».  15.  i«*.  16.  i*+»^. 

19.4-  20.        ^ 


'4 

Add: 

2L 

V- 

9+V-26. 

33. 

V- 

a«-V-6». 

25. 

6V- 

_8^3V-32. 

l'"+«" 


22.    V-16-V-121. 
24.  7V-81  +  5V-1^- 
26.   SV-TS+V-l^"^- 

27.  2V-25-3V-49  +  4V-100. 

28.  2V-a'  +  5V(-9a2)-3V(-16a*). 

29.  2V(-a*6)-4V(-a'6')+2V-&*. 

Perform  the  following  indicated  operations : 

30.  V-a^-         31-    (V-^')*-         32.   (V-«/-         33.    V-«*- 

34.  V3XV-6.         35.    ^-2xV-8-         36.    V""  ^^  X  V^S. 

37.  V-  2  X  V~  50.  38.    V-  «  X  V(-  9  «^- 

39.  V-  «3  X  </-  aj«.  40.    V-  6  X  V12. 

41.  V-SX\/-20.  42.  y-aj^xV-?^- 

43.  ^-2xV-6xV-24.       44.  V-5xV8xV-20. 

45.  V(l  -  a?)  X  V(«^  -  !)•  *«•  VC^"*  -  «")  X  V(«  -  ^)- 

*7.  (V-5+V-3)2-  4fi-   (2V-3  +  3V-2)2. 

49.  y-3-^v-^-      50.  v-3-*-V3-       *!•  V3-«-V-3- 
52.  ^-8-f.v-2.      5a  v-'^^-^V^-     54.  vi2-«-V-3- 

Complex  Numbers. 

IL  A  Complex  Number  is  the  algebraic  sum  of  a  real  and  an 
imaginary  number ;  as,  3  ±  2 1. 

The  general  form  of  a  complex  number  is  evidently  a  +  bi, 
wherein  a  and  b  are  real  numbers. 

When  6  =  0,  we  have  any  real  number. 

When  a  =  0,  we  have  any  imaginary  number. 
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12.  Two  complex  numbers  are  said  to  be  equal  when  the  red 
term  of  one  is  equal  to  the  real  term  of  the  other,  and  the  imagh 
nary  term  of  one  is  equal  to  the  imaginary  term  of  the  other; 
as,2  +  3i  =  2  +  3». 

That  is,  if  a-\-bi  =  G  +  di\ 

then  a  =  c,  and  bi^di,  or  6  =  i/. 

Observe  that  the  preceding  statement  is  a  definition  of  the 
meaning  of  the  sign  of  equality  between  two  complex  numbers. 

13.  From  the  preceding  article  it  follows  that,  if 

a  +  &i  =  0  =  0  +  6t,  then  a  =  0,  6  =  0. 

14.  Addition  and  Subtraction  of  Complex  Numbers. — We 
define  algebraic  addition  of  two  or  more  complex  numbers 
as  follows: 

Add  the  real  terms  by  themselves  and  the  imaginary  terms  hy 
themselves. 

Ex.  1.   (2+3V-l)+(6V-l-5)=(2-5)+(3+6)V-l 

=  -3+9V-l=  -3+9«. 

15.  Multiplication  of  Complex  Numbers.  —  We  define  multi- 
plication of  complex  numbers  by  assuming  that  the  distributive 
law  holds. 

Ex.  1.     2  +   3  V- 1 
4-   2V-1 

8  +  12V-1 
"   4V-l-6(V-iy 

8+   8V-1  +  6  =:14  +  8V-l  =  14  +  8t. 

16.  Conjugate  Complex  Numbers.  —  Two  complex  numbers 
which  differ  only  in  the  sign  of  their  imaginary  terms  are 
called  Conjugate  Complex  Numbers;   as, 

2  +  3V-1  and  2-3V-1,  -4  +  6t,  -4-6t: 
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17.  The  sum  of  two  conjugate  complex  numbers  is  real, 
Ex.1.   (-2  +  3V~l)  +  (-2-3V-l)  =  -4. 

The  product  of  two  conjugate  complex  numbers  is  real  aiid 
positive. 

Ex.2.    (4-5V-l)(4  +  5V-l)=42-(5V-l)' 

=  16  -f  25  =  41. 

18.  Division  of  Complex  Numbers.  —  We  express  the  quotient 
as  a  fraction,  and  simplify  the  result. 

l+V-2^(l4-V-2)(V-3)^V-3-V6 
'     2V-3  2(V-3)»  -6 

=  iV6  -  W-  3  =  iV6  -  i  V3. 

Ex.2.  1 = 2-V-5 ^    2-V-5 

2+V-6     (2+V-5)(2-V-5)     2»-(V-5/ 

19.  Any  Even  Root  of  a  Negative  Number.  —  We  have 

(l4-V-l)*  =  [(l-f^-l)^^ 

=  (1  -f  2V-  1  -  1)«  =  (2V-  1)^  =  -  4. 
Therefore,  ^-  4  =  1  -f  V-  1. 

That  is,  the  fourth  root  of  —  4  is  a  complex  number. 

It  will  be  proved  in  Text-book  of  Algebra,  Part  II,  that  any 
even  root  of  a  negative  number  is  a  complex  number. 

Complex  Factors. 

20.  A  quadratic  expression  which  is  the  product  of  two 
complex  factors  can  be  resolved  into  factors  by  the  method 
used  to  resolve  a  quadratic  expression  into  irrational  factors. 

Ex.  Factor  •        a^-2x  +  S. 

Completing  a^  —  2  a?  to  the  square  of  a  binomial  in  x,  we  have 
aj»-2aj  +  3  =  a^-2aj  +  l-l-f3 
=  (a.-l)«-(V-2)^ 
=  (aj-l+V-2)(a?-l-V-2). 
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BZBBOIBBS  n. 
Simplify  each  of  the  following  expressions: 
1,  (2  +  4f)+(2»-3).  2.   (7-5/)-(3-4i). 

3.  (l+V-9)+(4-V-4).     4.   (6-V-16)-(6-V-36). 
5.  (14-V_1)(1-V-1).      6.  (2  +  ty3)(2-tV3)- 
7.   (2+3V-l)(3-4V-l).     a   (7+V-5)(7-V-5). 
9.   (3  +  6t)(vl2-3i).  10.   (v8-V-12)(V2-V-3)- 

11.  {i-\WS)(3  +  3i^3).     12.   (5-2iV6)(5+.2iV6). 
13.   [x  +  i^(a  —  a^'][x  —  i^(a  —  a?)y 

Perform  the  following  indicated  divisions : 

14.    § 15.    I 16.    ^  +  ^V-^. 

l  +  V-2  2-V-3  2-3V-1 

17.    l±i.  18.    |±4i.  19.    l+i^.  20.    ?^'. 

Factor  each  of  the  following  expressions : 
21.  ar*-6aj  +  25.  22.  ar*  +  4ic  +  68. 

23.  aj'-Uoj  +  ei.  24.  5ar^-6ic-f2. 

25.  4:3i^  +  4:Xy  +  Sf.  26.   16 aj^  -  8 iry -f  5 y*. 

Make  the  indicated  substitution  in  each  of  the  following 
expressions,  and  simplify  the  results: 

27.  In  x^-6x  + 14,  let  a?  =  3  +  V-  ^• 

28.  In3a?-5a;  +  7,  let  aj  =  2 -3  V-2. 

29.  In  a?  +  2a^  4-  y",  let  a?  =  4  +  5 1,  y  =  4  —  6 1. 


CHAPTER  XVII. 

DOCTRINE  OF  EXPONENTS. 

L  We  have  already  abbreviated  such  products  as 
aa,  aaa,  aaaa,  •••,  aaa  •••  n  factors, 

by  a',  a',  a\  •••,  a*,  respectively,  and  called  them  the  second, 
third,  fourth,  •••,  nth,  powers  of  a.  This  definition  of  the  sym- 
bol a"  requires  the  exponent  n  to  be  a  positive  integer. 

Thus  2*  means  the  product  of  6  factors,  each  equal  to  2. 
But  2?  has,  as  yet,  no  meaning,  since  2  cannot  be  taken  0  times 
as  a  factor.    For  a  similar  reason  2*^  and  2^  are,  as  yet,  mean- 


But,  having  introduced  into  Algebra  the  symbol  a%  it  is 
natural  to  inquire  what  it  may  mean  when  n  is  0,  negative,  or 
a  fraction. 

We  shall  find  that,  by  enlarging  our  conception  of  powers, 
quite  clear  and  definite  meanings  can  be  given  to  such  expres- 
sions as  2°,  3"^  and  4*. 

Positive  Integral  Powers. 
2.  The  principles 

a*  X  a*  =  a"^*,  a''-i-a''  =  a*"*, 
wherein  m  and  n  are  positive  integers,  were  illustrated  by  par- 
ticular examples  in  Ch.  III.,  Arts.  24  and  37. 
In  general, 
a*  X  a"  =  {aaa  •••  to  m  factors)  (aaa  to  n  factors) 

=  aaa  •••  to  m  -f  ^  factors  =  a'"^". 
a"  -^  a"  =  {aaa  •••  to  m  factors)  -f-  (aaa  •••  to  n  factors) 

=  [aaa  •••to  {m^n)  factors]  x  (a^a  •••  to  w  factors) 

-s-  {aaa  •  •  •  to  7a  factors) 

=  aaa  --to  {m  —  n)  factors,     =  a""*. 
265 
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3.  The  other  principles  upon  which  operations  with  positive 
integral  powers  depend  have  been  proved  in  Ch.  XIII. 

(i.)  (ra''=^a'"''\ 

(ii.)        —  =  a'""'',  when  m>n\   —  =  1,  when  m  =  n; 

—  = ,  when  m<^n, 

(iii.)  (a*)''  =  a*".  (iv.)  (aby^oTV^. 

<-)        (i)"=F 

Zeroth*  Powers. 

4.  The  meaning  of  a  symbol  may  be  defined  by  assuming 
that  it  stands  for  the  result  of  a  definite  operation^  as  was  done 
in  letting 

a"  =s  a  •  a  •  a  •  •••  n  factors ; 

or  by  enlarging  the  meaning  of  some  operation  or  law  which 
was  previously  restricted  in  its  application. 

In  the  latter  way,  negative  numbers  were  introduced  by 
extending  the  meaning  of  subtraction. 

5.  We  now  enlarge  the  meaning  of  powers  by  assuming  that 
the  principle 

a- 

holds  also  when  m=^n. 

We  then  have  —  =  «•»-*  =  of. 

a** 

But  since  —  =  1> 

it  follows  that  a®=l. 

That  is,  the  zeroth  power  of  any  base,  eoccept  0,  is  equal  to  1. 
E,g.,        !•=!,  5»=1,  99^  =  1,  (a4-6)^  =  l,  etc. 
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6.  Thus,  by  the  assumption  that  the  stated  law  holds  when 
w  =  n,  a  definite  value  of  the  zeroth  power  of  a  number  is 
obtained.  Nevertheless,  it  will  doubtless,  seem  strange  to  the 
student  that  all  numbers  to  the  zeroth  power  have  one  and  the 
same  value,  namely  1.    But  it  should  be  distinctly  noted  that 

a*'  is  by  definition  a  symbol  for  — ;  i.e.,  for  the  quotient  of  two 

a"* 

like  powers  of  the  same  base.    Thus, 

Negative  Integral  Powers. 

7.  We  now  still  further  enlarge  the  meaning  of  powers  by 
assuming  that  the  principle 

2!!  =  a—" 
a" 

holds  not  only  when  m>n  and  m  =  n,  but  also  when  m<n. 

We  then  have>  for  example, 

a* 
But,  cancelling  as  in  fractions, 

^  =  1 

Therefore,  a-'  =  i. 

cr 

In  general,  since  m  <  n,  we  may  assume  n  =  m  4-  A:. 
Then  ^  =  -^  =  a^-(-+»)  =  a'\ 


or     w 
But  J!!_=_l_  =  l. 


Therefore,  a-*  =  A. 


That  is,  a  negcUive  power  of  a  number  is  eqxicd  to  the  reciprocal 
of  a  positive  power  of  the  same  number y  the  eocponents  being  num^ri* 
caUy  equal. 
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^  KhJ        fay     a'     a'     \a) 


a  We  also  have  -1- =i  =  o*. 


a* 
This  relation  and  the  relation  which  defined  a  negative 
integral  power  may  be  stated  thus: 

Any  power  of  a  number  may  he  transferred  from  tJie  denomi- 
naior  to  the  num^ratOTf  or  from  the  numerator  to  the  denominatoVf 
ofafractionf  if  the  sign  of  its  exponent  he  reversed. 

This  reciprocal  relation  between  positive  and  negative  powers 
is  useful  in  reductions  which  involve  negative  powers. . 

EXERCISES  I. 
Find  the  value  of  each  of  the  following  expressions : 
1.  2-».  2.  3-1  3.   (1)-^  4.   (3f)-«. 

5.   (*)-».  6.  ^.  7.   -i-^.  8.    (20)-«. 

Change  each  of  the  following  expressions  into  an  equivalent 
expression  in  which  all  the  exponents  are  positive  : 

9.   :x?y-\  10.   2c-*d.  U.   ^-^a^n-\      12.   hx-^y  \ 

13,  — — -.         14,  — —.  13.   — — - — —»        le,   — 


In  each  of  the  following .  expressions  transfer  the  factors 
from  the  denominator  to  the  numerator: 

17.«.  18.1^.  19.^^.  20.^. 

6»  5y-»  2hf  ab 

ai.  _i_.      ■  22.  *i^  +  yy.  23.-    ^aC'^  +  l)  . 

(o  +  6)  («-y)*  3o-'(!e*-l)» 
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24-30.  Find  the  values  of  the  expressions  in  Exx.  17-23, 
when  a  =  3,  6  =  4,  a?  =  —  2, 3/  =  5. 

Fractional  (Poaitive  or  Negative)  Powers. 

9.  We  will  define,  i.e,,  fix  the  meaning  of,  the  power  a',  in 
which  g  is  a  positive  integer,  by  assuming  that  it  must  obey 
the  first  law  of  exponents,  namely, 

In  other  words,   whatever  meaning  a'  may  have  must  be 
derived  by  an  application  of  this  law. 

By  this  law,  c^  '0^=i  c^^^  z=a}  =  a. 

But,  since  a^  •  a^  =:(a^)2,  by  definition  of  positive  integral 
power  of  any  base,  we  have 

That  is,  a^  is  a  number  whose  square  is  a,  or  a^  =^a. 
In  general, 

111  1^1  .K     . 1 

a^  'O' '  a*  •••  q  factors  =  a'»»  =a  ^  =  a, 

111  1 

But,    since    a*  •  a*  •  a*  •••  g  factors=(a«)»,    by  definition    of 

positive  integral  power,  we  have  (a^^  =  a. 

That  is,  a*  is  a  number  whose  qth  power  is  a, 

1 
or  a^=-^a. 

We  are  thus  led,  by  the  definition  of  the  fractional  power, 
1 
a*,  to  the  operation  that  is  inverse,  to  that  of  raising  a  number 
to  a  positive  integral  power,  i.e.,  to  the  operation  of  finding  a 
root. 

Thus,  9*  and  ^9,  (-243)*  and  ^-243,  a^  and  ^a,  are 
only  differeiit  ways  of  representing  the  same  numbers. 

Notice  that  the  index  of  the  root  is  the  denominator  of  the 
exponent  of  the  fractional  power,  and  the  radicand  is  the  base. 
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10.  From  the  definition  of  a  fractional  power  we  have 

(9l)»  =  (V9)«  =  9,  [(-  25)iy  =  (^-  25y  =  -  25. 
1 
In  general,  (a*)*  =  (-{/a)*  =  a. 

1 
Also,  (a9)'=:-^a'  =  a, 

if  only  positive  roots  be  considered. 

1  1 

Therefore,  (a^  =  (a^*, 

for  the  positive  root. 

11.  Meaning  of  a',  wherein  ?.  is  a  positive  or  a  negative 

Q 
fraction.    We  may  always  assume  g  to  be  positive  and  p  to 

have  the  sign  of  the  fraction. 

Whatever  meaning  a*  may  have  must  be  derived  by  an 
application  of  the  law 

a*  •  a*  =  a""*'". 

By  this  law,  5i'5i.&i:=: 6*-'*+*  =  6» 

But,  since  5^  '5^-5^  =  (6*)',  we  have  (6*)'  =  6*. 

That  is,  6*  is  a  number  whose  cube  is  5^;  or  6^  =  -^6*. 
In  general, 

?       ?       ?  €-!-€+'+...- terms  «  ' 

a'  ^a^ '  a*  •••  g  factors  =  a*  *  '  =  a  '»,  =  c^. 

p     J,     p  p  £ 

But,  since  a^  -a''  -a^  '"q  factors  =  (a»)«,  we  have  (a*)*  =  a"*. 

That  is,  a*  is  a  number  whose  qth  power  is  oF ; 

or  a^rzs^a". 

Notice  that  a  fractional  power  is  a  root  of  an  integral  power. 
The  denominator  of  the  fractional  exponent  is  the  index  of 
the  root,  and  the  numerator  is  the  exponent  of  the  power. 

E.g.,  23*  =  ^23* ;  (- 19)*  =  ^(- 19)« ;  2"*  =  ^2"*  =  ^J. 


1 
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12.  Since  fractional  powers  simply  afford  another  way  of 
indicating  roots,  all  the  principles  relating  to  roots  which  were 
proved  in  Chapters  XIV.  and  XV.  hold  for  such  powers. 

BXBBOISBS  II. 

Write  each  of  the  following  expressions  as  an  equivalent 
expression  with  radical  signs: 

n.  ai  2.  6"i.  3.  «i  4.  3y*. 

5.  4a?"iy*.  6.  2ab''ic.         7.  2-^«V-         8-   2  a"  ft"'. 

9.  r«v.     10.  ^2«^-»-  "  ^^ 


(^\*.       11.   i^.  12.   ^. 


Find  the  value  of  each  of  the  following  expressions : 

13.  4*.  14.   169*.  15.   16-i.  16.   144"*. 

17.  27*.  la   27"*.  19.   16*  20.  81"*. 

21.  49*    ^  22.   512*.  23.    216"*.  24.   32"*. 

Write  each  of  the  following  expressions  as  an  equivalent 
expression  with  fractional  exponents : 

25.   V«-      26.  ^a\  27.   V(«"^^0-         2a   ^{2xy'% 

29.   ^a«.     30.  ■^{2x'^f).      31.  ^(bx'^f).     32.  ^(3a-^6«). 

13.  Having  thus  determined  definite  meanings  for  zeroth, 
negative,  and  fractional  powers,  it  remains  to  prove  that  they 
obey  all  the  principles  of  positive  integral  powers. 

Products  of  Powen. 

for  all  rational  values  of  m  and  n. 

Ex.  1.  a^ar'  =  aj»+<-^>  =  x^'  =  x'^ = i . 

ar 

Ex.  2.  a*6-*  X  a-^W  =  a*- V*^*  =  a-*6  V  =  ^. 

a* 
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Assume  m  to  be  positive  and  n  negative^  and  the  absolute 
value  of  m  less  than  the  absolute  value  of  n. 
Let  n  =  --ni,  so  that  rij  is  positive.    Then 

«»        1  1 

In  a  similar  way  the  principle  can  be  proved  for  other  cases 
in  which  the  exponents  are  0  or  negative. 

That  the  principle  holds  when  the  exponents,  either  or  both, 
are  fractions^  follows  from  the  definition  of  a  fractional  power. 

EXERCISES  III. 
Simplify  each  of  the  following  expressions : 
1.  a^aP.  2.  ar^aP.  3.   a'V.         -     4.  »»-%-*. 

5.   a^a^.  6.  a^a^.  7.   b'h^.  8.   c^c'^. 

9.  5  a-»  X  3  a*.      10.    -  f  6"*  x  If  b-\    11.  M'^  x  a*6*. 

15.  (a*  +  0(«*-0-  1^-    (a*  +  a'^)(a*-a"*). 

17.  (a*-a*6*+6*)(a*+«>*).  18.   (a^"^+ay"*+l)(«y"^-l) 

19.  (a*-^  +  a-*  -  a-«)  (a?  +  a*  +  a'). 

20.  (aj»-«-»-2a-«4-6)(10aj-^  +  «-i-6ar»). 

21.  (a;*  -  ajy*  +  ajly  -  y*)  (a?  +  »V*  +  y). 

22.  (a*  +  a"*-a*~a"i^)(a*  +  a"^  +  l). 

23.  (aj*  +  2ar*  +  3a:*  +  2aj*  +  l)(aj*-2a;i  +  l). 

Quotients  of  Powers. 

for  all  rational  values  of  m  and  w. 
Ex.  1.  -^  =  ar^-<-^>  =  a:*+8  =  aj». 


J 
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Ex  2.  «^*=a-H5W  =  a-i&V=^. 

ah-^  a* 

We  have  "  ^  =  a'^a-^  =  a-^^—)  =  a—*. 

BXBBCISBS  IV. 
Simplify  each  of  the  following  expressions : 


3.  t*. 

6-» 

^^ 

a;-* 

6.   — -•             7.    — -• 

a  *". 

9.  «^". 

a*-i 

X  (li6-»)  +  (36«). 

12. 

l  +  (io6- 

■•)• 

3.  (3ia"6-^)-!-(|a" 

b-^. 

14. 

(ai-fti)- 

■^( 

a* +  6*). 

15.  (x-^  +  y-^)-^(x^^y-i). 

16.  (3a-^*»H-a«-4a-«)^(2a-2  +  a2  4.3a-«). 

17.  (2a;-»-3a-2-2aJ-*^-2-a;)-^(aJ-^^-l). 

la  (a:-^  -  3a?"*  4-  3  -  3a*  +  2aj)  -h  (a?""*  -  2a;-^  +  a;"*  -  2). 

19.  (2a^ - 3a8- 23a-^  +  15a''  +  9a-») h- (a*4- 2 - 3a-*). 

20.  (6aj* 4- 9a:"* -2a;-^- 13) -^  (3a;*  +  2a;"* -5). 

21.  (a;*  —  xy^  4-  a;*y  —  2/^)  -f-  (a;*  —  y*). 

22.  (a*  -  a^ft*  -  a*62  4.  fti)  ^  (a*  -  06*  4-  a*6  -  6*). 

23.  (6a;* -  7a; -  19a;* 4-  2 a;i  4-  8a;*)  -^  (2a;* -  3a;* - 4a;*). 

Powers  of  Powers. 

(III.)  (a*")"  =  a'"", 

for  all  rational  values  of  m  and  n, 

Ex.  1.  (a;^-8  =  x^^-^^  =  a;-«  =  1. 

Ex.  2.  (1024*)-*  =  1024-A  = 


(^1024)*     8 
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(i.)   m  and  n  both  negative  integers. 

Let  m  =  —  wij  and  n  =  —  ni,  so  that  mi  and  Ui  are  positive. 

We  have 

In  a  similar  manner  the  principle  can  be  proved  for  other 
cases  in  which  the  exponents  are  0  or  negative  integers. 

(ii.)   m  a  fraction,  and  n  a  positive  or  a  negative  integer,  or  0. 
Let  m  = :?,  wherein  g  is  a  positive  integer  and  p  is  a  posi- 
tive or  a  negative  integer. 
We  then  have 

(cry  =  (ay  =  [(a')"]"  =  (a^)^  =  a « =  a'  =  a-'^ 

In  a  similar  manner  the  principle  can  be  proved  when  m  is 
an  integer  and  n  is  a  fraction. 

(iii.)   m  and  n  both  fractions.     Let  m  = :?,  and  n  =  I- 

g  s 

If  (a*)*  be  raised  to  the  gsth,  =  sqth  power,  we  have 

[(«¥]"  =  \  [(«¥]•!'  =  [(«')']'  =  [(«')']'  =  («')'  =  a". 

Consequently  (a*)*  is  the  qa  root  of  a^;  or,  by  definition 
of  a  fractional  power, 

p  r  pr  p   r 

EXERCISES  V. 

Simplify  each  of  the  following  expressions : 

1.  (x^-K             2.  (a^)*.              3.  [(-«)*]«.  4.  (a:-»)*. 

5.  (x^)^,             6.  (a-3)*.             7.  (68)-*.  8.  («-*)-*. 

9.  (a"*)"^.          10.  (a")-2.           11.  (a-'»)-8.  12.  (a  «) ". 

13.  (-^a-y.        14.  (Va)"*-        15.  (^ic*)-*.  16.  (^a—)"'. 
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Powers  of  Products. 

(IV.)    (ab)'"  =  a'"b'",  for  all  rational  values  of  m. 
Ex.l.   (2a;)-«  =  2-8aj-»  =  -i-. 

8  2/ 

Ex.2.   (Sx'if)-*  =  3'*a^^:^.. 

(i.)  m  a  negative  integer.    Let  m  =  —  nii,  so  that  mi  is 

positive. 

Then  (a5)-= (a6)-"H  =  -^^-  =  -^^—  =  a'^^^b-'^^  =  a^ft"*. 
^    -^       ^    '^  (a6)"H     a-^6"H 

(ii.)  m  a  fraction.    Let  m  =  — ,  where  p  is  a  positive  or  nega« 
tive  integer,  and  g  is  a  positive  integer. 

If  (oft)'  be  raised  to  the  gth  power,  we  have 

p 
[(oft)']*  =(a6)',  since  g  is  an  integer, 

=  0^6^  by  (i.). 
But  (a^h^y  =  (a»)«  (6')»  =  o^ft'. 

Therefore  [(a5)»]»  =  {a^hy ;  whence  (aft)'  =  a'6*. 

Powers  of  Quotients. 
(V.)         [^  j   =t;;^j  for  all  rational  values  of  m. 

We  have  /'^^Y  =  (od"')- =  o-ft— =  ^. 

BXBBOISBS  VI. 
Simplify  each  of  the  following  expressions : 
1.  (aia!-»)-'.  2.    (ia)-*.  3.   (8a:^i 
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Wa-^V  VSa-'ft^;  U»-V 

13.    /'^r.  14.    f2i^T.  15.    fi^^Y. 

EXERCISES  Vn. 
MISCELLANEOUS   EXAMPLES. 

Simplify  each  of  the  following  expressions : 

1     g  —  6       gi  —  bi  ^2     a  — a?        g  +  a? 

'  a*-6*       ^"^  g*-a;*     g*  +  aj* 

g    a^x*  +  a*x^     a^x  .       x^ -\-l  1 

.    g*  +  a?*       gi  +  a*  aj  +  aj*  +  l     aP  — 1 

1  _j^  1  2gi 


g*  +  g*4-l     g*  — g*^4-l     g*  +  g*  +  l 
Find  the  square  root  of  each  of  the  following  expressions : 
6.  x^-\'X^  +  2,  7.   g-'*a?  +  2g~V*  +  ga?-*.         / 

a  4ar^-12«-«  +  13aj-'*-6aj-i  +  l. 
9.  9a?  +  10x-^-Ax-^-\'X-^-12. 
10.  g»-f g*-f g*4-fi«  +  la^ 
.01.  faj8-6ajV4-W^-t«V  +  Aa^. 
Find  the  cube  root  of  each  of  the  following  expressions : 
12.  x-^-6x''^+12x-*-Sx-\     13.   8a?-36aj*-27a;*+54aj* 
14.   a;*  -  3  oj*  +  3  aj*  +  2  a;  +  3  a;*  -  3  oj*  -  6  ajH  +  3  ajW  +  xi 


CHAPTER  XVIIL 

QUADRATIC  EQUATIONS. 

L  A  Quadratic  Equation  is  an  equation  of  the  second  degree 
in  the  unknown  number  or  numbers. 

E.g,,        a^  =  26,  aj*  -  Sa?  4-6  =  0,  aj"  +  2a?y  =  7. 

A  Complete  Quadratic  Equation,  in  one  unknown  number,  is 
one  which  contains  a  term  (or  terms)  in  aj*,  a  term  (or  terms) 
in  X,  and  a  term  (or  terms)  free  from  x,  as  a*—  2 ax-\'b=cx—d. 

A  Pure  Quadratic  Equation  is  an  incomplete  quadratic  equa- 
tion which  has  no  term  in  aj,  as  as*  —  9  =  0. 

Pure  Quadratic  Equationa. 

2.  Ex.  1.   Solve  the  equation  Ga:*  —  7  =  3a^+.6. 
Transferring  3  a:*  to  the  first  member,  and  7  to  the  second 

member,  6a^-3a^  =  5  +  7, 

or  3aj"  =  12. 

Dividing  by  3,  a^  =  4. 

The  value  of  x  is  a  number  whose  square  is  4.    But 
2^  =  4,  and(-2)«  =  4. 

Therefore  a?  =  ±  2. 

3.  This  example  illustrates  the  following  principle  of  equiva- 
lent equations : 

Tfie  positive  square  root  of  the  first  member  of  an  equation 
may  be  equated  in  turn  to  the  positive  and  to  the  negative  square 
root  of  the  second  member, 
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Ex.  2.   Solve  the  equation  (a;  —  2)  (a?  +  2)  =  —  6. 

Simplifying,  jb*  —  4  =  —  6. 

Transferring  —  4,  a?  =  -^2. 

Equating  square  roots,  x  =  ±  ^—  2. 

These  results  are  imaginary.  Yet  they  satisfy  the  given 
equation,  since 

(±V-2-2)(±V-2+2)  =  (±V-2)«-4  =  -2-4  =  -6. 

In  such  a  case  the  equation  is  said  to  have  imaginary  roots. 
The  meaning  of  an  imaginary  result*,  when  it  arises  in  connec- 
tion with  a  problem,  will  be  explained  in  Art.  16. 

4.  The  methods  used  in  Ch.  VIII.  for  solving  fractional 
equations  which  lead  to  linear  equations  apply  also  to  frac- 
tional equations  which  lead  to  quadratic  equations. 

Ex.  3.   Solve  the  equation  ^il^  +  ^^  =  0. 

o  +  x     a;  — 0 

Clearing  of  fractions, 

(a  +  aj)(aj-6)4.(aj-a)(6  +  aj)  =  0, 
or,  aj^  +  oaj  —  6aj  —  a5  +  aj^  —  00?  + 6aj— a6  =  0. 

Transferring  and  uniting  terms, 
2a?=2ab. 
Dividing  by  2  and  equating  square  roots, 

x  =  ±-y/(ab). 
This  equation  therefore  has  irrational  roots, 

EXERCISES  I. 

Solve  each  of  the  following  equations : 

1.  x'=z729.  2.  aj2_26  =  144.  3.  5aj«-27  =  2a?. 

.    S      X  -    8a;      9  ^    ar^-1     « 

*-i  =  27"  ^•81  =  2^-  «•— r-  =  ^- 

•7.  ^^±12  =  4.       8.-J-  =  l.  9.  -18-  =  6. 

8  x'+l  .&  rB»-l 

10.  7a?-8  =  9a;*-10.  U.  5  + 16 iB«  =  11  »*  + 15. 
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12.  6a!'  +  9  +  7a!»=8a!»  +  26. 

13.  6(3a!»  +  l)  +  81  =  7(6a!'-16)  +  18. 

,.    J L  =  X  IS    2-^_7V-{-9 37 

'  20?    So?     12  '5  6       ~     15* 

la  (7  +  2a?)(7~2ic)  =  13.  19.  (a;  +  i)(aj-i)  =  ll. 

20.  (aj-8)(aj+6)=3(3-aj).  21.  («4-2)(«+3)=5(aj4-l). 

22.  (aj  +  3)»  =  49.  23.  (3  a?  +  4)*  -  49  =  676. 

.  24.  64««-80aj  +  25  =  9.  25.  (5a;+4)'-f  (4aj-5)*=82. 

26.  _^±A=:^^±Ji.  27    2a;-3^3a?-2 

5a?-fl      a;-f6'  '3x-^     2x-3' 

2a   ^J:A^  2a;4-7  ^^    3a?-4^7a;-24 

a?  +  13     3a:4-18'  '   4a?  +  l     8aj-19' 

30.  £±i— io_=l.  31.  §^^li±^=a 

8        a?  +  l     2  7       2aj  +  7 

32.  (2a;-3)(3aj-4)-(a;-13)(aj-4)=40. 

33.  (5aj-7)(3aj  +  8)-(a;-10)(9-a;)=1634. 

34  a?-l  ,  a;4-l_3g'-7 

35  _5 3      ^       132      ^ 

•  ic-6     2aj  +  3     77(a;-6) 

as.  -^4--^+     6    -    81    - 


37. 


aj  +  7     a;-8     a;  +  2     a;  +  12 

(S^x)(3'-x)(l  +  x)  +  (&  +  x)(3  +  x)(l^x)  =  16. 
3a  aic«=:6*,  39.   (a-6aj)*  =  c«. 

40.  aa?  +  b*  =  ba?  +  a\  «..   («  + «)(«  — a)=3a*. 

42.  mV~4maj  +  4  =  9.  43.   aic«  +  ^  =  to«  +  5. 

a  & 

ggg  —  6 _ 6ag  +  g  ^^    a?4-l_o^4-fta?4-cg' 

a  —  hx     b  +  ax  a?  —  1     a  —  ftaj-hcaj* 
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Solution  by  Factoring. 

S.  The  principle  on  which  the  solution  of  an  equation  by 
factoring  depends  was  proved  in  Ch.  VI,  Art.  43.  The  methods 
given  in  Ch.  VI,  Arts.  9-13;  Ch.  XV,  Art.  33;  and  Ch.  XVI, 
Art.  20,  enable  us  to  factor  any  quadratic  expression.  The 
roots  of  the  given  quadratic  equation  are  the  roots  of  the  equar 
tions  obtained  by  equating  to  0  each  of  its  factors. 

Ex.  1.   Solve  the  equation  3ic*-|-5a;  —  2  =  0. 
Dividing  by  3,  x^-{-^x-i  =  0. 

Adding  and  subtracting  (.j^)^  =  ||,  we  have 

or,  (a^  +  f)*~tf  =  0. 

FaxJtoring,  («  +  f  +  i)(aJ  +  |- ^)  =0, 

or,  (x  +  2)(x-i)^0, 

Equating  each  factor  to  0, 

a?  4- 2  =  0,  whence  a;  =  —  2; 
a?  — ^  =  0,  whence  x  =  ^. 

Ex.  2.  Solve  the  equation  2ar^-|-2a?  — 1=0. 
Dividing  by  2,  o^  +  x-i  =  0. 

Adding  and  subtracting  (^)^,  =  |, 

a^  +  a:  +  i-i-i  =  0, 
or  (x  +  iY^i^Sy^O. 

Factoring,  (X'^i  +  i  V^)  («  +  i  -  W^)  =  <>• 
Equating  factors  to  0, 

«4-i  +  iV3  =  0,a;-f-i~iV3  =  0. 
Whence  a?  =  -  ^  -  ^  V^,  and  -  ^  +  i^3. 
Such  roots  are  usually  written  —  ^  ±  i^3. 
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Ex.  3.   Solve  the  equation  a^  —  2  a;  -f- 19  =  0. 
Adding  and  subtracting  (—  1)*,  =  1, 

aj2_2a?4-l-l  +  19  =  0, 
or,  since  - 1  + 19  =  18  =  -  (- 18)  =  -  (V-  18)^ 

=  -(3V-2)', 
(«-l)«-(3V-2)*  =  0. 
Factoring,    (a;- 1 +  3  V- 2)(a;- 1 -3  V- 2)=:0. 
Equating  factors  to  0, 

a;-^l  +  3V-2  =  0,  i-l -3  V-2  =  0. 
Whence,  aj  =  l±3V-2. 

EXERCISES  n. 
Solve  each  of  the  following  equations : 

L  a?-6aj  +  5  =  0.  2.  a?-7a;  +  10=0. 

3.  a?-.4a;-21=0.  4.  a^  =  llaj  +  12. 

5.  3a?  +  4aj4-l  =  0.  6.  9a^- 12aj4-4  =  0. 

7.  6a»  +  13aj-8  =  0.  ,    a  lla?-7a-18  =  0. 

9.  7a^-20a;  +  8  =  0.  10.  7-12a»  =  17a;. 

11.   20a^-79a;  +  77  =  0.  12.  8aj*  + 13a;- 82  =  0. 

13.  a^-2aj-l  =  0.  14.  ar»-6aj-71  =  0. 

15.   a^—2aj 4-2  =  0.  16.  a^  — 4aj  +  13  =  0. 

17.    (a;  +  8)(a?-|-3)  =  a;-.6.        18.  (a?  +  7)  (aj  -  7)  =  2(aj  +  50). 

19.    (2aj  +  l)(a;  +  2)  =  3a^-4.     20.  (a?- l)(2aj4-3)  =4a^- 22. 

21.   aj*-3  =  |(aJ-3).  22.  «(»  +  5)  =  5(40  -  a;)  +  27. 

23    _£_  =  _il_.  24     .£_+L=?_^^. 

'   a:  +  120     3aj-10*  '   2aj4-3       a;  +  3' 

25    £±3 5_^^+ll.      26.   5  +  i£±I  =  -§. 

4         a;-6  6  x      x  +  1  2 

27    ^-  +  -A_  =  _6_,.       28.   5±^>_E±i  =  ^_li_. 
'aj  — r^a;-2     aj-3  a;  +  3     x-h5         x-{-S 
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dx-Sx"     21-7a;      21ic  x^l^  x--2^ x-~3 


5x^1     7a^-106^     1     32  a?-2      a;  +  2^2(a?4-3) 
'     aj  +  3       8aj«-72  S'        *a?  +  2"^a;-2        x-Sj 

35.   ai^  +  llax  +  2Sa^  =  0.  36.   o^- 14ma5  +  33m*  =  0. 

'37.  aj«-2aa?  +  a*-.6«  =  0.  38.   a^-3aa?+2a^-a6-y=0. 

39.  a2-.(2m-l)a;  +  m»-m  — 6  =  0. 

40.  aj*-(3a  +  26)a;  +  6a6  =  0. 

41.   aa?+(a  +  2)a?  +  2  =  0.         42.   &a'-.2(& +  c)aj  +  4c  =  0. 

43.  (a  +  l)aj«  — aa?-l  =  0. 

44.  (a*  +  3a-10)iB*-(2a  +  3)aj  +  l  =  0. 

45.  a?'-2(a  +  b)x+(a-hb  +  c)(a  +  b-c)  =  0. 
^46.    (m  — 71)2?"— (m  +  n)a;-f 2n  =  0. 

47.  _«_  +  _^  =  2.  4a  izii«  +  2«  +  ft  =  o. 

♦05  —  6     aj  — a  2a  — 6  a; 

49.  g+     ^-^    =g.  50.  —2^!^ 5!?_  =  2. 

a;     06(6  — 1)      6  — ^  aj  +  4n     aj  — 4w 

Solution  by  Completing  the  Square. 

6.  The  following  examples  illustrate  the  solution  of  a  quad- 
ratic equation  by  the  method  called  Completing  the  Square. 

Ex.  1.   Solve  the  equation  aj*  —  5aj-f6  =  0. 

Transferring  6,  a?  —  5  x  =  —  6. 

To  complete  the  square  in  the  first  member,  we  add  (—  ^y, 
=  2^j  to  this  member,  and  therefore  also  to  the  second.  We 
then  have 

Equating  square  roots,  «  —  f  =  ±  ^,  by  Art.  2. 
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Whence,  x^^±i. 

Therefore  the  required  roots  are  3  and  2. 
Ex.  2.   Solve  the  equation 

7a^  +  5a;  +  l=s0. 
Transferring  1,  7aj*  +  5iB  =  —  1. 

Dividing  by  7,  aj*  +  ^a;  =  —  f. 

Adding  (^y=^,  ^  +  ^x  +  ^  =  ^-^  =  f^. 
Equating  square  roots,  a;  +  -^  =  ±  iV V"~  ^• 
Whence,  «  =  —■ A±i^V""3. 

Therefore  the  required  roots  are 

-A  +  T^V-3  and  -^-^V-3. 

Ex.  3.  Solve  the  equation 

(a«-.6*)aj»-  2a»aj  +  a«  =  0. 

Transferring  a*,  (a*  —  6*)  aj*  —  2  a^x  =  —  a*. 

•       2  a^a?         —  a' 


Dividing  by  a*  —  &', 


a2-62      ^2_yj 


^^^^^  ("^3^J'  =(a3-&y  to  both  members, 

a* 
Equating  square  roots,  x  — - — -5  =  ± 


Whence,  «^  =  4^- 

Therefore  the  required  roots  are     ^  ,  and     ^    > 

The  preceding  examples  illustrate  the  following  method  of 
procedure : 

Bring  the  terms  in  x  and  a?  to  the  first  member,  and  the  terms 
free  from  x  to  the  second  member,  uniting  like  terms. 
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If  the  resulting  coefficient  of  a?  he  not  + 1,  divide  both  members 
by  this  coefficient. 

Complete  the  square  by  adding  to  both  members  the  square  of 
half  the  coefficient  ofx. 

Equate  the  positive  square  root  of  the  first  member  to  the  posi- 
tive and  negative  square  roots  of  the  second  member. 

Solve  the  resulting  equations, 

EXBBCISBS  ni. 

Solve  each  of  the  following  equations : 


1. 

aj»-4a;  +  3  =  0. 

2. 

x«-.5a;  =  -4. 

3. 

a?  +  2x  +  l  =  0. 

4. 

2aj>_7a;  +  3  =  0. 

5. 

3x»-63a;  +  34  =  0. 

6. 

14a;-49a:»-l=0. 

7. 

a^  — 4a; +  7  =  0. 

8. 

110aj2-21a;  +  l  =  0. 

9. 

a»~2iB  +  6  =  0. 

10. 

a*-l  +  «(a?-l)=aJ*. 

U. 

(3aj-2)(iB-l)=:14. 

12. 

(2x^l)(x-2)^(x  +  iy. 

13. 

x  +  l=5i. 

14. 

«-l=H. 

15. 

.-1  =  12. 

X 

16. 

^  =  .-4, 

X 

17. 

1   ,    1  _^     1. 
2aj     3aj            6* 

18. 

.4=r.l. 

19.   -^^=aj4-2.  20.   2a; +  5=      ^^ 


aj  —  4  4  a;  — 11 

21.   g  +  3^     a;-4  ^    a;-hl^3a;  +  l 

x-{-9         x  —  1  '   x-i-5     7a;  — 1 

23.     10-+-JI-=S-  24.  «±|-2£z:i=2. 

1  — a;     l  —  2x  x  —  o      ar-f5 

25.  (2a;-3)*  =  8a;.  26.   (2a;4-l)(a;+2)=3a;*— 4. 

27.  (6a;-3)*-7=40a;-47.       28.    (a;4-l)(2a;+3)=4a;«— 22 

29.  (a;-7)(a;-4)  +  (2a;-3)(a;-5)  =  103. 

30.  10(2a;-|-3)(a;-3)  +  (7a;4-3)*  =  20(a;  +  3)(a;-.l). 

31.  (a;-l)(a;-3)4-(a;-3)(ar-5)  =  32. 

32.  (a;-l)(a;-2)-|-(a;-3)(a;-4)  =  (a;-l)«-2. 
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6  3  8 


^33. 
34. 


x  —  5     a?  — 4     x  —  3 
12  7  15 


x-hl     6  —  x         x  —  2 

a!+-2     a!  +  3     (B  +  4 

36    2x-7 7       ,       11     ^1 

■  2a!-l     6a!-4^3a!-4       * 

^  3a ,  6  8 

37.   — -+  — 


3a 


se'  +  Sx  +  Z     ai»  +  6a;  +  6     a!»  +  4a!  +  3 

jx 1_ 2 

x*  — 9a!  +  20     ic'  —  lx  +  lO     a?  —  6x  +  S 


x+2  1+x        ^       1-Sx 

'  6a!»  +  6a!  +  l     lOaJi  +  TiB  +  l     15a?  +  Sx  +  l 


40   a,-2  =  ^-l. 
ha     X 


41     ^  +  ^   I   ^  — ^  _       w' 

'  n  —  x     n  +  x     n^  —  a? 
x'  +  l 


42.x=s -—.  43. 

^-^        (a  —  hyx     a  —  b 

44       ^-^^     ^       ^ 1..  45 

'   8a^~2y»     2«4-ft     2a 

^    a?~a  +  &^ci-6-g         ^^ 

'a?4-a  — 6     a  +  64-«  *aa  +  l     aV  — a— a*aj+aaj 


n*aj  — 2n     2  — na?     n 

a                 a— 1 

:1. 

naj— a?     a?—2na?+n^Qi? 

ax                  1  —  a 

-^« 

4a 


\a^xj      2    a  —  aj 


General  Solixtlon 

7.    The  most  general  form  of  the  quadratic  equation  in  one 
unknown  number  is  evidently 

oa^  +  6aj  +  c  =  0. 

The  coefficient  a  is  assumed  to  be  positive  and  not  0,  but  b 
and  c  may  either  or  both  be  positive  or  negative^  ox  0. 
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Dividing  by  a,  a?'  +  -aj4--  =  0. 

a       a 

Transferring  -,  jc?4--a;=s  — -• 

a  a  a 

^\2aJ'      4a«'       ^o    ^4o«     4a'     a 

bl'-Aae 


4o« 
Equating  square  roots,  x+-^  =  ±  v^"~ — 222. 

2a  2a 

&  The  roots  of  any  quadratic  equation  can  be  obtained  by 
substituting  in  the  general  solution  the  particular  values  of  the 
coefficients  a,  b,  and  c. 

Ex.  Solve  the  equation  Sic'  +  Ta;  — 10  =  0. 

We  have  a  =  3,  6  =  7,  c  =  -10. 

Substituting  these  values  in  the  general  solution,  we  obtain 

«  =  -i  +  iV[49-4x3(-10)]  =  l, 

and  a?  =  -|-.^v[49-4x3(-10)]  =  -i^. 

EXEBCISES  IV. 

Solve  each  of  the  following  equations : 
1.  2a^  =  3iB  +  2.  2.  5ic*-6a;  +  l  =  0. 

3.  9x(x  +  l)  =  2S.  4.  a^-6*  =  2aaj-a*. 

5.  aj2  +  6aa?  +  l  =  0.  6.  a^  +  l  =  2|ic. 

7.    (a? -5)2+ (a? -10)2  =  37.      g.   2aj(3n-4a;)  =n«. 
9.   n2(iB*  +  l)  =  a2-f  2w*aj.         10.  a:«  +  (a?  +  a)^  =  a*. 
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Relation  between  Roots  and  Coefficients. 

9.  If  the  roots  of  the  quadratic  equation 

aaj«  +  6a;4-c  =  0,  or  ic*  +  -aj  +  -  =  0 
a'      a 


be  designated  by  r^  and  r^,  we  have 


_      6      V(y-4ac) 
2a  2o 

The  sum  of  the  roots  is 


ri  +  r,  =  -^.  (1) 

The  product  of  the  roots  is  , 

,,,,=[,  A+V(y-4ac)nr__A,V(^-4ac)i 

''     L    2a^         2a        J     L    2«  2a        J 

^r bf    rV(6'-4ac)T      y      y-4ac^c      ,ox 

L     2aJ      L        2a        J     4a«         4a«         a*    ^^ 

The  relations  (1)  and  (2)  may  be  expressed  thus : 

(i.)  If  the  coefficient  of  the  second  power  of  the  unknovm  num- 
ber be  1,  the  sum  of  the  roots  is  equal  to  the  coefficient  of  the  first 
power  of  the  unknown  number,  with  sign  reversed, 

(ii.)  If  the  coefficient  of  the  second  power  of  the  unknown  num- 
ber be  1,  the  product  of  the  roots  is  equxd  to  the  term  free  from  the 
unknown  number. 

E.g.,  the  roots  of  the  equation  a^  —  5a;-f6  =  0are2  and  3 ; 
their  sum  is  5  (the  coefficient  of  x  with  sign  reversed),  and 
their  product  is  6  (the  term  free  from  x). 

The  roots  of  the  equation  6 o^  —  a;  —  2  =  0,  ora^  — ^a;  — 1  =  0, 
are  J  and  —  ^ ;  their  sum  is  ^,  and  the  product  is  —  ^. 

10.  Formation  of  an  Equation  from  its  Roots.  —  The  relations 
of  the  last  article  enable  us  to  form  an  equation  if  its  roots  be 
given.  We  may  always  assume  that  the  coefficient  of  the 
second  power  of  the  unknown  number  is  1. 
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Ex.  1.  Form  the  equation  whose  roots  are  —  1,  2. 
We  have  rj  4-  rj  =  —  1  +  2  =  1,  the  coefficient  of  x,  with  sign 
reversed ;  and  Vir^  =  —1  x2=—  2,  the  term  free  from  x. 
Therefore  the  required  equation  is  fic*  —  a?  —  2  =  0. 

Ex.  2.  Form  the  equation  whose  roots  are  1  -|-  2^3, 1—2^3. 

Wehave  ri  +  r,  =  (l  +  2V3)  +  (l-2V3)  =  2; 

and  nrj  =  (1  +  2V3)  (1  -  2V3)=  1  -12  =  - 11. 

Therefore  the  required  equation  is  ic*  —  2  a?  — 11  =  0. 

11.  It  follows  from  Art  9,  that  the  quadratic  equation  may 
be  written  in  the  form 

aj2-  (ri  +  ri)x  +  rir,  =  0, 
or'  9  (a?  —  Vi)  (x  —  rj)  =  0. 

Ex.  Form  the  equation  whose  roots  are  —  1,  2. 
We  have    (x  +  l)(x  —  2)  =  0,  or  a^  -  a?  -  2  =  0. 

When  the  roots  are  irrational  or  imaginary,  the  method  of 
the  preceding  article  is  to  be  preferred. 

BXEBCISBS  V. 

Form  the  eqi^ations  whose  roots  are  : 

"l^.  8,  2.  2.   -  5,  -  3. 

5.  4,  -10.       6.  2i,lf. 

9.   2,0.  10.   Ojb. 

13.   ^2,  -V2. 

15.  1+V7,  i-V^. 

17.  3-V-S;  3+V-6. 

Nature  of  the  Roots. 

12.  In  many  applications  it  is  important  to  know,  without 
having  to  solve  an  equation,  the  nature  of  its  roots,  i.e.y  whether 
they  are  both  real  and  unequal,  whether  they  are  both  recU  and 
equal,  whether  they  are  iTnaginary. 


3.    10,10 

1. 

4.   7,-3. 

7.    - 

-!»• 

-If 

a  -i,8. 

11.    - 

-a,- 

-1. 

12.  a*,  —4  a'. 

14. 

iV 

-3, 

-iV-3. 

1& 

i- 

iVll,  i  +  tVil. 

i^ 

i- 

iV- 

■1,  i  +  iV-1- 
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In  the  general  solution 

'         2a  2a        '     *         2a  2a        *  , 

of  the  equation  aoj^  4-  fto?  +  c  =  0, 

a^  &;and  c  are  limited  to  real,  rational  values. 

(i.)  The  two  roots  are  reed  and  unequal  when  6*  — 4ac  is 
positive^  i.e.,  when  6*  —  4  oc  >  0, 

-E-gf.,  in  aj»  +  4a;-12  =  0, 

a  =  1,  6  =  4,  c  =  — 12 ;  and  since  6*  —  4  oc,  =16  +  48, 

is  positive,  the  roots  of  this  equation  are  real  and  unequal. 

(ii.)  The  two  roots  are  real  and  eqaal  when  6*  —  4  ac  m  equal 
to  0 ;  i.e.,  when  6^  =  4  ac. 

-E-gf.,  in  a^  — 4a?  +  4  =  0, 

a  =  l,  6  =  —  4,  c  =  4;  and  since  &*  =  4 ac^ 

the  roots  of  this  equation  are  real  and  equal. 

(iii.)  The  two  roots  are  conjugate   complex   nurnbers   wTien 
6*  —  4  oc  is  negative;  i.e.,  when  6^  —  4  ac  <  0. 

^.^f.,  in  aj2-2a;-K3  =  0, 

a  =  l,  6  =  —  2,  c  =  3;  and  since  6^  —  4 ac,  =4  —  12,  =  —  8, 

is  Tkegativej  the  roots  of  this  equation  are  complex  numbers. 

BXEBOISES  VI. 

Without  solving  the  following  equations,  determine    th^» 
nature  of  the  roots  of  each  one : 

1.  «*+17aj+70=0.     2.  aj2-|-12aj=-40.     3.  a^+5aj-14=G 

4.  aj«-a?  =  12.  5.  aj«- 8aJ  + 25  =  0. 

6.  aj«-8aj  =  16.  7.  9a^- 12a?  +  4  =  0. 

a  8««-2aj-25  =  0.  9.   16a^-f 8aj  +  49  =  0. 

10.  lOaj*— 21a;-10  =  0. 
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r, 


For  what  values  of  m  are  the  roots  of  each  of  the  following" 
equations  equal  ?  For  what  values  of  m  are  the  roots  real'^ 
and  unequal  ?  And  .for  what  values  of  m  are  the  roots  com-^ 
plex  numbers? 

11.  ma^  +  4aj  +  l  =  0.  12.   2a^  +  ma;  +  l=0. 

13.  3aj*  +  6aj  +  m  =  0.  14.  ma? -{- mx  +  1  =  0. 

IRRATIONAL  EQUATIONS. 

13.  An  irrational  equation  may  lead  to  a  quadratic  equation 
when  rationalized. 

Ex.  1.   Solve  the  equation  x  +  -y/(25  —  aj^  =  7. 

Transferring  a?,     ■y/(25  -  a?^  =  7  -  oj.  (1) 

Squaring,  25  -  a*  =  49 -14a? +  aj".  (2) 

The  roots  of  this  equation  are  3,  4. 

Both  roots  of  (2)  satisfy  the  given  equation,  since 

3  +  V(25  -  9)  =  7,  and 4  +^{25  - 16)  =  7. 

Ex.  2.  Solve  the  equation  x  —  V(2S  —  aj^  =  1. 

Transferring  a?,    ^^(25 -a?)  =  l-x.  (1) 

Squaring,  25  -  a?*  =  1  -  2  a?  +  a?*.  (2) 

The  roots  of  this  equation  are  4  and  —  3. 

The  number  4  is  a  root  of  the  given  equation,  since 

4-v(25-i6)  =  i; 

but  the  number  —  3  is  not  a  root  of  the  given  equation,  since 
-  3  -  V(25  -  9)  =-  7,  not  1. 

Therefore  the  root  —  3  was  introduced  by  squaring.  Now 
observe  that  the  same  rational  equation  (2)  would  have  been 
obtained,  if  the  given  equation  had  been 

a?-|-V(25-aj2)  =  l;  (3) 

that  is,  if  the  surd  term  had  been  of  opposite  sign.    The  root 
—  3  satisfies  equation  (3),  since 

«  3  +  ^^(25-9)  =-3 +  4  =  1. 
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Therefore  equation  (2)  is  equivalent  to  equations  (1)  and  (3) 
jointly. 

It  frequently  happens  that  no  root  can  be  found  to  satisfy 
an  equation  obtained  by  giving  to  the  square  root  either  its 
positive  or  its  negative  value. 

In  Ex.  1,  the  equation  thus  derived  is 

and  is  not  satisfied  by  either  of  the  roots  obtained.    The  equa- 
tion is  then  said  to  be  impossible. 

Ex.  3.    Solve  the  equation 

y(2aj4.3)-V(7-»)  =  l- 
If  both  positive  and  negative  square  roots  be  admitted,  the 
given  equation  is  equivalent  to  the  four  equations : 

V(2aJ+3)  +  V(7-a5)=l  (1),  ^(2x+3)^^{7^x)=l  (2), 
-V(2^+3)  +  V(7-»)=l  (3),  - V(2aJ+3)-.V(7-flJ)=l  (4). 

The  same  rational  integral  equation  will  evidently  be  de- 
rived by  rationalizing  any  one  of  these  equations. 

In  (1)  transferring  ^C*^  "  ^)> 

V(2a?  +  3)  =  l-V(7-«)- 
Squaring,       2aj  +  3  =  1  -  2-^/(7  -  a?)  -|-  7  -as^ 

or  3aj-5  =  -2V(7-aj). 

Again  squaring,  Ooc*  —  30a;  +  25  =  28  —  Ax^ 

or  9a5*-26aj  — 3  =  0. 

The  roots  of  this  equation  are  3  and  —  ^.  By  substitution 
we  find  that  equation  (2)  is  satisfied  by  the  root  3,  and  equa- 
tion (3)  by  the  root  —  ^.  The  other  two  equations  are 
impossible. 

Consequently,  in  solving  an  irrational  equation,  we  must 
expect  to  obtain  not  only  its  roots,  but  also  the  roots  of  the 
other  equations  obtained  hy  changing  the  signs  of  the  radicals 
in  all  possible  ways.  Some  of  these  equations  will  be  impos- 
sible. The  roots  of  the  other  irrational  equations  will  be  the 
roots  of  the  rational  equation. 
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14.  Ex.    Solve  the  equation 

Since  -3a?*-f  2a;=:-(3iB*-2a;-f  4)  +  4, 

we  may  take  ■^(3qi?^2x  +  4)  as  the  unknown  number,  replac- 
ing it  temporarily  by  y.    We  then  have  the  quadratic  equation 

2^-^  +  4  =  -16. 
The  roots  of  this  equation  are  5,  and  —  4. 
Equating  -y/(3  oj*  —  2  a;  -f-  4)  to  each  of  these  roots,  we  have 

V(3iB»  — 2a;-f  4)=5,  whence  a;  =  3,  —  |. 
V(3 ic*  -  2 a?  +  4)  =  -4,  whence  a?  =  i(l  ±  V^T)- 
The  numbers  3,  —  ^  satisfy  the  given  equation,  and  are 
therefore  roots  of  that  equation.    The  numbers  i^/(l  ±  V^*^) 
do  not  satisfy  the  given  equation. 

But  if  the  value  of  the  radical  is  not  restricted  to  the  posi- 
tive root,  the  given  equation  comprises  th5  two  equations 

V(3  aj«-2a?  +  4)-3a:'  +  2a;  =  -16,  (1) 

-V(3a5"  -  2a;  +  4)- 3a:»  +  2aj  =  - 16  (2) 

Then  J  (1  ±  V  37)  are  roots  of  (2). 
The  given  equation  is  said  to  be  in  quadratic  farm. 

EXERCISES  VII. 

Solve  each  of  the  following  equations,  and  check  the  results. 
If  a  result  does  not  satisfy  an  equation  as  written,  determine 
what  signs  the  radical  terms  must  have  in  order  that  the 
result  may  satisfy  the  equation. 

1.   V(«"-9)  =  4.  2.  4aj  =  3V(2a?-4). 

3.  3-V(3a?'-4aj  +  9)=0.      4.  5  aj  =  2  V(3  ar»  -  a;  + 15), 

6.   V[4«^~V(2a?  +  3)]  =  3. 

7.    ^-^  =44. V^--^.      a  ^+V(^  +  ^)= 1        , 

Va^  +  1  2  28  ^/((x?+T) 

2a^  +  V(4a?^^l)^,        .      a?- V(a?  +  1)^  5  . 
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U.  7V»==3V(«*+3a?-59).      12.. V(«+2)-V(^+2»)=^• 
15.   V(a?-2)+2V(«+3)-2V(3a;-.2)  =  0. 
16.   V(2a^  +  9)+V(3»-15)=V(7«  +  8). 
17      /3a;-4        ra;-5  ^5.      ^       /3£±6  .     /7aj-3_13' 

19  1,1^  -^ 

2a  -^ 1 l__=si. 

21.  a?-a;  +  2V(a5'-»-ll)  =  14. 

22.  a?  +  24  =  2aj  +  6V(2aJ^-4aj  +  16). 

23.  V(2a?-3a;4-5)  +  2iB»-3a;  =  l. 

24.  V(2«*-7a?  +  7)+V(2aJ*  +  9a;--l)  =  6. 

25.  ^/?^±^  =  ?.  26.   V^+V^^g. 

27.   V(<*  +  ^)+V(«-«)  =  - 


a?  aj« 


=  0. 


29.  V(l-^  +  ^+V(l  +  «  +  ^  =  ^ 

HIGHER  EQUATIONS. 

1&  Certain  equations  of  higher  degree  than  the  second  can 
be  solved  by  means  of  quadratic  equations. 

Ex.  1.   Solve  the  equation      a^  —  1  =  0. 

Factoring,  (a;  -  1)  (aj^  +  a  +  1)  =  0. 

This  equation  is  equivalent  to  the  two  equations 

a?  —  1  =  0,  whence  a:  =  1 ; 

and  aj*  4-  a?  + 1  =s  0,  whence  aj  =  —  ^  ±  ^  -yj^  3. 
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This  example  gives  the  three  cube  roots  of  1,  since  a:^— 1=0 
is  equivalent  to 

a^  =  l,  or  aj=^. 

Therefore  the  three  cube  roots  of  1  are 

1,  -i  +  iV-3,  -i-iv-s- 

In  general,  the  three  cube  roots  of  any  number  can  be  found 
by  multiplying  the  arithmetical  cube  root  of  the  number  in 
turn  by  the  three  algebraic  cube  roots  of  1. 

-^8  =  2^=2,  -.l±V-3. 

Ex.  2.   Solve  the  equation  a?*  —  9  =  2a^  —  1. 
Since  oj*  =  (aj^*,  we  may  take  a^  as  the  unknown  number  and 
solve  this  equation  as  a  quadratic  in  a?. 

We  then  have         (cx?f  -  2aj*-  8,  =  0. 
Factoring,  '  (aj«  -  4)  («» +  2)=  0. 

Whence, 
aj2-4  =  0,  or  a;  =  ±2;  and  a?  +  2  =  0,  or  a?  =  ±V— 2. 

In  general,  any  equation  containing  only  two  powers  of  the 
imknown  number,  one  of  which  is  the  square  of  the  o^^r,  can  be 
solved  as  a  quadratic  equation. 

Ex.  3.   Solve  the  equation  (a"— 3a;+l)'=6+5(a^— 3aj4-l). 

In  this  example  a?  — 3a:  +  l  is  regarded  as  the  unknown 
number,  and  may  temporarily  be  represented  by  the  letter  y. 
The  equation  then  becomes 

^2  =  64.52^5  whence  3(^=6,  and  pi. 

We  therefore  have  the  two  equations  ' 

a?-3aj  +  l  =  6,  whence  x'^ f  ±  ^y/29\ 

a?  — 3a?  +  l  =  — 1,  whence  i«  =  2,  aj=l. 

Therefore  the  roots  of  the  given  equation  are  f  ±  i V^>  2»  ^* 
Attention  is  called  to  the  fact  that,  in  epxjh  example,  we  have 

obtained  as  many  roots  as  there  are  units  in  the  degree  of  the 

equation. 
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BZBBOISBS  VII 
Solve  each  of  the  following  equations : 
1.  aj»  +  l  =  0.  2.  0^-1=0.  a  0^  +  1=0. 

4.   a^-l  =  0.  5.   (a?-l)«  =  8.         a  a?  =  (2a-ic)». 

7.   (x  +  iy  =  16.      a  {K*  +  9  =  10iB».       9.  {K*-6aj*  =  -l. 
10.  a^-65aj»  =  -64.  U.  aj«  +  5a?*=:a 

42.    (aj«-a;  +  l)»  =  3a;(a;-l)  +  l. 
la   (3a?-5a?  +  l)»-9a5«  +  15a;  =  7. 

14.  15a^-35aj-3(7a?-3aj»  +  8)«  +  310  =  0. 

15.  (a  +  a;)^  +  (a-a;)^^2a.       la  ?1±1^±I  =  3. 
(a  +  ic)»  +  (a-a?)»  aJ*-6ic«  +  l     2 


aA  +  a«'aj«-a«     15 

-g^  a?'~ga;  +  3     a^  +  5a?-3_8 
^      aj»  +  5aj-3     aj«-5aj  +  3     3 

PROBLEMS. 

16.  Pr.  1.  The  sum  of  two  numbers  is  15,  and  their  product 
is  56.    What  are  the  numbers  ? 

Let  X  stand  for  one  of  the  numbers ;  then,  by  the  first  con- 
dition, 15  —  a;  stands  for  the  other  number.  By  the  second 
condition 

aj(15  — a5)  =  56;  whence  a;  =  7,  and  8. 

Therefore  aj=:7,  one  of  the  numbers,  and  15  — a;  =  8,  the 
other  number.  Observe  that  if  we  take  a;  =  8,  then  15  —  a:  =  7. 
That  is,  the  two  required  numbers  are  the  two  roots  of  the 
quadratic  equation. 

Pr.  2.  Divide  100  into  two  parts  whose  product  is  2600. 
Let  X  stand  for  the  less  part,  and  100  —  x  for  the  greater. 
By  the  second  condition,  aj  (100 —  »)  =  2600.     The  roots  of 
this  equation  are  50  -|-  lOy  —  1  and  50  — 10^—  1, 
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An  imaginary  result  always  indicates  inconsistent  conditions 
in  the  problem.  The  inconsistency  of  these  conditions  may  be 
shown  as  follows : 

Let  d  stand  for  the  difference  between  the  two  parts  of  100. 
Then  50  + id  stands  for  the  greater  part,  and  60  —  ^ d  for  the 
less. 

The  product  of  the  two  parts  is 

(60  +  i(!)(50-id),  =  2600-Q(2)«  =  2600.-icP. 

Since  cP  is  positive  for  all  real  values  of  d,  the  product  2500 
—  J  (P  must  be  less  than  2500.  Consequently  100  cannot  be 
divided  into  two  parts  whose  product  is  greater  than  2500. 

17.  When  the  solution  of  a  problem  leads  to  a  quadratic 
equation,  it  is  necessary  to  determine  whether  either  or  both 
of  the  roots  of  the  equation  satisfy  the  conditions  expressed 
and  implied  in  the  problem. 

Positive  results^  in  general,  satisfy  all  the  conditions  of  the 
problem. 

A  negative  result,  as  a  rule,  satisfies  the  conditions  of  the 
problem,  when  they  refer  to  abstract  numbers.  When  the 
required  numbers  refer  to  quantities  which  can  be  understood 
in  opposite  senses,  as  opposite  directions,  etc.,  an  intelligible 
meaning  can  usually  be  given  to  a  negative  result. 

An  imaginary  restUt  always  implies  inconsistent  conditions. 

18.  The  interpretation  of  a  negative  result  is  often  facili- 
tated by  the  following  principle: 

If  a  given  quadratic  equation  have  a  negative  root,  then  the 
equation  obtained  by  changing  the  sign  of  x  has  a  positive  root 
of  the  same  absolute  value. 

E.g,f  the  roots  of  the  equation  a?  —  5a:  +  6=s0  are  2  and 3 ; 
and  the  roots  of  the  equation 

or  af+  5ic  +  6  =  0,  are  — 2  and  —  S. 
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Pr.  3.  A  man  bought  muslin  for  $  3.00.  If  he  had  bought 
3  yards  more  for  the  same  money,  each  yard  would  have  cost 
him  5  cents  less.     How  many  yards  did  he  buy  ? 

Let  X  stand  for  the  number  of  yards  the  man  bought.    Then 

300 
1  yard  cost cents.    If  he  had  bought  oj  H-  3  yards  for  the 

^                                             300 
same  money,  each  yard  would  have  cost cents. 

Therefore  — — ^=5;  whence  aj  =  12  and  -15. 
X      x  +  S        ' 

The  root  12  satisfies  the  equation  and  also  the  conditions  of 
the  problem ;  the  root  — 15  has  no  meaning. 

But  if  a;  be  replaced  by  — .  x  in  the  equation,  we  obtain  a  new 
equation, 

300         300     ^g   ^j.    300       300_g  ,|v 

—  x-^x  +  S       '  ^^  x-3       X        '  ^  ^ 

whose  roots  are  —  12  and  + 15. 

Equation  (1)  evidently  corresponds  to  the  problem :  A  man 
bought  muslin  for  9  3.00.  If  he  had  bought  3  yards  less  for 
the  same  money,  each  yard  would  have  cost  him  5  cents  more. 

Notice  that  the  intelligible  result,  12,  of  the  first  statement 
has  become  —  12  and  is  meaningless  in  the  second  statement. 

EXERCISES   IX. 

^  1.  If  1  be  added  to  the  square  of  a  number,  the  sum  will  be 
50.    What  is  the  number  ? 

2.  If  5  be  subtracted  from  a  number,  and  1  be  added  to  the 
square  of  the  remainder,  the.  siim  will  be  10.  What  is  the 
number? 

3.  One  of  two  numbers  exceeds  50  by  as  much  as  the  other 
is  less  than  50,  and  their  product  is  2400.  What  are  the 
numbers  ? 

4.  The  product  of  two  consecutive  integers  exceeds  the 
smaller  by  17,424.    What  are  the  numbers  ? 

5.  If  27  be  divided  by  a  certain  number,  arid  the  same  num- 
ber be  divided  by  3,  the  results  will  be  equal.  What  is  the 
number? 
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6.  What  number,  added  to  its  reciprocal,  gives  2.9  ? 

7.  What  number,  subtracted  from  its  reciprocal,  gives  n? 
Let  n  =  6.09. 

8.  If  n  be  divided  by  a  certain  number,  the  result  will  be 
the  same  as  if  the  number  were  subtracted  from  n.  What  is 
the  number  ?    Let  w  =  4. 

9.  If  the  product  of  two  numbers  ba  176,  and  their  differ- 
ence  be  5,  what  are  the  numbers  ? 

10.  A  certain  number  was  to  be  added  to  ^,  but  by  mistake 
\  was  divided  by  the  number.  Nevertheless,  the  correct  result 
was  obtained.    What  was  the  number? 

U.  If  100  marbles  be  so  divided  among  a  certain  number  of 
boys  that  each  boy  shall  receive  four  times  as  many  marbles  as 
there  are  boys,  how  many  boys  are  there  ? 

12.  The  area  of  a  rectangle,  one  of  whose  sides  is  7  inches 
longer  than  the  other,  is  494  square  inches.  How  long  is  each 
side? 

13.  The  difference  between  the  squares  of  two  consecutive 
numbers  is  equal  to  three  times  the  square  of  the  less  number. 
What  are  the  numbers  ? 

14.  A  merchant  received  $  48  for  a  number  of  yards  of  cloth. 
If  the  number  of  dollars  a  yard  be  equal  to  three-sixteenths  of 
the  number  of  yards,  how  many  yards  did  he  sell  ? 

15.  In  a  company  of  14  persons,  men  and  women,  the  men 
spent  $  24  and  the  women  $  24.  If  each  man  spent  $  1  more 
than  each  woman,  how  many  men  and  how  many  women  were 
in  the  company  ? 

16.  A  pupil  was  to  add  a  certain  number  to  4,  then  to  sub- 
tract the  same  number  from  9,  and  finally  to  multiply  the 
results.  But  he  added  the  number  to  9,  then  subtracted  4  from 
the  number,  and  multiplied  these  results.  Nevertheless  he 
obtained  the  correct  product.     What  was  the  number  ? 

17.  A  man  paid  $  80  for  wine.  If  he  had  received  4  gallons 
less  for  the  same  money,  he  would  have  paid  $  1  more  a  gallon. 
How  many  gallons  did  he  buy  ? 
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18.  A  man  left  $31,600  to  be  divided  equally  among  his 
children.  But  since  3  of  the  children  died,  each  remaining 
child  received  $  3375  more.     How  many  children  survived  ? 

19.  Two  bodies  move  from  the  vertex  of  a  right  angle  along 
its  sides  at  the  rate  of  12  feet  and  16  feet  a  second.respectively. 
After  how  many  seconds  will  they  be  90  feet  apart  ? 

2a  A  tank  can  be  filled  by  two  pipes,  by  the  one  in  two 
hours  less  time  than  by  the  other.  If  both  pipes  be  open 
IJ  hours,  the  tank  will  be  filled.  How  long  does  it  take  each 
pipe  to  fill  the  tank  ? 

21.  From  a  thread,  whose  length  is  equal  to  the  perimeter 
of  a  square,  36  inches  are  cut  off,  and  the  remainder  is  equal 
in  length  to  the  perimeter  of  another  square  whose  area  is 
foui'-ninths  of  that  of  the  first.  What  is  the  length  of  the 
thread? 

22.  A  number  of  coins  can  be  arranged  in  a  square,  each 
side  containing  51  coins.  If  the  same  number  of  coins  be 
arranged  in  two  squares,  the  side  of  one  square  will  contain 
21  more  coins  than  the  side  of  the  other.  How  many  coins 
does  the  side  of  each  of  the  latter  squares  contain  ? 

23.  A  farmer  wished  to  receive  $  2.88  for  a  certain  number 
of  eggs.  But  he  broke  6  eggs,  and  in  order  to  receive  the 
desired  amount  he  increased  the  price  of  the  remaining  eggs 
hy  2|  cents  a  dozen.    How  many  eggs  had  he  originally  ? 

24.  Two  bodies  move  toward  each  other  from  A  and  B  re- 
spectively, and  meet  after  35  seconds.  If  it  takes  the  one  24 
seconds  longer  than  the  other  to  move  from  Ato  B,  how  long 
does  it  take  each  one  to  move  that  distance  ? 

25.  It  takes  a  boat's  crew  4  hours  and  12  minutes  to  row  12 
miles  down  a  river  with  the  current,  and  back  again  against 
the  current.  If  the  speed  of  the  current  be  3  miles  an  hour, 
at  what  rate  can  the  crew  row  in  still  water  ? 

26^  A  man  paid  $  300  for  a  drove  of  sheep.  By  selling  all  but 
10  of  them  at  a  profit  of  $  2.60  each,  he  received  the  amount 
he  paid  for  all  the  sheep.    How  many  sheep  did  he  buy  ? 


CHAPTER  XIX. 

SIMULTANEOUS  QUADRATIC  AND  HIOHBR 
EQUATIONS. 

X.  The  solution  of  a  system  of  quadratic  or  higher  equa- 
tions in  general  involves  the  solution  of  an  equation  of  higher 
degree  than  the  second,  and  therefore  cannot  be  effected  by 
the  methods  for  solving  quadratic  equations.  But  there  are 
many  special  systems  whose  solutions  can  be  made  to  depend 
upon  the  solutions  of  quadratic  equations. 

The  following  methods  are  based  upon  equivalent  systems 
of  equations. 

2.  Elimination  by  Substitution.  —  When  one  equation  of  a 
system  of  two  equations  is  of  the  first  degree,  the  solution  can 
be  obtained  by  the  method  of  substitution. 

Ex. .  Solve  the  system  2^  H-  2  a?  =  6,      1  (1) 

aj«-2^  =  -8.J  (2) 

Solving  (1)  for  y,  y  =  5  -  2  oj.  (3) 

Substituting  5  —  2  a?  for  y  in  (2), 

a^  -  25  +  20  a;  -  4  aj^  =  -  8.  (4) 

From  this  equation  we  obtain         a?  =  1, 
and  ^  =  £^- 

Substituting  1  for  a?  in  (3),  3^  =  3. 

Substituting  5|  for  x  in  (3),  j^  =  —  6J. 

The  equations  (3)-(4)  are  equivalent  to  the  given  equations 
(1H2). 

Therefore  the  solutions  of  the  given  system  are  1,  3;  5|, 
—  6J,  the  first  number  of  each  pair  being  the  value  of  x,  and 
the  second  the  corresponding  value  of  y. 
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Had  we  substituted  1  for  a;  in  (2),  we  should  have  obtained 
y  =  ±3. 
.  But  the  solution  1,-3  does  not  satisfy  equation  (1). 

Therefore,  always  substitute  in  the  linear  equation  the  value 
of  the  unknown  number  obtained  by  elimination. 

3.  Elimination  by  Addition  and  Subtraction. — This  method 
can  frequently  be  applied. 

Ex.   Solve  the  system  aj"H-3y  =  18,l  (1) 

2aj«-5y  =  3.    J  (2) 

We  will  first  eliminate  y. 

Multiplying  (1)  by  6,  6  a?  + 16  j^  =  90.  (3) 

Multiplying  (2)  by  3,  6aj«-16y  =  9.  (4) 

Adding  (3)  and  (4),  11  aj*  =  99. 

Whence,  a?=s3,  and  »  =  — 3. 

Substituting  3  for  a;  in  (1),  y  =  3. 

Substituting  —  3  for  a?  in  (1),  y  =  3. 

The  given  system  has  the  two  solutions  3,  3 ;  —  3,  3. 
Notice  that  this  example  could  also  have  been  solved  by  the 
method  of  substitution. 

SZBBOISBS  I. 

Solve  each  of  the  following  systems : 

/    fajy  =  64,  faj>H-2^  =  13,  fa?  +  2^  =  a, 

•  I3a?  =  2y.  •  laj*-2^  =  6.  '  W^f  =  h. 

^  |4aj-^33^  =  24,  f2a:»-32^=24,           r2a?-3y=20, 

'  (a^  =  96.  •  l2a?  =  33^.                *  ^  +  5^=36. 

^  |3a;-2y  =  l,  ^  r7aj  +  a?y  =  20,           r2a;  +  3y  =  10, 

•  la«-|-y«  =  74.  l2a^  +  5a?  =  22.      '  \  aj(a?  +  y)  =  25. 
/^^  (4a:«-^ajy  =  0,  ^    (6a?y+3a:«=132,^^    r4aj  =  a?y  +  6, 
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15. 
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r3aj  =  a5*  +  2^-l^ 

(2a?-3xy 
\2x^y  =  '. 


14. 


17. 


19. 


2x'-3xy  +  f  =  U, 
7. 
f2aj-3y  =  ll, 

X     y  7* 


raj2  +  a^  +  y«  =  343, 
*  l2aj-3^  =  21. 
^g    raJ^  +  5«yH-y2  =  43, 
'  lar^  +  5a?y-2/*=25. 
aj  +  23^  =  l, 

"•  '!?  +  2  +  3i  =  0. 
y     a? 

3aj+^fe=30, 

My 

-2J?  =  39. 


20. 


5x 


4.  Homogeneous  Equations.  —  When  all  the  terms  which  con- 
tain the  unknown  numbers  in  both  equations  of  the  system  are 
of  the  second  degree,  a  system  can  always  be  derived  whose 
solution  is  obtained  by  the  method  of  Art.  2. 


Ex.   Solve  the  system  a? -\-xy +  2y^  =  74:, 

2o^-\-2xy  +  f  =  7S. 

Multiplying  (1)  by  73,  73  a^  +  73  ajy  + 146  2/^  =  74  x  73. 

Multiplying  (2)  by  74, 148  a^  + 148  «y  +  74  j/^  =  74  x  73. 

Subtracting  (3)  from  (4),  75  ar^  +  75  ajy  -  72  2^  =  0, 
or  25a^H-25a^-242^  =  0, 

or  (6a?-3y)(5aj  +  8y)  =  0. 

Therefore  the  given  system  is  equivalent  to 


(1) 

(2) 
(3) 
(4) 


:>> 


The  solutions  of  these  systems,  and  hence  of  the  given 
'  sjTstem,  are  respectively  3,  5 ;  —  3,  —  5 ;  8,  —  6 ;  —  8,  6. 

In  applying  this  method  to  such  systems,  we  must  first 
derive  from  the  given  equations  a  homogeneous  equation  in 
which  there  is  no  term  free  from  the  unknown  numbers. 
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5l  Such  examples  can  also  be  solved  by  a  special  device. 
Ex.    Solve  the  system        iB«  +  4y»  =  13,  (1) 

ajy  +  22^  =  5.  (2) 

In  both  equations,  let  y  =  tx.  (3) 

Then  from  (1),  aj«  +  4  ojV  =  13,  whence  a?  =     ^^     ;         (4) 

J.   "f"  4  v 

and  from  (2),         aft  +  2  aft*  =  6,  whence  a?  =  — ^—.-  (5) 

t  -|-2r 

Equating  values  of  a?,    r-^^  =  — ^-  (6) 

Whence  ^  =  i>  and  <  =  — |. 

When  «  =  J,aj*  =  — ^^  =  9,  whence  aj  =  ±3. 
1  H"  4r 

When  <  =  — |-,  aj*  =  ^,  whence  aj  =  ±^^. 
Whena?  =  ±3,  2^  =  to==i(±  3)=±  1. 
Whenaj  =  ±Vi  2^  =  - f (± VD==FfVi 

EXEBOISBS  II. 
Solve  each  of  the  following  systems : 

r«*-|-a^  =  78,  ^    |aj*  +  42^  =  13. 


1 2/*  -  a?y  =  7.  '  1 1 

[a5y-aj»  =  8.  '  Ij/* - 2ajy  + 15  =  0. 


^    [«*  +  a^  +  y*  =  52,  ^    faj«-ajy  +  2/2  =  21, 

3. 


raj»H-a:yH-4y«  =  6,  fa:«-2ajy  + 32/^  =  9, 

'  l3a5*+82/«  =  14.       ,  '  W-4ajyH-52/2  =  5. 

fa?  +  aj2/  +  2/«=13a?,  ^^    f aj*  + 2/^  =  61 -3 ajj^, 

2xy. 


(x'  +  xy  +  f^lSx,  raj»  +  2/=;  =  61- 

•  laj*-a^  +  2^  =  7aj.  '    '^-3^  =  31- 


6.  Symmetrical  Equations.  —  A  Symmetrical  Equation  is  one 
which  remains  the  same  when  the  unknown  numbers  are 
interchanged. 

A  system  of  two  symmetrical  equations  can  he  solved  by  first 
finding  the  values  of  x-\-y  and  x  —  y. 
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Ex.  1.   Solve  the  system  a?"  +  ^  =  13, 1  (1) 

xy  =  e.   J  (2) 

Multiplying  (2)  by  2,  2xy  =  12.  (3) 

Adding  (3)  to  (1),  a?  +  2icy  +  y' =.25.  (4) 

Subtracting  (3)  from  (1),  a?^2xy-\-f=^l.  (5) 

Equating  square  roots  of  (4),         x  +  y=s±5.  (6) 

Equating  square  roots  of  (5),         a?  —  y  =  ±  1.  (7) 

Equations  (4)-(5),  or  (6)-(7),  are  equivalent  to  (l)-(2). 
But  (6)  and  (7)  are  equivalent  to 

aj-y  =  lj     aj-y  =  -lj    a?-y  =  +l,j     aj-y  =  -l.J 

The  solutions  of  these  four  systems  are  respectively  3,  2 ; 
2,3;  -2,-3;  -3,-2. 

The  solutions  of  (6)  and  (7)  should  be  obtained  mentally, 
without  writing  the  equivalent  systems.  Each  sign  of  the 
second  member  of  (6)  should  be  taken  in  turn  with  each  sign 
of  the  second  member  of  (7). 

Notice  that  these  solutions  differ  only  in  having  the  values 
or  X  and  y  interchanged.  This  we  should  expect  from  the 
definition  of  symmetrical  equations. 

When  the  equations  are  symmetrical,  except  for  sign,  the 
solution  can  be  obtained  by  a  similar  method. 

Ex.  2.    Solve  the  system 

x^y^S,  (1) 

a?-\-f^29.  (2) 

Squaring  (1),     "        a?^2xy  +  f  =  9,  (3) 

Subtracting  (3)  from  (2), 

2ajy  =  20,  or  iry  =  10.  (4) 

The  solutions  of  (1)  and  (4)  are  5,2;  —2,-6. 

Notice  that  the  solutions  in  this  case  differ  not  only  in  hav- 
ing the  values  of  x  and  y  interchanged,  but  also  in  sign.- 
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BXBBCISBS  in, 

Solye  each  of  the  following  systems : 
r  =  12, 
=  32. 


1.  |'"+y= 

lajy  =  -.15. 

[xy  =  12. 

r9iB«  +  3^  =  37a», 

^    r  0^+2^=137, 


■y  =  a, 


f  =  w, 


L    ('"  +  » 

•  l;cy  =  -90. 


1. 1**\'/ 

I  ojy  =  28. 

^    r6aj-7y  = 

'  l3ajy  =  -( 


10. 


la 


iaj  +  5y  =  37, 

6aj-7y  =  58, 
ajy  =  -60. 
r25aj*H-92/^=148, 
l5ajy  =  8. 
r5a:«  +  2y*  =  6a*  +  8&«, 

a?  +  f  =  61,    ' 


U. 


1& 


21. 


y*=28, 
a^  =  48. 

lx-y  =  2. 


1_1 
«     y' 


1 
'6' 


1& 


19. 


22. 


la!  +  y  =  ll. 
ja!'-4y»=-3, 

f9a!'+y»=82, 

l3a!-y=10. 

X  +  y  =  16, 

a!"^y     3' 


■.2ab. 


(8Tr+3y  =  ll, 
-'  l26a!«  +  9y'  =  73. 


20. 


V  +  y»  =  63, 
.as  — y  =  5. 
16a?+49y'=113, 


<23. 


ja^  +  y*  = 
las  — y  =  5. 

ri6a?+49y'= 

l4!r+7y=l. 

a!'  +  y*  =  2i!Fy, 


». 


^i+i=3, 


25. 


27. 


29. 


ai 


1  =  2 
«y 

aj'H-2/'-(aJ-y)  =  20, 
ajy  +  oj  — 3^  =  1. 
f«*  +  2/*  +  a?-y  =  a, 

a?y  =  21. 


a?     y_16 
y     X     15 
[x^y=.2. 


?6; 


1^  +  3^  =  9, 


x^y        ' 
1  +  1  =  58. 

fa^  +  y*  +  7a^  =  171, 
l«y  =  2(ajH-2^). 
^    ra*  +  2/'-a-3^  =  22, 

fa:H-2/  =  2,        ' 
la*  +  2^  +  a2^  =  3. 
(a?^xy'\-jf=z2mf 
li»«-a^  +  2^  =  2n. 


2a 


32. 


34. 
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7.  Higher  Equations.  —  The  solutions  of  certain  equations  of 
higher  dfegree  than  the  second  can  be  made  to  depend  upon  the 
solutions  of  quadratic  equations. 

Ex.  1.  Solve  the  system  a^  +  fz=9,  (1) 

x  +  y==S.  (2) 

Dividing  (1)  by  (2),    a^-xy+f  =  S.  (3) 

Subtracting  (3)  from  the  square  of  (2), 

3a:2^  =  6,  ora^  =  2.  ^           (4) 

The  solutions  of  (2)  and  (4),  and  therefore  of  the  given 
system,  are  1,  2,  and  2, 1. 

Ex.  2.   Solve  the  system  a?*  +  2^  =  17,  (1) 

ai  +  y  =  3.  (2) 

We  first  find  the  value  of  xy. 

Let                                            xy=:z,  (3) 

Squaring  (2),         a? +  2xy -\-f==9,  (4) 

or                                           a?-\-f  =  9-'2z.  (5) 

Squaring  (5),       OJ*  +  2  aj^^^  + 1/*  =  81  -  36  «  +  4  2?,  (6) 

or                                           x*  +  y'  =  S1^36z+2z'.  (7) 

Since  aJ*  +  2^  =  17,  we  have  from  (7), 

2«2_362;  +  81  =  17.  (8) 

Whence                                     z  =  16,  and  2.  (9) 

Therefore,  from  (3)  and  (9),  xy  =  16,  (10) 

and                                                xy  =  2:  \  (11) 

The  solutions  of  (2)  and  (10)  and  of  (2)  and  (11)  are  readily 
found,  and  should  be  checked  by  substitution. 

BXBRCII^ES  IV.' 

Solve  each  of  the  following  systems : 

(x  +  y  =  B,  (x-y  =  l, 

'   \a^  +  f  =  35.  '  la»-t/»  =  7. 

^    (2(x  +  y)^5,  f(aJ-l)«+(y-.2)»=28, 

•  l32(aj8  +  3^  =  2285.  *  \x  +  y.^7. 
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f(x-7)«H-(5-3^)»  =  9,  fa^-3^  =  544, 

•    U-y  =  6.  •  la^  +  y*  =  34. 

^    ra^  +  3^  =  82,  g  fa?*  +  y*  =  97, 

liry  =  3.  *  la: +  2/ =  5. 

^    ra:*  +  2^=:257,  ^^  f(a:-7)*+(y-3/=257, 


U. 


f(a^-3^(a:  +  y)  =  9,  ^  f(a:  + y)(a:^  +  3^  =  176, 

W(«  +  3^)  =  6.  V*  l(a:-y)(ai*-2^  =  7. 

^    (a^  +  j/^^Ua?y^,  ^^  faY-^=1152, 

laj  +  y  =  a*  '  la%  — ajy'  =  48. 

Problems. 

&  Pr.  The  front  wheel  of  a  carriage  makes  6  more  revolu- 
tions than  the  hind  wheel  in  travelling  360  feet.  But  if  the 
circumference  of  each  wheel  were  3  feet  greater,  the  front 
wheel  would  make  only  4  revolutions  more  than  the  hind 
wheel  in  travelling  the  same  distance  as  before.  What  are 
the  oircumferences  of  the  two  wheels? 

Let  X  stand  for  the  number  of  feet  in  the  circumference  of 

front  wheel,  and  y  for  the  number  of  feet  in  the  circumference  of 

hind  wheel.    Then  in  travelling  360  feet  the  front  wheel  makes 

360  ^fift 

—  revolutions,  and  the  hind  wheel  makes  —  revolutions. 

X  y 

By  the  first  condition,  5^  =  ^  +  6.  (1) 

X         y 

If  3  feet  were  added  to  the  circumference  of  each  wheel,  the 

0£5A 

front  wheel  would  make revolutions,  and  the  hind  wheel 

360  a?  +  3 
revolutions. 

By  the  second  condition,  -^  =  -?52_  ^.  4.  (2) 

«4-3     y  +  3 

Whence  x  =  12,  the  circumference  of  the  front  wheel,  and 
y  =  15,  the  circumference  of  the  hind  wheeL 
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BXBBCISBS  V.    ' 

1.  The  square  of  one  number  increased  by  ten  times  a 
second  number  is  84,  and  is  equal  to  the  square  of  the  second 
number  increased  by  ten  times  the  first.   What  are  the  numbers  ? 

2.  The  sum  of  two  numbers  is  20,  and  the  sum  of  the  square 
of  the  one  diminished  by  13  and  th©  square  of  the  other  in- 
creased  by  13  is  272.    What  are  the  riumbers  ? 

3.  Find  two  numbers  such  that  their  difference  added  to 
the  difference  of  their  squares  shall  be  150,  and  their  "sum 
added  to  the  sum  of  their  squares  shall  be  330. 

4.  Find  two  numbers  whose  sum  is  equal  to  their  product 
and  also  to  the  difference  of  their  squares. 

5.  The  sum  of  the  fourth  powers  of  two  numbers  is  1921, 
and  the  sum  of  their  squares  is  61.     What  are  the  numbers  ? 

6.  If  a  number  of  two  digits  be  multiplied  by  its  tens'  digit, 
the  product  will  be  390.  If  the  digits  be  interchanged  and  the 
resulting  number  be  multiplied  by  its  tens'  digit,  the  product 
will  be  280.    What  is  the  number? 

7.  If  a  number  of  two  digits  be  divided  by  the  product  of 
its  digits,  the  quotient  will  be  2.  If  27  be  added  to  the  number, 
the  sum  will  be  equal  to  the  number  obtained  by  interchanging 
the  digits.    What  is  the  number  ? 

8.  The  product  of  the  two  digits  of  a  number  is  equal  to 
one-half  of  the  number.  If  the  number  be  subtracted  from 
the  number  obtained  by  interchanging  the  digits,  the  remainder 
will  be  equal  to  three-halves  of  the  product  of  the  digits  of 
the  number.     What  is  the  number  ? 

9.  If  the  difference  of  the  squares  of  two  numbers  be 
divided  by  the  first  number,  the  quotient  and  the  remainder 
will  each  be  5.  If  the  difference  of  the  squares  be  divided 
by  the  second  number,  the  quotient  will  be  13  and  the  re- 
mainder 1.     What  are  the  numbers  ? 
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10.  The  sum  of  the  three  digits  of  a  number  is  9.  If  the 
digits  be  written  in  reverse  order,  the  resulting  number  will 
exceed  the  original  number  by  396.  The  square  of  the  middle 
digit  exceeds  the  product  of  the  first  and  third  digit  by  4. 
What  is  the  number  ? 

^11.  A  rectangular  field  is  119  yards  long  and  19  yards  wide. 
How  many  yards  must  be  added  to  its  width  and  how  many 
yards  must  be  taken  from  its  length,  in  order  that  its  area  may 
remain  the  same  while  its  perimeter  is  increased  by  24  yards  ? 

12.  The  floor  of  a  room  contains  30 J^  square  yards;  one 
wall  contains  21  square  yards,  and  an  adjacent  wall  contains 
13  square  yards.    What  are  the  dimensions  of  the  room  ? 

13.  A  merchant  bought  a  number  of  pieces  of  cloth  of  two 
different  kinds.  He  bought  of  each  kind  as  many  pieces  and 
paid  for  each  yard  half  as  many  dollars  as  that  kind  contained 
yards.  He  bought  altogether  19  pieces  and  paid  for  them 
9  921.60.    How  many  pieces  of  each  kind  did  he  buy  ? 

14.  The  diagonal  of  a  rectangle  is  20f  feet.  If  the  length 
of  one  side  be  increased  by  14  feet  and  the  length  of  the  other 
side  be  diminished  by  2{  feet,  the  diagonal  will  be  increased 
by  12f  feet.    What  are  the  lengths  of  the  sides  of  the  rectangle  ? 

15.  A  certain  number  of  coins  can  be  arranged  in  the  form 
of  one  square,  and  also  in  the  form  of  two  squares.  In  the 
first  arrangement  each  side  of  the  square  contains  29  coins, 
and  in  the  second  arrangement  one  square  contains  41  more 
coins  than. the  other.  How  many  coins  are  there  in  a  side  of 
each  square  of  the  second  arrangement  ? 

16.  A  piece  of  cloth  after  being  wet  shrinks  in  length  by 
one-eighth  and  in  breadth  by  one-sixteenth.  The  piece  con- 
tains after  shrinking  3.68  fewer  square  yards  than  before 
shrinking,  and  the  length  and  breadth  together  shrink  1.7 
yards.    What  was  the  length  and  breadth  of  the  piece  ? 

\2^  A  merchant  paid  $125  for  two  kinds  of   goods.     He 
sold  the  one  kind  for  $  91  and  the  other  for  $  36.    He  thereby 
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gained  as  much  per  cent  on  the  first  kind  as  he  lost  on  the 
second.    How  much  did  he  pay  for  each  kind  ? 

18.  Two  workmen  can  do  a  piece  of  work  in  6  days.  How 
long  will  it  take  each  of  them  to  do  the  work,  if  it  takes  one 
5  days  longer  than  the  other  ? 

19.  Two  men,  A  and  B,  receive  different  wages.  A  earns 
$  42,  and  B  $  40.  If  A  had  received  B's  wages  a  day,  and  B 
had  received  A's  wages,  they  would  have  earned  together  $4 
more.  How  many  days  does  each  work,  if  A  works  8  days 
more  than  B,  and  what  wages  does  each  receive  ? 

20.  It  takes  a  number  of  workmen  8  hours  to  remove  a  pile 
of  stones  from  one  place  to  another.  Had  there  been  8  more 
workmen,  and  had  each  one  carried  5  pounds  less  at  each  trip, 
they  would  have  completed  the  work  in  7  hours.  Had  there 
been  8  fewer  workmen  and  had  each  one  carried  11  poimds 
more  at  each  trip,  they  would  have  completed  the  work  in  9 
hours.  How  many  workmen  were  there  and  how  many  pounds 
did  each  one  carry  at  every  trip  ? 

21.  A  tank  can  be  filled  by  one  pipe  and  emptied  by  another. 
If,  when  the  tank  is  half  full  of  water,  both  pipes  be  left  open 
12  hours,  the  tank  will  be  emptied.  If  the  pipes  be  made 
smaller,  so  that  it  will  take  the  one  pipe  one  hour  longer  to 
fill  the  tank  and  the  other  one  hour  longer  to  empty  it,  the 
tank,  when  half  full  of  water,  will  then  be  emptied  in  15f 
hours.  In  what  time  will  the  empty  tank  be  filled  by  the  one 
pipe,  and  the  full  tank  be  emptied  by  the  other  ? 


CHAPTER  XX. 

RATIO,  PROPORTION,   AND  VARIATION. 

RATIO. 

L  The  Ratio  of  one  number  to  another  is  the  relation  between 
the  numbers  which  is  expressed  by  the  quotient  of  the  first 
divided  by  the  second. 

E.g.,  the  ratio  of  6  to  4  is  expressed  by  f ,  =  f . 

The  ratio  of  one  number  to  another  is  frequently  expressed 
by  placing  a  colon  between  them ;  as  5 : 7. 

The  first  number  in  a  ratio  is  called  the  First  Term,  or  the 
Antecedent  of  the  ratio,  and  the  second  number  the  Second 
Term,  or  the  Consequent  of  the  ratio. 

Thus,  in  the  ratio  a :  &,  a  is  the  first  term,  and  b  the  second. 

2.  Since,  by  definition,  a  ratio  is  a  fraction,  all  the  proper- 
ties of  fractions  are  true  of  ratios ;  as  a :  6  =  ma :  mb, 

3.  The  definition  given  in  Art.  1  has  reference  to  the  ratio 
of  one  number  to  another.  But  it  is  frequently  necessary  to 
compare  concrete  quantities,  as  the  length  of  one  line  with  the 
length  of  another  line,  etc. 

If  two  concrete  quantities  of  the  same  kind  can  be  expressed  by 
two  rational  numbers  in  terms  of  the  same  unit,  then  the  ratio  of 
the  one  quantity  to  the  other  is  defined  as  the  ratio  of  the  one 
number  to  the  other. 

E.g.,  the  ratio  of  2^  yards  to  1\  yards  is  2J:  1|,  =?i=:5^. 

Observe  that  by  this  definition  the  ratio  of  two  concrete 
quantities  is  a  number.  Also  that  the  quantities  to  be  com- 
pared must  be  of  the  same  kind.  Dollars  cannot'be  compared 
with  pounds,  etc. 
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4.  If  two  concrete  quantities  cannot  be  expressed  by  two 
rational  numbers,  integers  or  fractions,  in  terms  of  the  same 
unit,  they  are  said  to  be  Incommensurable  pne  to  the  other. 

Thus,  if  the  lengths  of  the  two  sides  of  a  right  triangle  be 
equal,  the  length  of  the  hypothenuse  cannot  be  expressed  by  a 
rational  number  in  terms  of  a  side  as  a  unit,  or  any  fraction  of 
a  side  as  a  imit. 

If  a  side  be  taken  as  the  unit,  the  hypothenuse  is  expressed 
by  V^,  an  irrational  number.  And  the  ratio  of  the  hypothe- 
nuse to  a  side  is  y/2 : 1,  =  ^2,  But  as  was  shown  in  Ch.  XV, 
Art.  40,  an  approximate  value  of  -^2  can  be  found  to  any 
required  degree  of  accuracy. 

5.  In  general  let  P  and  Q  be  two  incommensurable  quan- 
tities.   Then  two  rational  numbers  —  and  ^dt—  can  be  found, 

n  n 

between  which  the  value  of  the  ratio  P:  Q  lies.     These  two 

fractions  differ  by  -.    Therefore,  the  ratio  P:  Q,  which  lies 
n  ^ 

between  them,  differs  from  either  of  them  by  less  than  -.    By 

taking  n  sufficiently  great  we  can  make  -  as  small  as  we 

n 
please,  that  is,  less  than  any  assigned  number,  however  small. 

It  can  be  proved  that  the  ratio  of  two  incoipmensurable 
quantities  is  a  number  which  obeys  the  fundamental  laws  of 
algebra. 

It  is  therefore  not  necessary,  in  the  principles  of  this  chapter, 
to  make  any  distinction  between  such  ratios  and  those  which 
can  be  expressed  exactly  in  terms  of  integers  and  fractions. 


BiXBBOISBS  I. 

What  is  the  ratio  of 

1.  6o  to  95?       2.  f  o«6  to  ^ab'? 

a  9^0^  to  7f  a!y»? 

4.  1  to  h            5    «  to  5? 
a        b                   b        d 

*•  x-3  *°  (x-sy 
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7.  Which  is  the  greater  ratio, 

a  +  2&:a  +  &  or  a  +  3&:a-h26? 

What  is  the  value  of  the  ratio  x :  y 

3    if6a;  +  2y^^Q^  ^    If  §£±il  =  5? 

3x  —  y  3x  —  2y 

If  the  value  of  the  ratio  oj :  y  is  f ,  what  is  the  value 

10.  Ofl2£zi2?  U    Of  5a?-h6y9 

15aj  +  y  3aj-2y 

PROPORTION. 

6.  A  Proportion  is  an  equation  whose  members  are  two 
equal  ratios. 

JE,g,f  4:3  =  8:6,  read  the  ratio  of  4:  to  3  is  eqtuil  to  the  ratio 
of  8  to  6,  or  4  is  to  3  as  S  is  to  6. 

Instead  of  the  equality  sign  a  double  colon  is  frequently 
used ;  as  4 :  3  : :  8 :  6. 

7.  Four  numbers  are  said  to  be  in  proportion,  or  to  be  pro- 
portionaly  when  the  first  is  to  the  second  as  the  third  is  to  the 
fourth. 

E.g.,  the  numbers  4, 3, 8, 6  are  proportional,  since  4:3  =  8:6. 

The  individual  numbers  are  called  the  Proportionals,  or 
Terms  of  the  prpportion. 

The  Extremes  of  a  proportion  are  its  first  and  last  terms ;  as 
4  and  6  above. 

The  Means  of  a  proportion  are  its  second  and  third  terms ; 
as  3  and  8  above. 

The  Antecedents  and  Consequents  of  a  proportion  are  the 
antecedents  and  consequents  of  its  two  ratios. 

E.g,,  4  and  8  are  the  antecedents,  and  3  and  6  the  conse- 
quents of  the  proportion  4:3  =  8:6. 

Principles  of  Proportions. 

8.  In  any  proportion  the  product  of  the  extremes  is  equal  to 
the  product  of  the  means. 
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If  o :  6  =  c :  c?,  we  are  to  prove  od  =:  &c. 
By  Art.  1,  f  =  | 

Clearing  of  fractions,       ad  =  be. 

9.  If  the  product  of  two  numbers  be  equal  to  the  produd  of 
two  other  numberSj  the  four  numbers  are  in  proportion. 


Let 

ajd=ibc. 

Dividing  by  bd, 

^  =  ^j  or  a:6  =  c:(f; 
b     a 

(1) 

bycd, 

2  =  -,  or  a:c  =  bid\ 
c     d 

(2) 

by  oft, 

d     c         ,  , 

-  =  -,  or  d:b  =  c:ai 

b     a 

(3) 

by  a4iy 

d     b         ^ 

-  =  -,  or  dic^^bia. 

c     a 

(*) 

Interchanging  the  ratios  in  (1),  (2),  (3),  (4), 

c:d  =  a:bi 

(5) 

&:d  =  a:c; 

(6) 

c:a  =  d:b'j 

(7) 

b:a  =  d:c. 

(8) 

Notice  that  the  two  numbers  of  either  product  may  be  taken 
as  the  extremes,  the  other  two  as  the  means.  In  (1)  to  (4), 
a  and  d  are  the  extremes,  c  and  b  the  means ;  in  (6)  to  (8), 
d  and  a  are  the  means,  c  and  b  the  extremes. 

10.  In  Art.  9,  we  may  regard  the  proportions  (2)  to  (8)  as 
being  derived  from  (1),  and  thus  obtain  the  following  proper- 
ties of  a  proportion : 

(i.)  The  means  may  be  interchanged;  as  in  (2). 
(ii.)  The  extremes  mxiy  be  interchanged;  as  in  (3). 
(iii.)  The  means  mxiy  be  interchanged,  and  at  the  same  tims 
the  extrem£s;  as  in  (4). 
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(iv.)  The  means  may  he  taken  as  the  extremes,  and  the  eo^ 
tremes  as  the  means;  as  (8)  from  (1),  (7)  from  (2),  etc. 

LL  If  any  three  terms  of  a  proportion  be  given,  the  remaining 
term  can  be  found, 

Ex.  What  is  the  second  term  of  a  proportion,  whose  first, 
third,  and  fourth  terms  are  10, 16,  and  8  respectively  ? 

Letting  x  stand  for  the  second  term,  we  have 

10:a?  =  16:8,  or  16a?  =  80;  whence  x  =  6. 

12.  The  products,  or  the  quotients,  of  the  corresponding  terms 
of  two  proportions  form  again  a  proportion. 

If  a:6  =  c:(«,  or5  =  £,  (1) 

and  aj:t/  =  »:tt,  or  -  =  -,  (2) 

^  y     u  ^  ^ 

we  have,  multiplying  corresponding  members  of  (1)  and  (2), 

ax      cz       A 

-—  =  —-;  whence  axiby^cz:  du, 

by     du 

Dividing  the  members  of  (1)  by  the  corresponding  members 

of  (2),  we  have 

a     e 

X     z       ,  abed 

-  =  - ;  whence  -:-  =  -:  — 
0     a'  X  y     z  u 

y     u 

13.  In  any  proportion,  the  sum  of  the  first  two  terms  is  to  the 
first  {or  the  second)  term  as  the  sum  of  the  last  two  terms  is  to 
the  third  (or  the  fourth)  term. 

Let  a :  &  =  c :  (2. 

Then  2  =  £. 

b     d 

Adding  1  to  both  members,  ^+1  =  ^  +  1, 

b  d 

OP  a  +  b^c^-d 

b  d 
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Whence  a  +  b:b=:c-\-d:d. 

In  like  manner  it  can  be  proved  that 

a'\'b:a  =  c-\-d:c. 

These  two  proportions  are  said  to  be  derived  fiom  the  given 
proportion  by  Composition. 

14.  In  any  proportion^  the  difference  of  the  first  two  terms  is  to 
the  first  (or  the  second)  term  as  the  difference  of  the  last  two 
terms  is  to  the  third  (or  the  fourth)  term. 

If  a:b  =  c:dy 

then        a  — Z> :  a  =  c  —  d:c,  and  a— 6:6  =  c  —  c?:d. 

The  proof  is  similar  to  that  of  Art.  13. 
These  two  proportions  are  said  to  be  derived  from  the  given 
proportion  by  Diyision. 

15.  In  any  proportion,  the  sum  of  the  first  two  terms  is  to 
their  difference  as  the  sum  of  the  last  two  terms  is  to  their 
difference. 

Let  a:b  =  c:d. 

By  Art.  13,  a-\-b:b  =  c-^d\d\ 

and  by  Art.  14,  a  —  b:b  =  c  —  did. 

Then  by  Art.  12,     «+^:l=^:l, 
^  '     a-b  c-d     ' 


or 


a  +  b  ^c-^-d 
a  —  b     c  —  d 


Whence  a-^b:a  —  b  =  C'^d:c^d. 

This  proportion  is  said  to  be  derived  from  the  given  one  by 
Composition  and  Division. 

16.  A  Continued  Proportion  is  one  in  which  the  consequent 
of  each  ratio  is  the  antecedent  of  the  following  ratio ;  as, 

a:b  =  b;c  =^cid=^  etc. 
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17.  In  the  continued  proportion 

h  is  called  a  Mean  Proportional  between  a  and  c,  and  c  is  called 
the  Third  Proportional  to  a  and  b. 

IE  The  mean  proportional  between  any  two  numbers  is  equal 
to  the  square  root  of  their  product. 

From  a\b==biCy 

we  have,  by  Art.  8^  6*  =  oc ;  whence  b  =  ^{o/C). 

19.  In  a  series  of  equal  ratios,  any  antecedent  is  to  its  conse- 
quent as  the  sum  of  all  the  antecedents  is  to  the  sum  of  all  the 
consequents. 

Let  rii :  dj  =  n2 :  dj  =  Wj   ti^  =  •••  =  v, 

or  «i  =  v"'  =  «,^  =«,.... 

tti         rtj         Og 

Then  Wi  =  vdi,  rej  =  vd^,  n^  =  vd^  —. 

Ad.*ing  corresponding  members  of  these  equations,  we  have 

Wi  +  n2  +  ns  4-  •••  =  vdi  +  vd^  +  vdg  +  — 

Therefore  ^i +  ^^  + »8-h  -  ^^^gi^^g^  ..., 
c^i  +  ^s+^sH «^     ^ 

1_4_  5       1+4  +  5  _10 


E,g., 


2     8     10     2  +  8  +  10     20 


20.  The  following  examples  are  applications  of  the  preced 
ing  theory : 

Ex.  1.  Find  a  mean  proportional  between  6  and  20. 
Let  X  stand  for  the  required  proportional. 

Then,  by  Art.  18,  a?  =  V(5  X  20)  =  ±  10. 

Ex.2.  If  a:b  =  G:d, 

then  al)-\-cd:ab-cd  =  b^-hd^:b^-df 

Let  ^=^-  =  x 

b     d 
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Then  a  =  bx  and  c  =  dx. 

Therefore  a6  -h  cd  =  6-a;  +  cPic, 

and  ab  —  cd^Vx  —  d^x. 

We  then  have  4±«^  =  ^±^=51±^. 
ab^cd     Vx  —  d?x     6'  —  cP 

Whence      a6+cc2:a6  —  cc^ssy  +  cP:^  —  cP. 
Ex.  3.   Solve  the  equation 

y(2  +  a?)-V(2-a?)       '     1* 
By  composition  and  division, 

V(2~aj)     1 
Squaring  and  clearing  of  fractions, 

2  +  aj  =  18  —  9aj;  whence  a? s=  |. 

EXERCISES  n. 
Verify  each  of  the  following  proportions : 
1.   2i:li  =  H:f  2.   14f : 4|  =  200 : 60 

4a&   .g'-hy^   2ab   .        1 
•   Qi^V  a-b      a*-t>**2a-26' 

Form  proportions  from  each  of  the  following  products,  in 
eight  different  ways : 

4,  2x  =  3y.  5.  m^  =  nK  a  a?*-6«  =  a:*-^. 

rind  a  fourth  proportional  to 
7.  1,  2,  and  8.        a  |,  f ,  and  ^.  9.  a&,  ac,  and  &. 

Find  a  third  proportional  to 

10.   2  and  6.  11.  ^  and  ^.  12.  a  and  6. 

Find  a  mean  proportional  between 

13.   2  and  18.  14.  ^  and  f .  15. .  a«6  and  a&«. 

X6.  «±4  and  ^^  17.   ^  and  i(a^-l> 
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Find  the  value  of  a?  to  satisfy  each  of  the  following  pro- 
portions : 

la  a?:2  =  12:3.       19.  161 :  253  =  a? :  407.       20.  7i:l|  =  |:as. 
21.  ^+^a:\^a=:x:'y/a^2a. 

a  — 6      2a5 
Solve  each  of  the  following  equations : 
23    V(l-ha?)+V(l-a?)^3     ^^    V(a  +  a?)-V(a-a?)^   1 

•  V(i4-«)-V(i-«)      '      '  V(«+»)+V(«-«)    V^ 

25.   V(qa?)-h&_«  +  6,  26.    V«+ V(^^)-- V«  —  VC^) 

'y/(ax)-'b     a  —  b  '    ,    a  +  b  a  — & 

2^    5a;  +  6_7a?  +  4  ^^^   a^--fl;-f-6_a^-h2a;- 3 

5aj-7     7aj-9*  iB»  +  ic-6     aj"-2aj4-3* 

^    g»-.5a;+4_a^-3a?-f-2^      ^    g«~4a?  +  3^a^- 6fl;-4-7^ 
4aj-4  3aj-2    '  '       4aj-3  6aj-7 

31.  Find  two  numbers  whose  ratio  is  7 :  6^  and  the  difference 
of  whose  squares  is  96. 

32.  A  works  6  days  with  2  horses,  and  B  works  5  days  with 
3  horses.    What  is  the  ratio  of  A's  work  to  B's  work  ? 

33.  The  ratio  of  a  father's  age  to  his  son's  age  is  9 : 6.  If 
the  father  is  28  years  older  than  the  son,  how  old  is  each  ? 

34.  Find  three  numbers  in  a  continued  proportion  whose 
sum  is  39,  and  whose  product  is  729. 

35.  Find  two  numbers  such  that  if  one  be  added  to  the  first 
and  8  to  the  second,  the  sums  will  be  in  the  ratio  1 : 2,  and  if 
1  be  subtracted  from  each  number,  the  remainders  will  be  in 
the  ratio  2 :  3. 

36.  What  is  the  ratio  of  the  numerator  of  a  fraction  to  its 
denominator,  if  the  fraction  be  unchanged  when  a  is  added  to 
its  numerator  and  b  to  its  denominator  ? 

37.  The  sum  of  the  means  of  a  proportion  is  7,  the  sum  of 
the  extremes  is  8,  and  the  sum  of  the  squares  of  all  the  terms 
is  66.    What  is  the  proportion  ? 
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If  a:b=sc:d,  prove  that 
a  -f  c :  &  -h  d  =  a^d :  b^c. 
**  +  &2 :  a*  -  6*  =  c^  +  cP :  c«  -  (?. 


3a 
39.   a' 


40.  (a±by:db  =  (c±d)^:cd. 

41.  2a  +  3b:4:a  +  6b=:2c  +  3d:4:C  +  Bd. 

42.  a  +  6:c  +  d=V(a*4-6'):  V(<^+'^- 

43.  V(«'-^^*)-V(<^  +  ^=\^(«'+^-\^(<^  +  **)  =  «  =  ^- 

VARIATION. 

21.  Frequently  two  immbers  or  quantities  are  so  related  to 
each  other  that  a  change  in  the  value  of  one  produces  a  corre- 
sponding change  in  the  value  of  the  other. 

Thus,  the.  distance  a  train  runs  in  one  hour  depends  upon 
its  speed,  and  increases  or  decreases  when  its  speed  increases 
or  decreases. 

The  illumination  made  by  a  light  depends  upon  the  intensity 
of  the  light,  and  varies  when  the  intensity  varies. 

The  value  of  y  given  by  the  equation  y  =  2  a?  —  3  depends 
upon  the  value  of  a?,  and  varies  when  the  value  of  x  varies. 

Thus,  if  x  =  iy  y  =  —  1 ;  if  x  =  2,  y  =  1,  etc. 

We  shall  in  this  chapter  consider  only  the  simplest  kinds  of 
variation. 

22.  Direct  VariatiGn.  —  Two  quantities  are  said  to  vary  directly 
one  as  the  other,  when  their  ratio  is  constant. 

Thus,  if  X  varies  directly  as  y,  then  ~  =  A:,  a  constant. 

For  example,  if  a  train  runs  at  a  uniform  speed,  the  number 
of  miles  it  runs  varies  directly  as  the  number  of  hours.  If  it 
runs  at  the  rate  of  30  miles  an  hour,  in  1  hour  it  will  run  30 
miles,  in  2  hours  60  miles,  in  3  hours  90  miles,  and  so  on ;  and 
the  ratios  1 :  30,  2 :  60,  3 :  90,  etc.,  are  equal. 

The  symbol  of  direct  variation,  oc,  is  read  varies  directly  cw. 

The  word  directly  is  frequently  omitted. 

If  y=z3x,  then  yccx  (read  y  varies  as  x),  since  ^  ==  3,  a 
constant.  ^ 
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23.  Inverse  Variation.  —  One  quantity  is  said  to  vary  inversely 
as  another  when  the  first  varies  as  the  reciprocal  of  the  second. 

Thus,  if  X  varies  inversely  as  y,  then  x  «— 

X 

Therefore,  j  =  A:,  a  constant;  whence  xy^Tc. 


That  is,  if  one  quantity  varies  inversely  as  another,  the 
product  of  the  quantities  is  constant. 

If  6  men  can  do  a  piece  of  work  in  12  hours,  3  men  can  do 
the  same  work  in  24  hours,  and  1  man  in  72  hours,  and  the 
products  6  X  12,  3  X  24, 1  X  72  are  equal.  That  is,  the  num- 
ber of  hours  varies  inversely  as  the  number  of  men  working 

If  y  =  -,  y  varies  inversely  as  oj,  since  a?y  =  3. 

X 

24.  Joint  Variation.  —  One  quantity  is  said  to  vary  as  two 
others  jointlyy  when  it  varies  as  the  product  of  the  others. 

Thus,  if  X  varies  as  y  and  z  jointly,  then  ^  =  A;,  a  constant. 

yz 

For  example,  the  number  of  miles  a  train  runs  varies  as 

the  number  of  hours  and  the  number  of  miles  it  runs  an  hour 

jointly.     It  will  run  40  miles  in  2  hours  at  a  rate  of  20  miles 

an  hour,  90  miles  in  3  hours  at  the  rate  of  30  miles  an  hour, 

40  90  120 


and 


2  X  20     3  X  30     6  X  24 


25l  One  quantity  is  said  to  vary  directly  as  a  second  and 
inversely  as  a  third,  when  it  varies  as  the  second  and  the  recip- 
rocal of  the  third  jointly. 

Thus,  if  X  varies  directly  as  y  and  inversely  as  «,  then 

X  xz 

— T  =  A;,  a  constant ;  or  —  =  A;. 
1  V 

z 

36.  In  all  the  preceding  cases  of  variation,  the  constant  can 
be  determined  when  any  set  of  corresponding  values  of  the 
quantities  is  known. 
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Ex.  1.   If  aocy,  and  a?  =  3  when  i/  =  5,  what  is  the  value  of 
the  constant  ? 

We  have  -  =  A:,  or  a;  =  Aiy. 

y 

Therefore,  when    a?  =  3  and  y  =  5, 

3  =  5  A:,  whence  A:  =  f  • 
Consequently        a?  =  f  y. 

EXERCISES  in. 

1.  If  a?  oc  y,  and  a?  =  10  when  y  =  6,  what  is  the  value  of  x 
when  y  =  12^  ? 

2.  lixQcy,  and  x^^a  when  y  =  |  o^,  what  is  the  value  of  y 
when  x  =  a^b? 

3.  If  a?  Qc  y^,  and  a?  =  5  when  y  =  —3,  what  is  the  value  of  x 
when  y  =  15  ? 

4.  If  a;  Qc  -y/y,  and  x=za+  m  when-  y  =(a  —  m)^,  what  is 
the  value  of  x  when  y  =(a  +  m)*  ? 

5.  If  a?  X  -,  and  a?  =  3  when  y  =  |,  what  is  the  value  of  x 
when  y  =  4|  ? 

6.  If  a?  X  ^,  and  a;  =  4  when  y  =  6  and  »  =  3,  what  is  the 

z 

value  of  X  when  y  =  5,  and  z  =  2? 

7.  The  circumference  of  a  circle  whose  radius  is  6  feet  is 
37.7  feet.  What  is  the  circumference  of  a  circle  whose  radius 
is  9.5  feet,  if  the  circumference  varies  as  the  radius  ? 

a  An  ox  is  tied  by  a  rope  20  yards  long  in  the  centre  of  a 
field,  and  eats  all  the  grass  within  his  reach  in  2^  days.  How 
many  days  would  it  have  taken  the  ox  to  eat  all  the  grass 
within  his  reach  if  the  rope  had  been  10  yards  longer  ?  The 
area  varies  as  the  square  of  the  radius. 

9.  The  volume  of  a  sphere  whose  radius  is  7  inclies  is 
1437.3  cubic  inches.  What  is  the  volume  of  a  sphere  ^whose 
radius  is  10  inches,  if  it  be  known  that  the  volume  vaxies  as 
the  cube  of  the  radius  ? 
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It  has  been  found  by  experiment  that  the  distance  a  body 
falls  from  rest  varies  as  the  square  of  the  time. 

10.  If  a  body  falls  256  feet  in  4  seconds,  how  far  will  it  fall 
in  10  seconds  ? 

U.  From  what  height  must  a  body  fall  to  reach  the  earth 
after  15  seconds  ? 

It  has  been  found  by  experiment  that  the  velocity  acquired 
by  a  body  falling  from  rest  varies  as  the  time. 

12.  If  the  velocity  of  a  falling  body  is  160  feet  after 
6  seconds,  what  will  be  the  velocity  after  8  seconds  ? 

13.  How  long  must  a  body  have  been  falling  to  have  acquired 
a  velocity  of  384  feet  ? 

14.  The  surface  of  a  cube  whose  edge  is  5  inches  is  160  square 
inches.  What  is  the  surface  of  a  cube  whose  edge  is  9  inches, 
if  it  be  known  that  the  surface  varies  as  the  square  of  its  edge  ? 

15.  It  has  been  found  by  experiment  that  the  weight  of  a 
body,  above  the  surface  of  the  earth,  varies  inversely  as  the 
square  of  its  distance  from  the  centre  of  the  earth.  If  a  body 
weighs  30  pounds  on  the  surface  of  the  earth  (approximately 
4000  miles  from  the  centre),  what  would  be  its  weight  at  a 
distance  of  24,000  miles  from  the  surface  of  the  earth  ? 

It  has  been  found  by  experiment  that  the  illumination  of  an 
object  varies  inversely  as  the  square  of  its  distance  from  the 
source  of  light. 

16.  If  the  illumination  of  an  object  at  a  distance  of  10  feet 
from  a  source  of  light  is  2,  what  is  the  illumination  at  a 
distance  of  40  feet  ? 

17.  To  what  distance  must  an  object  which  is  now  10  feet 
from  a  source  of  light  be  removed  in  order  that  it  shall  receive 
only  one-half  as  much  light  ? 

la  At  what  distance  will  a  light  of  intensity  10  give  the 
same  illumination  as  a  light  of  intensity  8  gives  at  a  distance 
of  50  feet  ? 


CHAPTER  XXI. 

PROGRESSIONS. 

1.  A  Series  is  a  succession  of  niunbers,  each  formed  accord- 
ing to  some  definite  law.  The  single  numbers  are  called  the 
Terms  of  the  series. 

E,g,y  in  the  series 

1  +  34-5  +  7  +  94--  (1; 

each  term  after  the  first  is  formed  by  adding  2  to  the  preced- 
ing term. 

In  the  series  1  +  2  +  4  +  8  + —  (2) 

each  term  after  the  first  is  formed  by  multiplying  the  preced- 
ing term  by  2. 

2.  The  number  of  terms  in  a  series  may  be  either  limUed  or 
unlimited. 

A  Finite  series  is  one  of  a  limited  number  of  terms. 
An  Infinite  series  is  one  of  an  unlimited  number  of  terms. 
In  this  chapter  a  few  simple  and  yet  very  important  series 
will  be  discussed. 

ARITHMETICAL  PROGRESSION. 

3.  An  Arithmetical  Series,  or,  as  it  is  more  commonly  called, 
an  Arithmetical  Progression  (A.  P.),  is  a  series  in  which  each 
term,  after  the  first,  is  formed  by  adding  a  constant  number  to 
the  preceding  term.    See  Art.  1,  (1). 

4.  Evidently  this  definition  is  equivalent  to  the  statement, 
that  the  difference  between  any  two  consecutive  terms  is 
constant. 

-  U.g.,  in  the  series 

1  +  3  +  5  +  7  +  ... 

we  have  3-1  =  5-3  =  7-6  =  ... 

324 
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For  this  reason  the  constant  number  of  the  first  definition  is 
called  the  Common  Difference  of  the  series. 

5.  Let     tti  stand  for  the  first  term  of  the  series, 

a^  for  the  nth  (any)  term  of  the  series, 

d  for  the  common  difference, 
and  S^  for  the  sum  of  n  terms  of  the  series. 

The  five  numbers  a^  a^  d,  n,  S^  are  called  the  Elements  of 
the  progression. 

6.  The  common  difference  may  be  eithei*  positive  or  negative. 
If  d  be  poaitivey  each  term  is  greater  than  the  preceding,  and 

the  series  is  called  a  rising,  or  an  increasing  progression. 

E,g,y  1  +  2  +  3  +  4  +  ...,  wherein  d  =  1. 

If  d  be  negative,  each  term  is  less  than  the  preceding,  and 
the  series  is  called  B.faUing,  or  a  decreasing  progression. 

E.g,y  1  —  1  —  3  —  6—  •••,  wherein  d=  —2. 

The  nth  Term  of  an  Arithmetical  Progreefldon. 

7.  By  the  definition  of  an  arithmetical  progression, 

01  =  01,  a2  =  ai  +  d,  a8  =  a24-d  =  ai  +  2d,  etc. 

The  law  expressed  by  the  formulae  for  these  first  three  terms 

is  evidently  general,  and  since  the  coefficient  of  d  in  each  is 

one  less  than  the  number  of  the  corresponding  term,  we  have 

fl„=fl,  +  (/,-iy.  (I.) 

That  is,  to  find  the  nth  term  of  an  arithmetical  progression : 
Multiply  the  common  difference  by  n  —  l,  and  add  the  product  to 
ike  first  term. 

8.  Ex.  1.   Find  the  16th  term  of  the  progression, 

1  +  3  +  5+7  +  ... 

We  have  Oi  =  1,  d  =  2,  n  =  15; 

therefore  O15  =  1 4-  (16  -  1)2  =  1  +  28  =  29. 

This  formula  may  be  used  not  only  to  find  a»,  when  Oi,  d, 
and  n  are  given,  but  also  to  find  any  one  of  the  four  numbers 
involved  when  the  other  three  are  given. 
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Ex.2.  If  a5  =  3(n  =  5),  and  ai  =  l,  we  have  3  =  1 +4d; 
whence  d  =  i. 

The  Sum  of  n  Terms  of  an  Arithmetical  Progresaioa 

9.  The  successive  terms  in  an  arithmetical  progression,  from 
the  first  to  the  nth  inclusive,  may  be  obtained  either  by  repeated 
additions  of  the  common  difference  beginning  with  the  first 
term,  or  by  repeated  subtractions  of  the  common  difference 
beginning  with  the  nth  term.  We  may  therefore  express  the 
sum  of  n  terms  in  two  equivalent  ways : 


^n=ai+(a,+d)+(ai+2d)+-  +  (ai+n-2.d)  +  (ai+n-l.d), 

Whence,  by  addition, 
2/Sn  =  (ai+On)  +  (oi  +  a„)  +  —  +  (a-i  +  a„)  +  K  +  aO) 
wherein  there  are  n  binomials,  ai  +  <^n' . 

Therefore,  2 /S,  =  n (a^  +  a„),  or  5„=^(ai  +  a„).  (II.) 

10.  If  the  value  of  a„,  given  in  (I.),  be  substituted  for  o»  in 
(II.),  we  obtain 

Formula  (II.)  is  used  when  Oj,  a^  and  n  are  given ;  and  (III.) 
when  aj,  d,  and  n  are  given. 

11.  Ex.1.  If  a,  =  l,  a5  =  3,  then/S5  =  f(l+3)  =  10. 
Ex.2.   If  ai  =  -4,  d  =  2,  n  =  12, 

then  >S'i2  =  V'[2(-4)  +  llx2]  =  84. 

Either  (II.)  or  (III.)  can  be  used  to  determine  any  one  of 
the  five  elements  a,,  a.,  d,  n,  S^,  when  the  three  others  involved 
in  the  formula  are  known. 

Ex.  3.   Given  aj  =  -  3,  («  =  2,  ^,  =  12,  to  find  n. 

From  (III.),  12  =  |[-6  +  2(n-l)], 

or  «*  —  4  n  =  12 ;  whence  n  =  6  and  —  2. 
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The  result  6  gives  the  series  — 3  — 1+1  +  3  +  6  +  7,  =12. 

Since  the  number  of  terms  must  be  positive,  the  negative 
result,  —2,  is  not  admissible.  But  its  meaning  may  be 
assumed  to  be  that  two  terms,  beginning  with  the  last  and 
counting  toward  the  first,  are  to  be  taken. 

12.  Formulae  (I.)  and  (II.),  or  (I.)  and  (III.)>  ^^^7  ^  used 
simultaneously  to  determine  any  two  of  the  five  numbers  ai, 
^n)  ^}  /S^  n  when  the  three  others  are  given 

Ex.    Given    d  =  —  2,  a,  =  — 16,  >S',  =  —  60,  to  find  aj  and  n. 

From  (I.),  - 16  =  ai  -  2(n  -  1),  (1) 

and  from  (II.),  -  60  =  ^  (aj  - 16).  (2) 

Solving  (1)  and  (2),  we  obtain  n  =  12,  ai  =  6;  and  n  =  5, 
ai  =  -8. 

The  two  series  are : 

6  +  4  +  2  +  0-2-4-6-8-10-12-14-16, 

and  -_8-10-12-14-16, 

both  of  which  have  d  =  -  2,  a„  =  — 16,  /S,  =  -  60. 

Notice  that  in  this  example  the  sum  of  the  terms  which  are 
not  common  to  the  two  series  is  0. 

EXERCISES  I. 

Find  the  last  term,  and  the  sum  of  the  terms,  of  each  of  the 
following  arithmetical  progressions : 

•1P2  +  6H to  10  terms.         2.  3  +  1 to  13  terms. 

3.    -5-2H to  21  terms.       4.  3  +  l^H to  40  terms 

5.   4 +  1|— .-to  31  terms.       6.   9 +  11  +  •••to  n  terms. 

7.  n  +  2  w  +  •••  to  16  terms,  to  m  terms. 

8.  a  +  (a  +  6)  +  •••  to  20  terms,  to  n  terms. 

9.  (m  +  2)  +  (4m  +  6)  +  •••  to  40  terms,  to  n  terms. 

la   5Lz:J:  +  5Lzl^^ to  30  terms,  to  w  terms. 
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In  each  of  the  following  arithmetical  progressiqAS  find  the 
values  of  the  two  elements  not  given : 

11.  ai  =  4,  d  =  5,  n  =  10.  12.  a^  =  16,  d  =  2,  n  =  9. 

13.  ai=2f,  n=5,  a„=— 1.9.  14.  d  =  — 4.8,  n=3,  /S^=28.5. 

J5;a«=13,  n=8,  /S^=100.  16.  a^  =  2|,  7i  =  12,  ASn  =  -7. 

17.  ai=9,  d=-l,  a„=6.  18.  01=22^,  a„=-19f,/S'^=20. 

19.  ai=2,  d=5,  aS,=245.  20.  a^=56,  d^'6,  >^^=324. 

Arithmetical  Means. 

13.  The  Arithmetical  Mean  between  two  numbers  is  a  third 
number,  in  value  between  the  two,  which  forms  with  them  an 
arithmetical  progression. 

E,g.,  2  is  an  arithmetical  mean  between  1  and  3. 
Let  A  stand  for  the  arithmetical  mean  between  a  and  6; 
then,  by  the  definition  of  an  arithmetical  progression, 
^  —  a  =  6  —  ^, 

whence  Jl  =  ^"T   > 

2 

That  is,  the  arithmetical  mean  between  tioo  numbers  is  half 

their  sum. 

14.  Arithmetical  Means  between  two  numbers  are  numbers, 
in  value  between  the  two,  which  form  with  them  an  arithmeti- 
cal progression. 

E.g.,  2, 3,  and  4  are  three  arithmetical  means  between  1  and  6. 
Ex.  Insert  four  arithmetical  means  between  —  2  and  9. 
We  have  n  =  6,  Oj  =  —  2,  ae  =  9. 

From  (I.),        9  =  -  2  +  5  d,  whence  d  =  ^. 
The  required  means  are  J,  ^,  ^^,  ^. 

EXERCISES  II. 

Insert  an  arithmetical  mean  between 

1.  45  and  31.  2.  17^  and  14^.  3.  2  a  and  -  2  &. 

4.   ^SZ±  and  5L±^.  5.  ^  and  -^. 
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6.  Insert  six  arithmetical  means  between  7  and  35. 

7.  Insert  twelve  arithmetical  means  between  37  and  —  28. 

8.  Insert  nine  arithmetical  means  between  ^  and  12. 

9.  Insert  twenty  arithmetical  means  between  —  16  and  26. 
10.  Insert  six  arithmetical  means  between  a + &  and  8  a — 13  6. 

Problems. 

15.  Pr.  Find  the  sum  of  all  the  numbers  of  three  digits 
which  are  multiples  of  7. 

The  numbers  of  three  digits  which  are  multiples  of  7  are 

7  X  15,  7  X  16,  7  X  17,  ...,  7  x  142. 

Their  sum  is         7(15  + 16  +  ••.  + 142). 

The  series  within  the  parentheses  is  an  arithmetical  progres- 
sion, in  which  Oj  =  15,  d  =  1,  n*  =  128,  and  aia,  =  142. 

Therefore  S^s  =  10048. 

The  required  sum  is  therefore  7  x  10048,  =  70336. 

16.  In  many  examples  the  elements  necessary  for  determin- 
ing the  required  element  or  elements  directly  from  (I.)-(III.) 
are  not  given,  but  in  their  place  equivalent  data. 

•     Ex.  1.  The  sixth  term  of  an  A.  P.  is  17,  and  the  eleventh 
term  is  32.    Find  the  first  term  and  the  common  differenca 

We  have  a,  =  17,  an  =  32. 

From  (I.)>     17  =  Oi  +  5  c?,  and  32  =  aj  +  10  d. 

Solving  these  equations,  Oi  =  2,  d  =  3. 

Or  we  could  have  regarded  17  as  the  first  term  and  32  as 
the  last  term  of  a  progression  of  six  terms.  Then,  by  (I.), 
32  =  17  +  5d,  whence  d  =  3. 

By  (I.)  again,  17  =  ai  +.5  x  3 ;  whence  aj  =  2,  as  above. 

BXBRCISES  III. 

1.  Find  the  sixth  term,  and  the  sum  of  eleven  terms,  of  an 
A.  P.  whose  eighth  term  is  11  and  whose  fourth  term  is  —  1. 
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2.  The  sixteenth  term  of  an  A.  P.  is  —  5,  and  the  forty-first 
term  is  45.  What  is  the  first  term,  and  the  sum  of  twenty 
terms? 

/  3.  Find  the  sum  of  all  the  even  numbers  from  2  to  50 
inclusive. 

4.  Find  the  sum  of  thirty  consecutive  odd  numbers,  of 
which  the  last  is  127. 

5.  The  sum  of  the  eighth  and  fourth  terms  of  an  A.  P.  of 
twenty  terms  is  24,  and  the  sum  of  the  fifteenth  and  nineteenth 
terms  is  68.    What  are  the  elements  of  the  progression  ? 

6.  The  sum  of  the  second  and  twentieth  terms  of  an  A.  P. 
is  10,  and  their  product  is  23f  J.  What  is  the  sum  of  sixteen 
terms  ? 

7.  The  sixth  term  of  an  A.  P.  is  30,  and  the  sum  of  the 
first  thirteen  terms  is  456.  What  is  the  sum  of  the  first  thirty 
terms? 

8.  What  value  of  x  will  make  the  arithmetical  mean  be- 
tween a"  and  x^  equal  to  6  ? 

9.  Find  the  sum  of  all  even  numbers  of  two  digits. 

10.  How  many  consecutive  odd  numbers  beginning  with  7 
must  be  taken  to  give  a  sum  775  ? 

11.  Insert  between  0  and  6  a  number  of  arithmetical  means 
so  that  the  sum  of  the  terms  of  the  resulting  A.  P.  shall  be  39. 

NJ^.  Find  the  number  of  arithmetical  means  between  1  and 
19,  if  the  first  mean  is  to  the  last  mean  as  1  to  7. 

/%3.  The  sum  of  the  terms  of  an  A.  P.  of  six  terms  is  66,  and 
tiie  sum  of  the  squares  of  the  terms  is  1006.  What  are  the 
elements  of  the  progression  ? 

14.  The  sum  of  the  terms  of  an  A.  P.  of  twelve  terms  is  354, 
and  the  sum  of  the  even  terms  is  to  the  sum  of  the  odd  terms 
as  32  to  27.     What  is  the  common  difference  ? 

15.  How  many  positive  integers  of  three  digits  are  there 
which  are  divisible  by  9  ?    Find  their  sum. 
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16.  Show  that  the  sum  of  2n  +  l  consecutive  integers  is 
divisible  by  2n  +  l. 

17.  Prove  that  if  the  same  number  be  added  to  each  term  of 
an  A.  P.,  the  resulting  series  will  be  an  A.  P. 

18.  Prove  that  if  each  term  of  an  A.  P.  be  multiplied  by  the 
same  number,  the  resulting  series  will  be  an  A.  P. 

19.  Prove  that  if  in  the  equation  y  =  ax-]-b,we  substitute 
c,  c  +  d,  c  +  2d,  ••-,  in  turn  for  x,  the  resulting  values  of  y  will 
form  an  A.  P. 

20.  A  laborer  agreed  to  dig  a  well  on  the  following  con- 
ditions :  for  the  first  yard  he  was  to  receive  $2,  for  the  second 
$  2.50,  for  the  third  $  3,  and  so  on.  If  he  received  $  42.50  for 
his  work,  how  deep  was  the  well  ? 

21.  On  a  certain  day  the  temperature  rose  ^®  hourly  from  5 
to  11  A.M.,  and  the  average  temperature  for  that  period  was  8"*. 

/What  was  the  temperature  at  8  a.m.  ? 

^22.  Twenty-five  trees  are  planted  in  a  straight  line  at  inter- 
vals of  5  feet.  To  water  them,  the  gardener  must  bring  water 
for  each  tree  separately  from  a  well  which  is  10  feet  from  the 
first  tree  and  in  line  with  the  trees.  How  far  has  he  walked 
when  he  has  watered  all  the  trees,  beginning  with  the  first  ? 

GEOMETRICAL  PROGRESSION. 

17.  A  Geometrical  Series,  or,  as  it  is  more  commonly  called, 
a  Geometrical  Progression  (G.  P.),  is  a  series  in  which  each  term 
after  the  first  is  formed  by  multiplying  the  preceding  term  by 
a  constant  number.     See  Art.  1,  (2). 

18.  Evidently  this  definition  is  equivalent  to  the  statement 
that  the  ratio  of  any  term  to  the  preceding  is  constant. 

For  this  reason  the  constant  multiplier  of  the  first  definition 
is  called  the  Ratio  of  the  progression. 

19.  Let  Oi  stand  for  the  first  term  of  the  serieSi 

a^  for  the  nth  (any)  term, 
r  for  the  ratio, 
and  /S,  for  the  sum  of  n  terms. 
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20.  The  ratio  may  be  either  larger  or  smaller  than  1;  in 
the  former  case  the  progression  is  called  a  risiThg  ox  ascending 
progression ;  in  the  latter  a  falling  or  descending  progression. 

E,g,,  l4-|  +  |  +  ^4....,inwhichr  =  f, 

and  ^  — 1  4-2  —  4  4-8  •-,  in  which  r  =  —  ^ 

are  ascending  progressions ;  while 

l4-j4-i  +  i-f  —,  in  which  r  =  ^, 
and  1  —  |4-f  —  ^4- •••>  in  whichr  =  — I, 

are  descending  progressions. 


The  nth  Term  of  a  Geometrical  ProgreBslon. 
2L  By  the  definition  of  a  geometrical  progression 

Oi  =  Oi,  ag  =  Oir,  a^.=  a^r  =  a^r^y  a^=:^a^r  =  aj^j  etc. 
The  law  expressed  by  the  relations  for  these  first  four  terms 
is  evidently  general,  and  since  the  exponent  of  r  in  each  is  one 
less  than  the  number  of  the  corresponding  term,  we  have 

«„  =  a,/-->.  (I.) 

,  That  is,  to  find. the  nth  term  of  a  geometrical  progression: 
Raise  the  ratio  to  a  power  one  less  than  the  number  of  the  term. 
and  multiply  the  result  by  the  fir ^  term, 

Ex.  1.   If  tti  =  i,  r  =  3,  n  =  5,  then  as  =  ^  •  3*  =  4^. 

This  relation  may  also  be  used  to  find  not  only  a„,  when  ai, 
r,  and  n  are  given,  but  also  to  find  the  value  of  any  one  of  the 
four  numbers  when  the  other  three  are  given. 

Ex.  2.   If  Oi  =  4,  Oe  =  1^,  w  =  6,  then  1  =  4?-*,  whence  r  —  \. 

The  Sum  of  a  G-eometrlcal  ProgreBslon. 

22.  We  have  S^=ay\-air-\-a^r^-\ hair*-*4-air^^  (1) 

and  tS^^       air+ai7^-\-  •••  4-air"""*4-a^r*"^+air*.  (2) 

Consequently,  subtracting  (2)  from  (1), 

whence  ^^^a,(l -r^)^a,(r^-lX  (nj 
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Siibstitutuig  ^„  fbr  Onf~^  in  (11.)^  we  have 

The  first  forms  of  (II.)  and  (HI,)  are  to  be  used  when  r  <  1, 
the  second  when  r  >  1. 

2a  Ex.  1.   Given  ai  =  3,  r=2,  n^6,  to  find  5e- 

From  (II.),  8^  =  ^^^""i^'^  =  1^^- 

Formulae  (II.)  and  (III.)  may  be  used  not  only  to  find  8^ 
when  Oi,  r,  and  w,  or  a^,  a^  and  r  are  given,  but  also  to  find  the 
ralue  of  any  one  of  the  four  numbers  when  the  other  three 
are  given. 

Ex.  2.   Given  /S^  =  -  63^,  Oj  =  -  ^,  a,  =  -  32,  to  find  r. 

By  (III.),  -  63^  =  ziti^,  vhence  r  =  2. 
1  —  r 

24.  Formulae  (I.)  and  (II.),  or  (I.)  and  (III.),  may  be  used 
simultaneously  to  determine  any  two  of  the  five  elements, 
ai,  a^  r,  8„,  n,  when  the  three  other  elements  are  given. 

Ex.   Given  r  =  2,  a^  =  16,  8^  =  31^,  to  find  Oj  and  w. 
From  (III.),  31i=^^^^7^S  whence  a,  =  i. 
From  (I.),        16  =i  .  2**-',  whence  n  =  6. 
EXteBCISBS  IV. 

Find  the  last  term  and  the  sum  of  the  terms  of  each  of  the 
following  geometrical  progressions : 

^.   3  +  6+ —to  six  terms.  2.   2 —  4+ •••  to  ten  terms. 

3.   32— 16  +  -'  to  seven  terms.      4.   l|+2f -1 to  six  terms. 

2        1 
5.   2  —  2*  +  ••  to  eleven  terms.     6.    -=i^  +  «  H ^^  ^  terms. 

7.   1  +  (1  +  a)  +  •••  to  four  terms,  to  n  terms. 
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In  each  of  the  following  geometrical  progressions  find  the 
values  of  the  elements  not  given : 

a  ai  =  l,  r  =  4,  n  =  5.  9.   a^  =  10,  r  =  2,  n  =  4. 

10.  a,=96,  n=4,  /S^=127.5.  U.   r=10,  ?i=7,  /S^= 3,333,333. 

J^  ai  =  74|,  n  =  6,  a^  =  2i.  13.   0^  =  7,  r  =  10,  a,  =  700. 

14.  ai=l,  a,=512,  >^^=1023.  15.   a,  =  3125,  r  =  5, /S',  =  3905. 

16.  ai=4,  r=3,  /S'„=118,096.  17.   Oj  =  100,  n  =  3,  /S^  =  700. 

2S.  The  Sum  of  an  Infinite  Geometrical  Progression.  — If  the 
number  of  terms  in  a  geometrical  progression  is  unlimited, 
the  exact  value  of  the  sum  of  the  series  cannot  be  obtamed. 
Thus,  in  the  series 

l  +  i  +  l  +  i+""  without  end, 

the  sum  continually  increases  as  more  and  more  terms  are 
included  in  it. 

We  have  S  -1:1^"— i (^ 

wehave  ^.-  ^_^  -^__^      ^ 

=2-ar^ 

And  ^1  =  1,  S,^lh  Ss  =  lh  54  =  lf,  - 

^j^=  2  — (^)'";  and  so  on. 

We  thus  see  that,  although  the  sum  of  this  series  grows 
larger  and  larger,  it  does  not  increase  without  limit,  but  ap- 
proaches the  value  2  more  and  more  nearly  as  more  and  more 
terms  are  included  in  the  sum.  Evidently  the  sum  can  be 
made  to  differ  from  2  by  as  little  as  we  please,  by  taking  a 
sufficient  number  of  terms. 

We  therefore  call  2  t?ie  limit  of  the  sum  of  the  series,  or  more 
briefly,  the  sum  of  the  series.  The  eosact  sura  2,  however,  can 
never  be  obtained. 

261  Iji  general,  when  r  <  1,  the  term  air*  in  the  formula 
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decreases  as  n  increases.     It  can  be  proved,  as  in  the  particular 
example,  that  this  term  can  be  made  as  small  as  we  please,  by 
taking  n  sufficiently  great. 
Therefore,  when  r  <  1,  we  take 

1  — /• 

as  the  sum  of  the  infinite  geometrical  progression. 

This  theory  can  be  applied  to  find  the  value  of  a  repeating 
(recurring)  decimal. 

Ex.  Verify  that  .6  =  |-. 

We  have        .666 ...  =  ^^  +  ^  +  ^^  +  ..., 

a  geometrical  progression  whose  first  term  is  ^  and  whose 
ratio  is  ^.    Consequently 

BXEBCISBS  V. 

Find  the  sum  of  the  following  infinite  geometrical  progres- 

2.   60  +  15  +  ....  3.  10-6  +  .... 

5.  1-^  +  ...,  6.  5-J  +  .... 

l  +  x  +  Qi?  +  ...,  when  oj  <  1. 

U.   1+1  +  1  +  ...,  when  x>l 
X     or 

Eind  the  value  of  each  of  the  following  repeating  decimals; 
12.   .44....  13.   .99....  14.   .2727.... 

15.   .015015....  16.   .199....  17.  1.0909.... 

18.   .122323..-.  19.   .201475475.... 

Verify  each  of  the  following  identities : 
20.   VM  —  =  -^^— •  ^-   V^9^  —  =  -833.... 


sions : 
1.  6  +  4  +  . 

... 

4. 

i  +  i  +  ' 

... 

7. 

!-!  +  • 

10. 
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Geometrical  Meann. 

27.  A  Geometrical  Mean  between  two  numbers  is  a  number, 
in  value  between  the  two,  which  forms  with  them  a  geometrical 
progression. 

E.g.,  -f2,  or  —  2,  is  a  geometrical  mean  between  1  and  4 
Let  O  be  the  geometrical  mean  between  a  a^d  b. 
Then  by  definition  of  a  geometrical  progression, 

^  =  A;  whence  G  =  ±  ^(ab). 
a      G  • 

That  is,  the  geometrical*  mean  between  two  numbers  is  the 
square  root  of  their  product. 

Ex.  Find  the  geometrical  mean  between  1  and  |.    We  have 

e  =  ±V(lx|)=±|. 

28.  Geometrical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two,  which  form  with  thfem  a  geometrical 
progression.  E,g,,  4  and  16  are  two  geometrical  means  between 
1  and  64;  and  2,  4,  8,  16,  32  are  five  geometrical  means 
between  1  and  64. 

Ex.   Insert  five  geometrical  means  between  1  and  729. 
We  have  Oi  =  1,  n  =  7,  a^  =  729. 

Therefore  729  =  r«,  or  r  =  ±  3. 

The  required  means  are : 

±  3,  9,  ±  27,  81,  ±  243, 

EXERCISES  VI. 

Insert  a  geometrical  mean  between 

1.   2  and  8.  2.   12  and  3.  3.   |.  and  y^^. 

4.    ^a  and  V  (2  «)•      5-   75  m*  and  3  mn\      6.    —  and  i . 

7.   (a-&)2and(a+6)*.       a   (a^+lXa^-l)-' and  ^  (o*-l) 
9.   Insert  five  geometrical  means  between  2  and  1458. 
10.   Insert  seven  geometrical  means  between  2  and  512. 
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U.  Insert  six  geometrical  means  between  3  and  —  384. 

12.  Insert  six  geometrical  means  between  5  and  —  640. 

13.  Insert  nine  geometrical  means  between  1  and  -^^^^ 

Problems. 

29.  Pr.  A  farmer  agrees  to*  sell  12  sheep  on  the  following 
terms :  he  is  to  receive  2  cents  for  the  first  sheep,  4  cents  for 
the  second,  8  cents  for  the  third,  and  so  on.  How  much  does 
he  receive  for  the  twelfth  sheep,  and  how  much  for  the  12 
sheep,  and  what  is  the  average  price  ? 

We  have  ai  =  2,  n  =  12,  r  =  2. 

Then  Ou=:2  x  2"  =  2«  =  4096. 

And  ^^^2(2"-l)^2  x  4095  =  8190. 

Z  —  1 

That  is,  he  receives  4096  cents,  or  $  40.96,  for  the  twelfth 
sheep,  and  8190  cents,  or  $81.90,  for  the  12  sheep. 

The  average  price  is  ^^,  =  $  6.82f 

30.  In  many  examples  the  elements  necessary  for  determin- 
ing the  element  or  elements  directly  from  (I.)-(III.)  are  not 
given,  but  in  their  place  equivalent  data. 

Ex.  The  fifth  term  of  a  G.  P.  is  48,  and  the  eighth  term  is 
384.    Find  the  first  term  and  the  ratio. 

From  (I.),  48  =  aii^,  and  384  =  air' ; 

whence  7^=  8,  or  r  =  2.     Therefore  Oj  =  3. 

Or,  we  could  have  regarded  48  as  the  first  term  and  384  as 
the  last  term  of  a  progression  of  four  terms.  Then  by  (I.), 
384  =  48  r*,  whence  r  =  2  as  before. 

EXERCISES  VIL 

1.  The  first  term  of  a  G.  P.  of  six  terms  is  768,  and  the  last 
term  is  one-sixteenth  of  the  fourth  term.  What  is  the  sum  of 
the  six  terms  of  the  progression? 
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2.  The  first  term  of  a  G.  P.  of  ten  terms  is  3,  and  the  sum 
of  the  first  three  terms .  is  one-eighth  of  the  sum  of  the  next 
three  terms.    Find  the  elements  of  the  progression. 

3.  The  twelfth  term  of  a  iCr.  P.  is  1536,  and  the  fourth  term 
is  6.    What  is  the  ratio,  and  the  sum  of  the  first  eleven  terms  ? 

4.  In  a  G.  P.  of  eight  terms,  the  sum  of  the  first  seven 
terms  is  444^,  and  is  to  the  sum  of  the  last  seven  terms  as 
1  to  2.    Find  the  elements  of  the  progression. 

5.  The  sum  of  the  first  four  terms  of  a  G.  P.  is  15,  and  the 
sum  of  the  terms  from  the  second  to  the  fifth  inclusive  is  30. 
What  is  the  first  term,  and  the  ratio  ? 

6.  Find  the  elements  of  a  G.  P.  of  six  terms  whose  first 
term  is  1,  and  the  sum  of  whose  first  six  terms  is  28  times  the 
sum  of  the  first  three  terms. 

7.  The  sum  of  the  first  three  terms  of  a  G.  P.  is  21,  and  the 
sum  of  their  squares  is  189.    What  is  the  first  term*  ? 

"8.  The  product  of  the  first  three  terms  of  a  G.  P.  is  216, 
and  the  sum  of  their  cubes  is  1971.  What  is  the  first  term, 
and  the  ratio  ? 

3.  If  the  numbers  1, 1,  3,  9  be  added  to  the  first  four  terms 
of  an  A.  P.,  respectively,  the  resulting  terms  will  form  a  G.  P. 
What  is  the  first  term,  and  the  common  difference  of  the  A.  P.  ? 

10.  A  G.  P.  and  an  A.  P.  have  a  common  first  term  3,  the 
difference  between  their  second  terms  is  6,  and  their  third 
terms  are  equal.  What  is  the  ratio  of  the  G.  P.,  and  the  com- 
mon difference  of  the  A.  P.  ? 

U.  Show  that,  if  all  the  terms  of  a  G.  P.  be  multiplied  by 
the  same  number,  the  resulting  series  will  form  a  G.  P. 

12.  Show  that  the  series  whose  terms  are  the  reciprocals  of 
the  terms  of  a  G.  P.  is  a  G.  P. 

13.  Show  that  the  product  of  the  first  and  last  terms  of  a 
G.  P.  is  equal  to  the  product  of  any  two  terms  which  are 
equally  distant  from  the  first  and  last  terms  respectively. 
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a4.  A  merchant's  investment  yields  him  each  year  after 
the  first,  three  times  as  much  as  the  preceding  year.  If  his 
investment  paid  him  $  9720  in  four  years,  how  much  did  he 
realize  the  first  year  and  the  fourth  year  ? 

15.  Given  a  square  whose  side  is  2  o.  The  middle  points 
of  its  adjacent  sides  are  joined  by  lines  forming  a  second 
square  inscribed  in  the  first.  In  the  same  manner  a  third 
square  is  inscribed  in  the  second,  a  fourth  in  the  third,  and  so 
on  indefinitely.  Find  the  sum  of  the  perimeters  of  all  the 
squares. 

HARMONICAL  PROGRESSION. 

3L  A  Harmonical  Progression  (H.  P.)  is  a  series  the  recipro- 
cals of  whose  terms  form  an  arithmetical  progression. 

is  a  harmonical  progression,  since 

1  +  2  +  3  +  4  +  -. 

is  an  arithmetii^al  progression. 

Consequently  to  every  harmonical  progression  there  corre- 
sponds an  arithmetical  progression,  and  vice  versa. 

32.  Any  term  of  a  harmonical  progression  is  obtained  by 
finding  the  same  term  of  the  corresponding  arithmetical  pro- 
gression and  taking  its  reciprocal. 

Ex.  Find  the  eleventh  term  of  the  harmonical  progression 
4,2,1,.... 
The  corresponding  arithmetical  progression  is 

h  h  h  "*f 
and  its  eleventh  term  is  -y-. 
Therefore  the  eleventh  term  of  the  given  progression  is  ^. 

33.  No  formula  has  been  derived  for  the  sum  of  n  terms  of 
a  harmonical  progression. 

34.  A  Harmonical  Mean  between  two  numbers  is  a  number, 
in  value  between  the  two,  which  forms  with  them  a  harmonical 
progression. 
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E.g.,  f  is  a  harmonical  mean  between  ^  and  —  f . 

Let  H  stand  for  the  harmonical  mean  between  a  and  6,  then 

—  is  an  arithmetical  mean  between  -  and  -•    Consequently 
M  a         b 

Ex.  Insert  a  harmonical  mean  betireen  2  and  6. 

We  have  ^^2x2x5^20, 

•      2  +  5         7 

35.  Harmonical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two,  which  form  with  them  a  harmonical 
progression. 

E,g,,  f  ,  1,  f ,  f ,  ^  are  five  harmonical  means  between  3  and  f . 
Ex.   Insert  four  harmonical  means  between  1  and  10. 
We  have  first  to  insert  four  arithmetical  means  between  1 
and  ^,  and  obtain 

TUy  Hy  Ta'  it' 
The  required  harmonical  means  are  therefore 

50      50      so      50 

4T>  tfy  Tsy  it* 

Problems. 

36.  Pr.  1.  The  geometrical  mean  between  two  numbers  is  ^, 
and  the  harmonica!  mean  is  f.     What  are  the  numbers? 

Let  X  and  y  represent  the  two  numbers. 

Then  ^(xy)  =  i,  or  ajy  =  J ;  (1) 

and  ^  =  -,  or  5xy  =  x-\'y.  (2) 

x-hy     5 

Solving  (1)  and  (2),  we  obtain  a?  =  1,  y  =  J,  and  a;  =  ^,  y  =  1. 

EXERCISES  VIII. 

Find  the  last  term  of  each  of  the  following  harmonical  pro- 
gressions : 

1.  i^.2^^^....to8  terms.         2.  ^-f  |+Tiy+— to  16  terms, 
a  2-2-1 tollterms.      4.   -S-f-j^ to  16  terms. 
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5.  l  +  J-+J:-+...to  25  terms. 
a     2a     3a 

Find  the  harmonical  mean  between 
7.  2  and  4  a    -3  and  4.  9.  |andf 

10.  JL.  and 1^.  11.  ^  and  5L±|. 

12.  Insert  5  harmonical  means  between  5  and  \. 

13.  Insert  10  harmonical  means  between  3  and  \. 

14.  Insert  4  harmonical  means  between  —  7  and  ^. 

15.  If  &  be  the  harmonical  mean  between  a  and  c,  prove  that 

a''b_a 
6  —  c     c 

16.  The  arithmetical  mean  between  two  numbers  is  6,  and 
the  harmonical  mean  is  ^.    What  are  the  numbers  ? 

17.  If  one  number  exceeds  another  by  two,  and  if  the  arith- 
metical mean  exceeds  the  harmonical  mean  by  ^j^,  what  are  the 
numbers  ? 

la  The  seventh  term  of  a  harmonical  progression  is  ^f  and 
the  twelfth  term  is  ^.     What  is  the  twentieth  term  ? 

19.  The  tenth  term  of  a  harmonical  progression  is  \,  and  the 
twentieth  term  is  ^.    What  is  the  first  term  ? 


CHAPTER  XXIL 

THB   BINOMIAL  THEOREM  FOR  POSITIVE  INTEGRAL 
EXPONENTS. 

1.  The  expansiona  of  the  powers  of  a  binomial,  from  the 
third  to  the  fourth  inclusive,  were  given  in  Ch.  XIII.,  Arts. 
7-8,  and  the  laws  governing  the  expansion  of  these  powers 
were  stated. 

As  yet,  however,  we  cannot  infer  that  these  laws  hold  for 
the  fifth  power  without  multiplying  the  expansion  of  the 
fourth  power  by  a  4-  & ;  nor  for  the  sixth  power  without  next 
multiplying  the  expansion  of  the  fifth  power  by  a  +  b;  and 
so  on. 

If,  however,  we  prove  that,  provided  the  laws  hold  for  any 
particular  power,  they  hold  for  the  next  higher  power,  we  can 
infer,  without  further  proof,  that  because  the  laws  hold  for  the 
fourth  power,  they  hold  also  for  the  fifth ;  then  that  because 
they  hold  for  the  fifth,  they  hold  also  for  the  sixth,  and  so  on 
to  any  higher  power. 

2.  If  the  laws  (i.)-(vi.)  hold  for  the  rth  power,  we  have 

±  •  2  1«2«3 

Notice  that  only  the  first  four  terms  of  the  expansion  are 
written.  But  it  is  often  necessary  to  write  any  term  (the  Jcihy 
say)  without  having  written  all  the  preceding  terms. 

To  derive  this  term,  observe  that  the  following  laws  hold  for 
each  term  of  the  expansion : 

(i.)  The  eosponent  of  b  is  one  less  than  the  number  of  the  term 
(counting  from  the  left). 

Thus  in  the  first  term  we  have  b^~^  =  6®  =  1 ;  in  the  second, 
6^*  =  6;  in  the  tenth,  b^'  =  6»;  and  in  the  kth  term,  6*-\ 
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(ii.)  The  exponent  of  a  is  equal  to  the  binomial  exponent  less 
the  exponent  of  h. 

Thus,  in  the  first  term  we  have  a'^^a''^  in  the  second, 
a^*;  in  the  tenth,  a'"®;  and  in  the  Mh  tei^m,  a'-^*-^^,  =  a'-*+\ 

(iii.)  The  number  of  factors  {beginning  with  1  and  increasing 
by  1)  in  the  denominator  of  each  coefficient,  and  the  number  of 
factors  (beginning  with  r  and  decreasing  by  1)  in  the  numerator 
of  each  coefficient,  is  equal  to  the  exponent  of  b  in  that  term. 

Thus,  in  the  coefficient  of  the  second  term  the  denominator 
is  1  and  the  numerator  is  r;  in  that  of  the  third  term  the 
denominator  is  1-2  and  the  numerator  is  r(r  — 1);  in  the 
tenth  term  the  denominator  is  1  •  2  •••  9  and  the  numerator  is 
r(r  — l)--(r  — 8);  and  in  the  kth.  term  the  denominator  is 
1  •  2 •  3  •••  (A;  —  1),  and  the  numerator  is 

r(r-l)...[r-(A;-2)],  =r(r- l)...(r-A;  +  2). 
Therefore  the  kth  term  in  the  expansion  of  (a  +  by  is 
r(r  - 1)  (r  -  2) ...  (r  -  A;  +  2)  ^^,^1 
1.2.3...(A:-1) 
Id  like  manner,  any  other  term  can  be  written. 
Thus,  the  (k  —  l)th  term  is 

r(r-l)(r-2)...(r^fe  +  3)  ^^y,, 
1.2.3...(A;-2) 

3.  We  can  now  prove  that,  if  the  laws  (i.)-(vi.)  hold  for 
(a  +  by,  they  also  hold  for  (a  +  6)*^» ;  that  is,  if  they  hold  for 
any  power  they  hold  for  the  next  higher  power.  Assuming, 
then,  that  the  laws  hold  for  (a  +  by,  we  have 


(a  +  by  =  a^  +  ra*-^6+^(!'-"-^)a'-%'  + 
1  •  2 


r  (r  -  1)  (r  -  2) ...  (r  -  fc  +  3)^-i^,y,, 
^    '        1.2.3...(A:-2) 

r(r-l)(r-2)...(r-fc  +  3)(r-fc  +  2)      >^ig^^      _ 
1.2.3...(A:-2)(A;-1)  ' 

The  first  three  terms  of  the  expansion  are  written,  then  sdl 
terms  are  omitted,  except  the  (k  —  l)th  and  the  fcth. 
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Multiplying  the  expansion  of  (a  +  b)'  by  (a  +  b),  we  obtain; 
(a  +  6)-+'  =  a'+^  -h  ra'b  +  ^^fy=^  oT^V  + ... 

1  •  2  —  (&  —  1) 

+  ceb  +  nf-V  +..••+  yfr  - 1)  -  (y  -  fc  +  3)ar^y-i  + ... 

1  •  2  •••  (*  —  2) 

-  flr»  +  (r  +  l)ar6  +["''('' ~^)  +  rlo'-W  +  — 

rr(r-l)...(r-fe+2)    r(r-l) ...  (r-k+3)l^,j^, 
L     l-2...(&-l)      ■        1.2...(fc-2)     J  ^ 

1.2    ^  1.2  1-2    ' 

r(r-l)...(r-fc  +  2)     r(r-l)-(r-fc  +  3)       . 
Ii2...(&-1)        ^       1.2-(*-2) 

_r(r-l)-(r-k  +  2)  +  r(r-D.-^(r-k  +  S)(k-l) 
1.2-.(k-l) 

^r(r-l)-(r-k  +  S)(r-k  +  2  +  k-l) 
1.2-.(k-l) 

_(r  +  l)r(r  —  1)  —  (r  —  k  +  3) 
~  1.2...(&-1) 

Therefore, 
(a  +•  ft)-^'  =  ar+'  +  (r  +  l)ar6  +  fr  +  ^^'rf-'y  + ... 

^(r  +  l)r(r-l)...(r-fc  +  3)   ^^,y,,      ... 
1.2...(A:-1)    '  ^ 

The  laws  (i.)-(vi.)  hoid  for  the  above  expansion  of  (a  4-  by^\ 
We  therefore  conclude  that  if  the  expansion  holds  for  (a  +  6)', 
it  also  holds  for  (a  +  by'^K 

Consequently,  since  the  expansion  holds  for  the  fourth  power, 
it  holds  for  the  fifth,  and  so  on  to  any  positive  integral  power. 

The  method  of  proof  employed  in  this  article  is  called  Proof 
by  Bfathematical  Induction. 
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4.  We  may  now  write  the  expansion  of  (a  +  6)*,  wherein  n 
is  any  positive  integer : 

•  (a  +  by  =  a"  +  na'^-'b  -f-  -^^-^  a"-^*'  +  ••.. 

In  particular,  if  a  =  1,  and  6  =  a?, 

1  •  4 

5.  The  expansion  of  (a  —  6)*  can  be  at  once  written  from 
that  of  (a  +  b)\ 

We  have  (a  — 6)*=  [a  +  (-6)]» 

1  •  2 

1   •  ^ 

Observe  that  the  signs  of  the  terms  alternate,  +  and  — , 
beginning  with  the  first,  or  that  the  terms  containing  even 
powers  of  b  are  positive,  and  those  containing  odd  powers  of  b 
are  negative. 

6.  When  w  is  a  positive  integer,  the  number  of  terms  in  the 
expansion  is  limited. 

5.4.3.2  ,,     5.4-3.2.1  , 
"^1.2.3.4      "^1.2.3.4.5 

5.4.3.2.1.0^:^        ,,^ 
^1.2.3.4.5.6         ^ 

The  coefficients  of  the  seventh  and  all  succeeding  terms  con- 
tain 0  as  a  factor.  Therefore  these  terms  drop  out,  and  the 
exps^sion  ends  with  the  sixth  term.  In  general,  the  expan- 
sion of  (a  +  by  ends  with  the  (n  -f  1)  th  term.  For,  the  coeffi- 
cients of  the  (n  +  2)  th  and  all  succeeding  terms  contain  n  —  n, 
or  0,  as  a  factor. 

7.  The  expansion  of  (a  -h  by  may  also  be  written  in  descend- 
ing powers  of  b. 
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Thus,    (b  +  ay  =  6-  +  nb'^-'a  +  ^^?"1'^'^&*~V  4-  -, 

1  •  2 

wherein  6"  is  the  last  term  of  the  expansion  given  in  Art.  4, 
ri  the  coefficient  of  the  next  to  the  last  term,  and  so  on. 
We  therefore  conclude : 

In  the  expansion  of  (a  +  by,  wherein  n  is  a  positive  integer j 
the  coefficients  of  terms  equally  distant  from  tJie  beginning  and 
end  of  the  eospansion  are  equal. 

&  In  Exs.  1-2  which  follow,  the  coefficients  are  computed 
by  the  principle  given  in  Ch.  XIII.,  Art.  7  (v.). 
Ex.  1.  Expand  (1-2  a^\ 

Wehave  (l-2a^«=l«-5.1*.(2aj«)  +  10.1«.  (2aj«)« 
-10.12.(2ic2)»  +  5.1.(2ir«)*-(2aj*)* 

=  l-10ic«  +  40a?*-80a^  +  80aj8-32a5»«. 

In  expanding  a  binomial,  the  coefficients  of  the  terms  after 
the  middle  term  may  be  at  once  written  by  the  principle  of 
the  preceding  article.  This  remark  applies  to  the  expansion 
before  it  is  reduced,  as  in  Ex.  1. 

Ex.  2.  Find  the  first  five  terms  of  (a"*  '\-2b''Y- 
We  have 
(a-*  +  2  b-Y  =  (a"*)"  + 11  ia'iy\2  b-')  +  55  {a'^y(2  b-^ 

+165(a'^)8(26-2)«+330(a""i/(26-«)*+ ... 

=  a"^  +  22  a-*6-«  +  220  a""*6-*  + 1320  a-*b-^ 
+  5280a-*6-8+.... 

9.   Ex.  Find  the  seventh  term  in  (2  a?  —  3yy\ 

In  the  seventh  term  the  exponent  of  —  3y(=6)  is  6;  the 

xponent  of  2x{=a)  is  11  —  6,  =5.    The  denominator  of 

the  coefficient  contains  six  factors  beginning  with  1,  and  the 

numerator  contains  six  factors  beginning  with  11.    Therefore 

the  seventh  term  is 

^^;f.3^////;e-(2a>/(-3y)*,  =  10777536  «;•»•. 
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If  the  second  term  of  the  binomial  is  negative,  it  is  better, 
in  finding  a  particular  term,  to  write  the  binomial  in  the  form 
[a  +  (—  6)],  as  in  the  above  example. 

BXEBOISBS. 

Write  the  expansion  of  each  of  the  following  powers : 
1.  {a  +  by.  2.   (x-yy.  3.  <a«  +  &«)l 

4.  {x'^  +  fy.  5.   (ai-b*y.  6.   (ar«  +  y*)«. 

.  7.  (a:*-y*)*.  a   (a-^  +  b-^y.  9.   (m^-ni)\ 

-  (-ij-     -  (f-IT-     -  i'-b} 

13.  (a -5):  14.   (2a!4-3y)».  15.  (4o*-|ft-*)«. 

16.  (ai*-Vy)*-         '"•  (2Vffl-iV&)*-       "•  (a^-y'V-3)'- 

22.  (y-.2+2aj"^y.  23.  (^a4-</6)^  24.  (a-V-«)* 
25.  (a6-«-6*a?)».  26.  (a^-y-a;)».  27.  (a% +  &-»)*•. 
2a  [V(aj  +  1)-V(«^-1)T-      29.    [»/(a  +  6)-f-</(a-6)J. 

Simplify  each  of  the  following  expressions : 
30.  (l+V-aj)«+(l-V-«)*-      31-    («+V-3)»-(«-V-3)* 

Write  the  expansion  of  each  of  the  following  powers : 
32.  (l-aj  +  aj«)«.  33.   (2'-Sx  +  x^\ 

34.  (l  +  a*-a-*)«.  35.   (l-ajV2  +  «*V3)* 

Write  the 
^^rSdtermof  (a  +  6)''.  37.   6th  term  of  (a  -  6y«. 

38.  6th  term  of  (a*  +  6*)'*.         39.   7th  term  of  (a*  -  a-"y*. 

40.  6th  term  of  f-^m — ^V.  41.   15th  term  of  /"a^  +  iV- 

42.  12th  term  of  (a? -V-»)*    *3-  9th  term  of  ( V«  -  oa*)". 
44.   Write  the  middle  term  of  (x  -y/x  —  1)*. 
^^5^ Write  the  middle  terms  of  (a*  +  x^y. 
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6.  When  the  number  of  things  is  large,  the  preceding 
method  of  enumeration  becomes  laborious. 

The  following  example  illustrates  a  method  of  deriving  a 
general  formula  for  n^r- 

We  have  4P1  =  4. 

Each  permutation  one  at  a  time  gives  as  many  permutations 
two  at  a  time  as  there  are  things  remaining  to  annex  to  it  in 
turn,  in  this  case  three.  * 

Therefore  .Pg  =  ,Pi  x  3  =  4  x  3. 

Each  permutation  two  at  a  time  gives  as  many  permutations 
three  at  a  time  as  there  are  things  remaining  to  annex  to  it  in 
turn,  in  this  case  two. 

Therefore  4PS  =  4P2  x  2  =  4  x  3  x  2. 

In  like  manner,    4P4  =  4P3  =  4  x  3  x  2  x  1. 

In  general,  nPr  =  /i(/i  —  1)  (/i  —  2)  •••  (n  —  r+  1), 

when  the  n  things  are  all  different. 

Evidently  ^Pj  =  n.  (1) 

Prom  each  permutation  of  n  things  one  at  a  time  we  obtain, 
by  annexing  to  it  each  of  the  «— 1  remaining  things  in  turn, 
n— 1  permutations  two  at  a  time. 

Therefore         ^Pj  =  „Pi  (w  -  1)  =  n  (n  -  1).  (2) 

Again,  from  each  permutation  of  n  things  two  at  a  time  we 
obtain,  by  annexing  to  it  each  of  the  n  —  2  remaining  things  in 
turDj  n  —  2  permutations  three  at  a  time. 

Therefore    ^Pj  =  ^P^  (n  -  2)  =  n  (n  -  1)  (n  -  2).  (3) 

In  like  manner, 

.P4  =  .P3(n-3)  =  7i(n-l)(n-2)(n-3).  (4) 

The  method  is  evidently  general.  The  number  subtracted 
from  n  in  the  last  factor  in  (l)-(4)  is  one  less  than  the  number 
of  things  taken  at  a  time.     Therefore, 

,P,=n(n-l)(n-2)...[n-(r-l)]  =  n(n-l)(n^2)...(n-r+l). 
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7.  Observe  that  the  number  of  factors  in  the  formula  for 
^Pr  is  equal  to  the  number  of  things  taken  at  a  time. 

E.g.,  gPj  =  8x7x6x5x4  =  6720. 

8.  If  all  the  things  are  taken  at  a  time,  i.e.,  iir  =  n,  we  have 
^P^  =  n(ri-l)(n-2)...(n-n  +  l)  =  n(ri-l)(ri-2)...3  x2xl. 

E.g.,  ^P^  =  5  X  4  X  3  X  2  X  1  =  120. 

9.  The  continued  product 

n(n-l)(n-2)...3  x2xl 

is  called  Factorial-/!,  and  is  denoted  by  the  symbol  (n  orn ! 
Therefore  the  formula  of  the  preceding  article  may  be  written 

E.g.,    7P7  =  [7,  or7!,  =  7  X  6x5x4  x3x2xl. 

10.  In  many  applications  the  things  considered  are  not  all 
different.  We  will  now  derive  a  formula  for  the  number  of 
permutations  of  n  things,  tdken  all  at  a  time,  when  some  of 
them  are  alike. 

Let  p  of  the  n  things  be  alike,  and  suppose  the  permutations 
«  at  a  time  to  be  formed.  In  any  one  of  these  permutations, 
let  the  p  like  things  be  replaced  by  p  unlike  things,  different 
from  all  the  rest.  Then  by  changing  the  order  of  these  p  new 
things  only,  we  can  form  [p  permutations  from  the  one  permu- 
tation. In  like  manner,  [p  permutations  can  be  formed  from 
each  of  the  given  permutations.     Therefore 

,P,  (all  different)  =,P,  x  \p{p  alike), 

or  „/>„(/>  alike)  =  2^  =  ,'^. 

\£     [R 
In  like  manner,  it  can  be  proved  that 


„/»„(p  alike,  y  alike,  •••)  = 


l^x|f  X 


E.g^  8^,  (3  alike)  =  ]|  =  6720. 

12 


/ 


J 
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EXERCISES  I. 
End  the  values  of 
1.    18P4.  2.    15P3.  3.    iqPiq.  4.   jjqP,. 

Find  the  value  of  n,  when 

9.     ,P4  =  3nP8  10.    „P6=20,P4.  U.    „+2i"4=15«P8. 

12.     „^lP4=30,_iP2.        13.    ,+4A=8n+8A.       14.    «»+li"4=140„P, 

Find  the  value  of  A;,  when 

15.     loA+6  =  3ioP»+5'        16.     7A+l  =  127P4.i.        17.     i2P*  =  20i2Pj_2. 

18.  How  many  numbers  of  4  figures  can  be  formed  with  1, 
2,3,4,5,6,7? 

19.  How  many  numbers  of  4  figures  can  be  formed  with 
0,1,2,3,4,5,6,7? 

20.  How  many  even  numbers  of  4  figures  can  be  formed 
with  4,  5,  3,  2  ? 

•21.   In  how  many  ways  can  6  pupils  be  seated  in  10  seats? 

22.  How  many  numbers  of  5  figures  can  be  formed  with 
1,  2,  3,  4,  5,  6,  7,  8,  9,  if  the  figure  7  be  in  the  middle  of  each 
number? 

23.  How  many  permutations  can  be  formed  with  the  letters 
in  the  word  Philippine? 

24.  How  many  permutations  can  be  formed  with  the  letters 
in  the  word  Iloilo? 

25.  In  how  many  ways  can  7  men  be  seated  at  a  round 
table? 

26.  In  how  many  ways  can  a  bracelet  be  made  by  stringing 
together  7  pearls  of  different  shades  ? 

COMBINATIONS. 

U.  The  formula  for  the  number  of  coihbinations  of  n  things, 
r  at  a  time,  which  is  denoted  by  „C^,  is  most  readily  obtained  by 
deriving  a  relation  between  „P^  and  ^C^.  The  method  will  be 
illustrated  by  a  particular  example. 
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The  combinations  of  the  four  letters  a,  6,  c,  d,  taken  three  at 
a  time,  evidently  are :  abc,  abdy  acd,  bed.  From  the  combina- 
tion dbc  we  obtain,  by  changing  the  order  of  the  letters  in  all 
possible  ways,  [3  permutations.  In  like  manner,  each  of  the 
combinations  gives  [3  permutations. 

Therefore 

4P8  =  4Q  X  [3,  or  ,03  =  *_^3  =  mA2. 

In  general, 

fj  ^ „(„-!)(„- 2). ..(n-r+l) 

[£ 
wherein  the  n  things  are  all  different. 

For,  from  each  combination  that  contains  r  things  can  be 
formed  \r  permutations,  by  changing  the  order  of  the  things  in 
all  possible  ways.     Therefore 

li  Ir 

E.9.,  ^g^^8x7x6^ge 

l£ 

12.  The  formulae  for  ^Q,  jC^,  ,€3,  •••,  ,C,  may  be  repre- 
sented by  the  following  abbreviations : 

„_«_M    n(n-V)_(n\    n{n-V)(n-2) _(n\ 

i~\y'    1.2  -\2)'     1.2.3     -\s} 

n(n-l)(«-2)...(n-r  +  l)_/<nY 
'  1 .  2  .  3  ...  r  \j) 

Observe  that  in  the  symbolic  notation  the  upper  number  is 
the  number  of  things,  and  the  lower  number  is  the  number 
taken  at  a  time. 

13.  The  formula  for  JC^  can  be  put  in  a  more  convenient 
form  for  purposes  of  theory. 
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We  have 

n(n-l)«"(n  -r+l)  x  (n  -  r)(n- r- 1) '»-3  x  2  x  1 


nW  — -    

|rx 

(n 

_r)(«_r-l).. 

•3x 

2x1 

-     L-    . 

|r|n-r 

14.  We  have 
and 

C-      ^ 

c    -          ^ 

(n- 

_     (5 

■r)     |n-rlr 

Therefore, 

(i^f  =  n^n-r 

That  is,  the  number  of  combinations , of  n  dissimilar  things  r 
at  a  time  is  equal  to  the  number  of  combinations^  of  th£  n  things 
n  —  r  at  a  time. 

This  relation  is  also  evident  from  the  definition  of  a  com- 
bination. For,  every  time  that  r  things  are  taken  from  the  n 
things  to  form  a  combination,  there  is  left  a  combination  of 
n  —  r  things. 

E.g.y  100^98  =  looQ  =  — :j iT—  ~  4950. 

This  relation  is  thus  useful  in  computing  the  number  of  com- 
binations when  the  number  of  things  taken  at  a  time  is  large. 

15.  The  Greatest  Value  of  „C^.  —  We  have 

^  ^  n (n  —  1)  (n  -  2)  »"  (n  -  r  -f  2)  (n  --  r  -h  1) 
1.2.3...(r-l)r 
_n{n  -  l)(n  -  2) '"  (n  -  r  -{■  2)     n  -  r  +  1 
1.2.3..v(r-l)  r 

=  „a.,  X  rL^^j±l  =  .0..,^^  -  l).  (1) 

Also,     c^        n{n-l)(n-2)...(n^r  +  l){n-r) 
'   '*'■''  1.2.3...r(r+l) 

_  n(n  —  1)  (n  —  2)  "■  (n  —  r  +  1)  y  ^  ~"/ 
""  1.2.3...r  r  +  1 


r-t-1 
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Whence  ,C,  =  ,C^,  x  ^^±1-  (2) 

n  —  r 
From  (1), 

nGr>nCr-^  wheii  ?L±1  -  1  >  1,    OP    r < ^^i-        (3) 

That  is,  the  number  of  combinations  of  n  things,  taken  any 
number  less  than  — ~-  at  a  time,  is  greater  than  the  number 

of  combinations  taken  one  less  at  a  time,  and  therefore  greater 
than  the  number  of  combinations  taken  any  number  less  at  a 
time. 

From  (2),  „(?,  >  .^^i,  when  !:±i  >  1,  or  r  >  ^.       (4) 

That  is,  the  number  of  combinations  of  n  things,  taken  any 

number  greater  than  — -—  at  a  time,  is  greater  than  the  num- 

ber  of  combinations  taken  one  more  at  a  time,  and  therefore 
greater  than  the  number  of  combinations  taken  any  number 
more  at  a  time.     Consequently,  ^C^  is  greatest  when  r,  an 

integer,  lies  between  ^  "^     and  ^"jT    « 

(i)  n  ^ven.     Let  n  =  2  m.     Then  r  is  an  integer  in  value 

between  ^^""^,  =  m -  i,  and  ^^"^^,  =  m  +  f     That  is, 

r  =  m,  =  ^.  Therefore,  when  n  is  even,  the  greatest  number 
of  combinations  is  JC^, 

2 

(ii)  «  Odd.     Let  n  =  2  m  +  1.     Then  r  should  have  an  inte- 
gral  value  between   -—,  =m,  and  — -^-—^  =  m  -f  1.    This  is 

evidently  impossible,  since  m  and  m  -f  1  are  consecutive 
integers. 

But,  when  r  =  m,  <  m  -f  1,  =     ^    ,  then  by  (3), 

n  —  1 
and,  when  r  =  m  + 1,  >  m,  =  — -— ,  then  by  (4), 


366  ALGEBRA.  [Ch.  XXID 

Also,  by  Art.  14,  tm+lGm'=2m-{-l(^2m+\-m9  =  2m+lC',ii+l« 

Consequently,  when  n  is  odd,  the  greatest  number  of  com- 
binations is 

•  2  8 

Ex.  1.   When  n  =  4,  the  greatest  number  of  combinations 
is  fCs. 

We  have  ^C,  =  4,  ,0^  =  6,  4C3  =  4,  ,Ci  =  1. 

Ex.  2.   When  n  =  5,  the  greatest  number  of  combinations  is 

5C2,  =$0^ 

We  have     ,Ci  =  5,  ^Ci  =  10,  ^C,  =  10,  ,Ci  =  6,  ^Ci  =  1 

BXBBCISBS  a 

Find  the  values  of 

1.     11 C5.  2.     15  C7.  3.     25C20.  4.     8eC/85  5.     nOn-t^ 

Find  the  value  of  n,  when 

6.    2  ,,6/4  =9  „_jCi.  7.    0  ^(73=  10  n_2C2'  fi*     *  i«-4-lC/4  =  l0  w-iCs- 

9.    ^li^=112n-lCi.        10.    n+lA  =  84„_iC3       11.    nA--^4.a.i. 

Find  the  value  of  k,  when 

12.   8P*=24sa       13   eA+i=48  eCi-         14.  H>A=114,o(i_,. 

15.  Prove  that  «C,  |-  „0,_i  =  „+i(7^ 

16.  In  how  many  way's  can  a  comm^otee  o^  4  men  be  ap- 
pointed from  25  men? 

17.  In  how  many  ways  can  3  books  be  selected  from  15 
books? 

18.  In  a  plane  are  20  points,  no  3  of  which  are  in  the  same 
straight  line.  How  many  triangles  can  be  formed  with  3  points 
as  vertices  ?  How  many  quadrilaterals,  with  4  points, as  ver 
tices  ?     How  many  hexagons,  with  6  points  as  vertices  ? 

Find  the  values  of  r  and  „C^,  when  „C,  is  greatest,  in 

19.  ,0,.  20.   gC^  21.    i,C^  22.    14©^  23.  ^G^ 
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TWO  IMPORTANT  PRINCIPLES. 

16.  The  following  example  illustrates  an  important  principle 
Pr.    Between  two  cities  A  and  B  there  are  five  railroad  lines. 

In  how  many  ways  can  a  man  go  from  A  to  B  and  return  by  a 
different  road  ? 

He  can  go  to  B  in  either  of  five  ways.  With  each  of  these 
five  ways  he  has  a  choice  of  four  ways  of  returning.  Hence 
he  can  make  the  round  trip  in  5  x  4,  =  20,  ways. 

Evidently,  if  he  were  not  required  to  return  by  a  different 
road  he  could  make  the  trip  in  5  x  5,  =  25,  ways. 

The  general  principle  is  : 

If  one  thing  can  be  done  in  a  vmys,  and  another  thing  can  be 
done  in  b  ways,  and  the  doing  of  the  first  thing  does  not  interfere 
with  the  doing  of  the  second,  the  two  things  can  be  done  in  ab  ways. 

The  truth  of  the  principle  is  evident. 

17.  The  following  relation  will  be  useful  in  subsequent 
work : 

+  mCinCr-l  +  nCrf  (1) 

in  which  m  >  or  =  r,  n  >  or  =  r. 

The  number  of  combinations  of  the  m  +  n  things  r  at  a  time 
is  evidently  the  sum  of: 

The  number  of  combinations  of  m  things  taken  r  at  a  time, 
or.Cr. 

The  number  of  combinations  of  m  things  taken  r  —  1  at  a 
time,  multiplied  by  the  number  of  combinations  of  n  things 
taken  one  at  a  time,  or  ,„C^_i„Oi.    And  so  on. 

This  relation  may  be  written 

("r)=(:)H.-.)G)^-^(T)C-i)K3-<^> 

1&  The  relation  of  the  preceding  article  requires  m,  n,  and 
r  to  be  integers.    Evidently,  however,  the  second  member  of 
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(2)  could  be  made  identical  with  the  first  member  by  ordinary 
reduction.  We,  therefore,  conclude  that  this  relation  holds 
for  all  rational  values  of  m  and  n,  provided  r  is  a  positive 
integer. 

PROBLEMS. 

19.  Pr.  1.  In  how  many  ways  can  a  committee  of  3  Repub- 
licans and  4  Democrats  be  appointed  from  18  Republicans  and 
12  Democrats  ? 

The  3  Republicans  can  be  chosen  in  igCj,,  =  816,  ways,  and 
the  4  Democrats  in  12^4,  =  495,  ways.  Since  any  3  Republicans 
can  be  associated  with  any  4  Democrats  to  form  the  committee, 
the  required  number  of  ways  is  816  x  495,  =  403,920. 

Pr.  2.  A  box  contains  20  balls  numbered  1  to  20.  In  how 
many  ways  can  7  balls  be  selected,  if  1  be  included,  and  2, 3 
be  excluded  ? 

We  first  set  aside  1  to  be  included,  and  2,  3  to  be  excluded, 
and  from  the  remaining  17  balls  select  6  balls.  Then  1  may 
be  combined  with  each  of  the  latter  in  one  way,  giving  a  com- 
bination of  7  balls.  Therefore  the  problem  is  equivalent  to 
determining  the  number  of  combinations  of  17  things,  6  at 
a  time. 

is  the  required  number  of  ways. 

EXERCISBS  III. 

1.  A  man  has  3  coats,  4  vests,  and  5  pairs  of  trousers.  In 
how  many  ways  can  he  dress  ? 

2.  In  how  many  ways  can  4  white  balls,  3  black  balls,  and 
2  red  balls  be  selected  from  8  white  balls,  7  black  balls,  and 
5  red  balls  ? 

3.  In  how  many  ways  can  permutations  be  formed,  with  10 
consonants  and  4  vowels,  each  one  to  contain  5  consonants  and 
2  vowels  ? 
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4.  In  how  many  ways  can  4  hearts,  3  diamonds,.  2  clubs,  and 
1  spade  be  drawn  from  a  pack  containing  13  cards  of  each 
kind? 

5.  How  many  numbers  of  7  figures  can  be  formed  with  1, 
2,  3,  4,  5,  6,  7,  if  the  figures  4,  5,  6  be  kept  together  ? 

6.  How  many  permutations  of  10  letters  can  be  formed  from 
5  consonants  and  5  vowels,  if  no  two  consonants  be  adjacent  ? 

7.  How  many  permutations  of  9  letters  can  be  formed  from 
5  consonants  and  4  vowels,  if  each  vowel  be  placed  between 
two  consonants? 

8.  In  a  school  are  96  pupils.  In  how  many  ways  can  a 
*:eacher  divide  them  into  sections  of  12  ? 

9.  In  how  many  ways  can  4  ladies  and  4  gentlemen  be 
seated  at  a  square  table,  so  that  a  gentleman  and  a  lady  shall 
be  seated  at  each  side  ? 

10.  How  many  throws  can  be  made  with  2  dice,  if  such 
throws  as  1,  2  and  2, 1  be  regarded  as  the  same  ?  How  many 
with  3  dice  ? 

11.  In  how  many  ways  can  the  sum  10  be  thrown  with  2 
dice?    With  3  dice? 

12.  A  box  contains  15  balls,  numbered  1  to  15.  In  how 
many  ways  can  5  balls  be  selected,  if  1,  2,  3  be  included  ?  In 
how  many  ways,  if  1,  2  be  included,  and  3  excluded  ?  In  how 
many  ways,  if  any  two  of  the  numbers  1,  2,  3  be  included,  the 
other  excluded  ? 

13.  In  how  many  ways  can  10  different  coins  be  arranged  in 
a  row,  if  the  faces  of  the  coins  are  distinct  ?  In  how  many 
ways  can  they  be  arranged  in  a  circle  ? 

14.  In  how  many  ways  can  a  number  of  6  figures  be  formed 
with  1,  1,  1,  2,  2,  3,  the  first  and  last  figure  of  each  number  to 
be  an  even  digit  ? 

15.  In  how  many  ways  can  7  gentlemen  and  10  ladies 
arrange  a  game  of  lawn  tennis,  each  side  to  consist  of  1  lady 
and  1  gentleman  ? 


CHAPTER   XXIV. 

VARIABLES   AND   LIMITS. 
VARIABLES. 

1.  A  Variable  is  a  number  that  may  have  a  series  of  diffewnt 
values  in  the  same  investigation  or  problem. 

A  Constant  is  a  number  that  has  a  fixed  value  in  an  invest! 
gation  or  problem. 

Thus,  if  d  be  the  number  of  feet  a  body  has  fallen  from  rest 
in  s  seconds,  it  has  been  shown  by  experiment  that 

As  the  body  falls,  the  distance  d  and  the  time  s  are  variables, 
and  16  is  a  constant. 

Again,  time  measured  from  a  past  date  is  a  variable,  while 
time  measured  between  two  fixed  dates  is  a  constant. 

2-  The  constants  in  a  mathematical  investigation  are,  as  a 
rule,  general  numbers,  and  are  represented  by  the  first  letters 
of  the  alphabet,  a,  b,  c,  etc. ;  variables  are  usually  represented 
by  the  last  letters,  x,  y,  z,  etc. 

3.  A  variable  which  has  a  definite  value,  or  set  of  values, 
corresponding  to  a  value  of  a  second  variable,  is  called  a  Func- 
tion of  the  latter. 

Thus,  16  ic*,  ±  V(^*  ~"  ^)>  ®^^v  ^'^e  functions  of  x ;  correspond- 
ing to  any  value  of  x,  the  first  function  has  one  value,  the 
second  has  two  values. 

Again,  the  area  of  a  circle  is  a  function  of  its  radius ;  the 
distance  a  train  runs  is  a  function  of  the  time  and  speed. 
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4.  Much  simplicity  is  introduced  into  mathematical  investi- 
gations by  employing  special  symbols  for  functions. 

The  symbol  /(«),  read  function  of  Xy  is  very  commonly  used 
to  denote  a  function  of  x. 

Thus, /(a?)  may  denote  a^-fl  in  one  investigation,  (ia?-{-bx+e 
in  another. 

5.  The  result  of  substituting  a  particular  value  for  the 
variable  in  a  given  expression  may  be  indicated  by  substi- 
tuting the  same  value  for  the  variable  in  the  functional 
symbol. 

Thus,  if /(a?)  =  aj»  +  1,  then  f(a)  =  a»  + 1,  /(2)  =  2«  +  1  =  5, 
/(0)  =  0-|-l  =  l. 

BXBBCISBS  I. 

1.  Given/(a;)  =  5a:2-3a?4-2;  find/(3),/(0),/(-4),/(a:«). 

2.  Given  fix)  =  (a:  -  a^^-  b)  (x-^c)-,  find  /(a),  f{b). 

3.  Given  f{x)  =  x'  +  l',  find  /(a?),  [/(x) J. 

4.  Given  /(x)  =  «« -  3  a;  +  2 ;  find  f{x  +  4),  /(a?  +  h). 

5.  Given  /(x)  =  a-  find  /(O),  /(4),  /(-  5),  /(a^,  /(a). 

6.  Given /(x)  =a:»  4- /)aj*  +  ga:-hr;  find /(y-^j. 

7.  Given  /(m)=  1  +  iwa:  +^^^"^^x'  +  - ; 

If 
find /(5), /(!),/(- 3), /(O). 


LIMITS. 

6.  When  the  difference  between  a  variable  and  a  constant 
may  become  and  remain  less  than  any  assigned  positive  num- 
ber, however  small,  the  constant  is  called  the  Limit  of  the 
variable. 

Let  the  point  P  move  from  A  towards  B  (Fig.  1)  in  the  fol- 
lowing way :  First  to  P„  one-half  of  the  distance  from  Ato  B-, 
next  from  Pi  to  Pj*  one-half  of  the  distance  from  P^  to  J5; 
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then  from  Pj  to  P^,  one-half  of  the  distance  from  Pg  to  5;  and 
so  on. 

A  P,  P,        Pa    A    ^ 

o o o  o — o — o 

Fig.  1. 

Evidently,  as  P  thus  moves  from  A  to  B,  its  variable  dis- 
tance from  A  becomes  more  and  more  nearly  equal  to  AB,  and 
the  difference  between  AP  and  AB  can  be  made  less  than  any 
assigned  distance,  however  small,  by  continuing  indefinitely 
the  motion  of  P.    Therefore  AB  is  the  limit  of  the  variable  AP 

If  we  call  the  distance  from  Ato  B  unity,  we  have 

AP,  =  h  ^iA  =  i,  -Ps^8  =  i,  PsPi  =  ^,  -. 
Hence, 

^Pi4-PiP2  +  P2if'8  +  AA+-  =  i  +  i  +  i  +  T^r+-. 

But,  by  Ch.  XXI,  Art.  25,  the  variable  sum  of  the  series  on 
the  right  approaches  1  as  a  limit.    That  is, 

limit  of  {APi  +  P1P2  +  P2A  +  PsPi  +  — )  =  ^^• 

7.  It  follows  from  the  definition  of  a  limit  that  the  variable 
may  be  always  greater,  or  always  less,  or  sometimes  greater 
and  sometimes  less  than  its  limit. 

Thus,  by  Ch.  XXI,  Art.  25,  we  have 

limit(l-i-i~i-...)=0,  (1) 

limit(l  +  i  +  i  +  i  +  ...)  =  2,  (2) 

limit  (l-l  +  i-i+-)  =  f.  .     (3) 

Andin(l),     S,  =  l,  S,  =  ^,  S^^h  S*=^   h  -5             W 

in(2),    .Si  =  i,  .^2  =  1,  >Ss  =  j,  ^4  =  ¥->  •••;         (5) 

in  (3),     >S,  =  1,  .S2  =  i,  Ss  =  h  S,=   I,  ....  (6) 

Evidently  the  variable  in  each  of  these  examples  is  the  sum, 
which  changes  as  the  number  of  terms  increases. 

8.  The  symbol,  :==,  read  approaches  as  a  limit,  or  simply 
approaches,  is  placed  between  a  variable  and  its  limiti 
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Thus,  ^™ J  (1  —  a?)  =  0,  read  the  limit  ofl  —  x,a8X  approaches 


The  word  limit  may  be  abbreviated  to  lim, 

Thu 

1,  mO. 

Infliiites  and  Iniixiiteitmals. 

9.  The  following  considerations  lead  to  important  mathemati 
cal  concepts : 

The  fractions 

4,  =  20;  X  =  200;  -|-.,=2000;   -A^,=:20000;  etc., 
.1'  '  .01'  '  .001'  '  .0001'  '        ' 

are  particular  values  of  the  fraction  -,  in  which  the  denomina- 
tor X  is  assumed  to  be  a  variable.  It  is  evident  that  the  value 
of  this  fraction  can  be  made  greater  than  any  assigned  number, 
however  great,  by  taking  its  denominator  sufficiently  small. 

A  variable  which  can  become  and  remain  numerically  greater 
than  any  assigned  positive,  number,  however  great,  is  called  an 
Infinite  Number,  or  simply  an  Infinite. 

An  infinite  variable  is  denoted  by  the  symbol  oo. 

10.  The  numbers,  variables  and  constants,  which  have  been 
hitherto  used  in  this  book  are,  for  the  sake  of  distinction,  called 
Finite  Numbers. 

U.  The  fractions 

—,==.2:  —,  =  .02;  -A-,  =  .002:   -^—,  =  .0002:  etc. 
10'         '  100'  '  1000'  '   10000'  ' 

are  also  particular  values  of  the  fraction  -,  in  which,  as  above, 

the  denominator  x  is  assumed  to  be  a  variable.    It  is  evident 

that  the  value  of  the  fraction  -  can  also  be  made  less  than  any 

assigned  number,  however  small,  by  taking  the  denominator 
sufficiently  great. 

A  variable  which  can  become  and  remain  numerically  less 
than  any  assigned  positive  number,  however  small,  is  called  an 
InfiniteBimal. 
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No  symbol  by  which  to  denote  an  infinitesimal  vaariable  has 
been  generally  adopted. 

It  follows  from  the  definition  that  the  limit  of  an  infinitesi- 
mal is  0. 

12.  It  is  important  to  keep  in  mind  that  both  infinites  and 
infinitesimals  are  variables.  Their  definitions  imply  that  fixed 
values  cannot  be  assigned  to  them. 

An  infinitesimal  should  therefore  not  be  confused  with  0, 
which  is  the  constant  difference  between  any  two  equal  numbers. 

13.  The  statement,  x  becomes  infinite,  or  x  increases  nuTneri- 
colly  beyond  any  assigned  positive  number,  however  great,  is  fre- 
quently abbreviated  by  the  expression,  a?  =  oo. 

14.  The  conclusions  reached  in  Arts.  9  and  11  can  now  be 
restated  thus : 

(i.)  If  the  numerator  of  a  fraction,  remain  finite  and  not  0,  and 
the  denominator  approach  zero,  the  value  of  the  fraction  toUl 
become  infinite;  or  stated  symbolically, 

-  =  00,  as  jr  =  0, 

wherein  n  is  finite  and  not  0. 

(ii.)  If  the  numerator  of  a  fraction  remain  finite  and  not  0,  and 
the  denominator  become  infinite,  the  value  of  the  fraction  wUl 
approa>ch  0 ;  or  stated  symbolically, 

-=0,  as  jr  =  ao, 

wherein  n  is  finite  and  not  0. 

Observe  that  these  principles  hold  not  only  when  n  is  a 
constant,  not  0,  but  also  when  w  is  a  variable,  provided  it 
does  not  become  infinite. 

15.  The  difference  between  a  variable  and  its  limit  is  evidently 
an  infinitesimal;  that  is, 

if  ///n  jr  =  a,  then  /I'm  (jr  —  a)  =s  0 
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Consequently,  if  lim  x  =  a,  we  have 

a;  —  a  =  a:',  or  a:  =  a  +  aj*, 

wherein  x'  is  a  variable  whose  limit  is  0. 

Conversely,  if  a  =  a  -|- «',  and  x'  he  b,  variable  whose  limit 
is  0,  then  lim  x  =  a, 

16.  If  the  limit  of  a  variable  be  0,  the  limit  of  the  product  of 
the  vanable  and  any  finite  number  is  0;  that  is, 

if  ///If  jr  =  0,  and  a  be  any  finite  number,  /im  ax  =  0. 

Let  k  be  any  number,  however  small.     Then  x  can  be  made 

k 
less  numerically  than  -,  and,  therefore,  ax  less  than  k.     Hence, 

a 
lim  ax  =  0. 

Fandamental  Principles  of  Limits. 

17.  (i.)  If  two  variables  be  always  equal,  and  one  of  them 
approach  a  limit,  the  other  approaches  the  same  limit.     That  is, 

if  X  =/,  and  jr  =  a,  then/  =  a. 

(ii.)  If  two  variables  be  always  equal  as  they  approach  their 
limits,  their  limits  are  equal.     That  is, 

if  lim  jr  =  a,  lim/  =  6,  and  x  =/,  then  a  =  6. 

(iii.)  The  limit  of  the  algebraical  sum  of  a  finite  number  of 
variables  is  the  sum  of  their  limits.     That  is, 

if  limjr  =  a,  lim/ =  6,  •••,  then  lim (jr +/+•••)  =^+*+ ••'• 

(iv.)    The  limit  of  the  product  of  a  finite  number  of  variables 

is  the  product  of  their  limits,  if  none  of  the  limits  be  oo .     That  is, 

if  lim  jr  =  a,  lim/  =  6,  •••,  then  lim  {xy  •••)  =  ab  •••. 

(v.)  The  limit  of  the  quotient  of  two  variables  is  the  quotient 
of  their  limits,  if  the  limit  of  the  divisor  be  not  0.     That  is, 

if  lim  jr  =  a,  lim/  =  6,  then  lim  (-)=??  when  lim  y  :^  0. 

The  proof 8  follow :  -^^ 

(i.)  We  have  a;  =  a  4-  a?*,  wherein,  by  Art.  15,  x'  is  a  variable 
whose  limit  is  0.  Then, since y  =  a? always, we  have  y  =  a-\'x!. 
clence  lim  y  =  a. 
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(ii.)   This  principle  follows  directly  from  (i.). 

(iii.)  We  have  «  =  a  +  «',  y  =  6  -|-  y',  •••,  wherein,  by  Art.  15, 
x\  y',  •••  are  variables  whose  limits  are  0. 

Then  x -\-y -\- ">  ={a +  b -{- ...)  +  (»'  +  y  +  •••)• 

Let  k  be  any  assigned  number,  however  small.     Then  each 

k 
of  the  variables  x'.  y'.  •••  can  be  made  less  than  -,  wherein  n  is 

n 

the  number  of  variables.  Therefore,  a'  +  y'  -f  •••can  be  made 
less  than  k.     Consequently  lim  (a:  -|-  y  •••)  =  a  +  6  -h  •••. 

(iv.)  We  have  a  =  a  -h  x',  y  =  6  -f  y',  •••,  wherein  «',  y',  ••• 
are  variables  whose  limits  are  0,  and  a,  b,  >"  are  finite. 
Then  xy  =  ab  +  bx''\-  ay'  -f  x'y'.     Therefore,  by  (iii.), 

lim  xy  -{-  =  lim  ab  -f  lim  bx'  4-  lim  ay'  -f  lim  x'y' 
=  ab,  since  lim  bx'  =  0,  •••,  by  Art.  16. 
In  like  manner,  the  principle  can  be  proved  for  any  finite 
number  of  factors. 

X 

(v.)  Let  -  =  g,  or.a:  =  yq.     Then,  by  (iv.),  lim  x  =  lim  y  lim  q. 

Therefore,      limg  =  jiHL?,  or  lim?  =  5i2L^. 
lim  y  y     lim  y 

Indeterminate  Fractions. 

18.  It  follows  from  the  definition  of  a  fraction  that  ^  is  a 

number  which  multiplied  by  0  gives  0.    But  any  finite  number 

multiplied  by  0  gives  0,  or  0  n  =  0.    Consequently  -  may  denote 

any  number  whatever. 

For  this  reason,  such  a  fraction  is  called  an  Indeterminate 
Fraction. 

0^  —  9  0 

19.  The  fraction becomes  -  when  a  =  3,  and  has  no 

a?  — 3  0 

definite  value.  But  as  long  as  a;  =^3,  however  little  it  may 
differ  from  3,  we  may  perform  the  indicated  division.  We 
therefore  have 

^""^  =  a;  +  3,  when  a;  =^ 3. 
x  —  o 
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Now  since  the  limit  of  the  fraction  depends  upon  values  of 
X  which  differ  from  3,  however  little,  we  have 

lira  a:*  —  9       lim    /^  ,  q\      « 
x  =  3^^i:3=x  =  3(*  +  3)  =  6- 

Although  the  given  fraction  is  indeterminate,  it  is  clearly 

desirable  that  it  shall  have  a  definite  value.      We  tJierefore 

ic*  —  9 
assign  to the  value  6,  when  a?  =  3. 

05—3 

That  is,  we  define  an  indeterminate  fraction  to  be  the  limit 
of  the  fraction  as  the  variable  approaches  that  value  which 
renders  it  indeterminate.  In  this  way  we  may  obtain  a  definite 
value  when  the  fraction  involves  but  one  variable. 

20.  The  fraction  ^  is  a  number  which  multiplied  by  oo  gives 
CO.  But  any  finite  number  multiplied  by  oo  gives  oo.  There- 
fore ^  is  also  an  indeterminate  fraction, 

714-1 
merator  and  denominator  by  n,  we  have 

n 
Since  -==0,  as  n  =  Qo, 

lim  n-l_    lim  n_^ 

n 
BXBBOISBS  II. 

Find  the  limiting  values  of  the  following  fractions : 

1.    ^-6^  +  g^,  when  «  =  5.        2.   ^-^^-^^,  when  x^% 

^      3  a*  -  aft  -  2  6^ 

3.    — -.  when  a  =  —  #  o. 


21.  The  fraction       ,  ^  becomes  ^,  as  w  =  x.    Dividing  nu- 
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5.   ^I^^^I^,  when  «,  =  !.' 

6.   i^^,whenar  =  l.  7.   ^^ll£±-2  when  x  =  L 

X  — 1  «»  — 7x  +  5 

a  4^liiL+|,  when  X  =  1.  9.   ^5^^,  when  x  =  0. 

a^-3x  +  2  a'-l 

Find  the  limiting  values  of  the  following  fractions  when 

11  iL+1.  12.  r^^.  13.  ^(^-^).l. 

n^-1  n  +  3  [2  n* 

ng~3n4-2  -  -    nx(nx  —  l)(nx  —  2)     1 

•   2n2-3n  +  4*  [3  *  n** 


Indeterminate  Solutions. 

22.  The  preceding  principles  may  be  further  illustrated  by 
examining  the  infinite  and  indeterminate  solutions  of  certain 
problems.  • 

Pr.  A  merchant  buys  four  pieces  of  goods.  In  the  second 
piece  there  are  3  yards  less  than  in  the  first,  in  the  third  7 
yards  less  than  in  the  first,  and  in  the  fourth  10  yards  less 
than  in  the  first.  The  number  of  yards  in  the  first  and  fourth 
is  equal  to  the  number  of  yards  in  the  second  and  third.  How 
many  yards  are  there  in  the  first  piece? 

Let  X  stand  for  the  number  of  yards  in  the  first  piece ;  then 
the  number  of  yards  in  the  seqond  piece  is  a;  —  3 ;  in  the  third 
piece,  05  —  7 ;  in  the  fourth  piece,  a;  —  10.  Therefore,  by  the 
condition  of  the  problem,  we  have 

a;  +  (x  -  10)  =  («  -  3)  +  (a  -  7),  or  2a;  -  10  =  2a;  - 10. 
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This  equation  is  an  identity,  and  is  therefore  satisfied  by  any 
finite  value  ofx. 
If  it  be  solved  in  the  usual  way,  we  obtain 

(2-2)aj  =  10~10,ora?==i^-=45  =  5. 

^         ^  ■       '  2-2       0 

That  is,  the  conditions  of  the  problem  will  be  satisfied  by 
any  number  of  yards  in  the  first  piece. 

Infixiite  Solutioiui. 

23.  Pr.  A  cistern  has  three  pipes.  Through  the  first  it  can 
be  filled  in  24  minutes ;  through  the  second  in  36  minutes ; 
through  the  third  it  can  be  emptied  in  a  minutes.  In  what 
time  will  the  cistern  be  filled  if  all  the  pipes  be  opened  at  the 
same  time  ? 

Let  X  stand  for  the  number  of  minutes  after  which  the 
cistern  will  be  filled.  In  one  minute  ^  of  its  capacity  enters 
through  the  first  pipe,  and  hence  in  x  minutes  ^^x  of  its 
capacity  enters.  For  a  similar  reason,  ^^x  of  its  capacity 
enters  through  the  second  pipe  in  x  minutes ;  and  in  the  same 

time  -  aj  of  its  capacity  is  discharged  through  the  third  pipe. 
a 
Therefore,  after  x  minutes  there  is  in  the  cistern 

of  its  capacity.     But  by  the  condition  of  the  problem,  that  the 
cistern  is  then  filled,  we  have 

whence  x  = . 

If  we  now  let  a  approach  ip^,  then  x  becomes  infinite. 

This  result  would  mean  that  the  cistern  would  never  be 
filled.  This  is  also  evident  from  the  data  of  the  problem,  since 
the  third  pipe  in  a  given  time  would  discharge  from  the 
cistern  as  much  as  would  enter  it  through  the  other  pipes. 
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The  Problem  of  the  Cooxlers. 

24.  Pr.  Two  couriers,  are  travelling  along  a  road  in  the 
direction  from  M  to  N\  one  courier  at  the  rate  of  mi  miles  an 
hour,  the  other  at  the  rate  of  thj  miles  an  hour.    The  former 

A  B 

-o o o- 


M  Cg  C,  6\  IT 

Fig.  2. 

is  seen  at  the  station  A  at  noon,  and  the  other  is  seen  h  hours 
later  at  the  station  JB,  which  is  d  miles  from  A  in  the  direction 
in  which  the  couriers  are  travelling.  Where  do  the  couriers 
meet? 

Assume  that  they  meet  to  the  right  of  J5  at  a  point  Ci,  and 
let  X  stand  for  the  number  of  miles  from  B  to  the  place  of 
meeting  Ci  (Fig.  2). 

The  first  courier,  moving  at  the  rate  of  mi  miles  an  hour, 

travels  d  -f  a?  miles,  from  A  to  C^  in  hours ;  the  second 

mi 

courier,  moving  at  the  rate  of  mg  miles  an  hour,  travels  x  miles, 

X 

from  5  to  Ci,  in  —  hours.     By  the  condition  of  the  problem 

it  is  evident  that,  if  the  place  of  meeting  is  to  the  right  of  5, 

the  number  of  hours  it  takes  the  first  courier  to  travel  from 

A  to  Ci  exceeds  by  h  the  number  of  hours  it  takes  the  second 

courier  to  travel  from  B  to  (7i.     We  therefore  have 

d-\-x      X      . 

— =  /i, 

7/ii        m^ 

,  Amim^  —  dnii m2(kmi  —  d) 

Ttfi^  —  mi  mj  —  mi 

(i.)  A  Positive  Result.  —  The  result  will  be  positive  either 
when  AiWi  >  d  and  mg  >  mi,  or  when  ^mi  <  d  and  m^  <  mi-  A 
positive  result  means  that  the  problem  is  possible  with  the 
assumption  made;  i.e.,  that  the  couriers  meet  at  a  point  to 
the  right  of  B, 

(ii.)  A  Negative  Result.  —  The  result  will  be  negative  either 
when  ^mi  >  d  and  m^  <  m<i,  or  when  hrtii  <  d  and  mj  >  mi.    Such 
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a  result  shows  that  the  assumption  that  the  couriers  meet  to 
the  right  of  B  is  untenable,  since,  as  we  have  seen,  in  that 
case  the  result  is  positive. 

That  under  the  assumed  conditions  the  couriers  can  meet 
only  at  some  point  to  the  left  of  B  can  also  be  inferred  from 
the  following  considerations,  which  are  independent  of  the 
negative  result :  If  hrrii  >  d^  the  first  courier  has  passed  B  when 
the  second  courier  is  seen  at  that  station ;  that  is,  the  second 
courier  is  behind  the  first  at  that  time.  And  since  also 
»«2<wii,  the  first  courier  is  travelling  the  faster,  and  must 
therefore  have  overtaken  the  second,  and  at  some  point  to  the 
left  of  B. 

On  the  other  hand,  if  hnii  >  d,  the  first  courier  has  not  yet 
reached  B  when  the  second  is  seen  at  that  station ;  that  is,  the 
first  courier  is  behind  the  second  at  that  time.  And  since  also 
7712  >  mj,  the  second  courier  is  travelling  the  faster,  and  must 
therefore  have  overtaken  the  first,  at  some  point  to  the  left  of 
B.    Similar  reasoning  could  have  been  applied  in  (i.). 

(iii.)  A  Zero  Result.  —  A  zero  result  is  obtained  when 
hrrii  =  d,  and  m,  is  not  equal  to  wii ;  that  is,  the  meeting  takes 
place  at  B.  This  is  also  evident  from  the  assumed  conditions. 
For  the  first  courier  reaches  B  h  hours  after  he  was  seen  at  A ; 
and  since  the  second  courier  is  seen  at  -B  ^  hours  after  the 
first  was  seen  at  A,  the  meeting  must  take  place  at  B. 

(iv.)  Indeterminate  Result.  —  An  indeterminate  result  is  ob- 
tained if  hnii  =  df  and  via  =  mi.  In  this  case  every  point  of 
the  road  can  be  regarded  as  their  place  of  meeting.  For  the 
first  courier  evidently  reaches  B  at  the  time  at  which  the 
second  courier  is  seen  at  that  slaition ;  and  since  they  are  trav- 
elling at  the  same  rate,  they  must  be  together  all  the  time. 
The  problem  under  these  conditions  becomes  indeterminate. 

(v.)  An  Infinite  Result.  —  An  infinite  result  is  obtained  when 

.  hnii  =^  d,  and  wig  ==  m^     In  this  case  a  meeting  of  the  couriers 

is  impossible,  since  both  travel  at  the  same  rate,  and  when  the 

second  is  seen  at  B  the  first  either  has  not  y^t  reached  JS  Qt 

has  abeady  passed  that  station. 


372  ALGEBRA.  [Cf.  XXIV 

An  infinite  result  also  means  that  the  more  nearly  equal 
mi  and  ma  are,  the  further  removed  is  the  place  of  meeting. 

EXERCISES   III. 

Solve  the  following  problems,  and  interpret  the  results : 

1.  In  a  number  of  two  digits,  the  digit  in  the  tens'  place 
exceeds  the  digit  in  the  units'  place  by  5.  If  the  digits  be 
interchanged,  the  resulting  nimiber  will  be  less  than  the  origi- 
nal number  by  45.    What  is  the  number  ? 

2.  The  sum  of  the  first  and  third  of  three  consecutive  even 
numbers  is  equal  to  twice  the  second.    What  are  the  numbers? 

3.  A  father  is  26  years  older  than  his  son,  and  the  sum  of 
their  ages  is  26  years  less  than  twice  the  father's  age.  How 
old  is  the  son  ? 

4.  In  a  number  of  two  digits,  the  digit  in  the  units'  place 
exceeds  the  digit  in  the  tens'  place  by  4.  If  the  sum  of  the 
digits  be  divided  by  2,  the  quotient  will  be  less  than  the  first 
digit  by  2.     What  is  the  number  ? 

Discuss  the  solutions  of  the  following  general  problems : 

5.  What  number,  added  to  the  denominators  of  the  fractions 

^  and  2,  will  make  the  resulting  fractions  equal  ? 
0         a 

6.  Having  two  kinds  of  wine  worth  a  and  b  dollars  a  gallon, 
respectively,  how  many  gallons  of  each  kind  must  be  taken  to 
make  a  mixture  of  n  gallons  worth  c  dollars  a  gallon  ? 

7.  Two  couriers,  A  and  B,  start  at  the  same  time  from  two 
stations,  distant  d  miles  from  each  other,  and  travel  in  the 
same  direction.  A  travels  n  times  as  fast  as  B.  Where'  will 
A  overtake  B  ? 


CHAPTER   XXV, 

INFINITE  SERIES. 

1.  The  infinite  series 

l+l  +  i  +  A^H-- 
IS  a  decreasing  geometrical  progression,  whose  ratio  is  f . 

Let  /S„  =  1  + 1  + 1  +  ^  +  •••  to  n  terms. 

Then,  hy  Ch.  XXI.,  Art.  26, 

as  n  increases  indefinitely.     By  actual  computation,  we  obtain 
«i  =  l,  «,  =  1|,  ^3  =  2^,  ^4  =  2^,  etc. 

These  sums  approach  3  more  and  more  nearly,  as  more  and 
more  terms  are  included.  This  infinite  series  may  therefore  be 
regarded  as  having  the  finite  sum  3. 

But  the  sum  of  the  series 

1 +  2  4-4  +  8  +  ..  . 

increases  beyond  any  finite  number,  however  great,  as  the 
number  of  terms  increases  indefinitely. 

2.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing definitions : 

An  infinite  series  is  said  to  be  Convergent,  when  the  sum  of 
the  first  n  terms  approaches  a  definite  finite  limit,  as  n  increases 
indefinitely. 

An  infinite  series  is  said  to  be  Divergent,  when  the  sum  of  the 
first  n  terms  increases  numerically  beyond  any  assigned  num- 
ber, however  great,  as  n  increases  indefinitely. 

373 


374  ALGEBRA.  [Ch.  XXV 

3.  It  was  shown  in  Ch.  XXI.,  Art.  26,  that  the  sum  of  n 
terms  of  the  geometrical  progression 

when  r  <  1,  approaches  the  definite  finite  limit ,  as  n 

increases  indefinitely.' 

Therefore,  any  decreasing  geometrical  progression  is  a  conver- 
gent series. 

4.  Infinite  series  arise  in  connection  with  many  mathemati- 
cal operations.  Thus,  for  example,  if  the  division  of  1  by  1  —  a; 
be  continued  indefinitely,  we  obtain  as  a  quotient  the  infinite 
series 

When  X  is  numerically  less  than  1,  that  is,  lies  between  —  1 
and  1,  this  series  is  a  decreasing  geometrical  progression,  as  in 
Art.  1.     Therefore,  by  the  preceding  article,  it  is  convergent 

Thus,  when  a  =  |,  as  in  Art.  1,  the  sum  of  n  terms  of  the 
series  approaches  3,  as  n  increases  indefinitely ;  and 

Consequently,  we  may  take  the  series  as  the  expansion  of  the 
fraction,  for  all  values  of  x  between  —  1  and  1,  and  write 

—i-  =  1  +  a?  +  o^  -h  ic^  +  a?*  +  .... 

for  such  values  of  x. 

When  a:  =  1,  the  series  becomes 

1  +  1  +  1  +  ..., 
and  is  evidently  divergent.     If  we  assign  as  the  value  of  the 
fraction,  when  a:  =  1,  the  limit  of  the  fraction  as  x  approaches  1, 
as  in  Ch.  XXIV.,  Art.  19,  we  have 

1 

when  a?  =  1.  Since  both  the  fraction  and  the  sum  of  the  series 
are  infinite  when  aj  =  1,  in  this  sense  we  may  assume  that  they 
are  equivalent. 
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When  a;  =  —  1,  we  have 

1-1 +1-1  + -. 

The  sum  of  n  terms  of  this  series  is  1  or  0,  according  as  n  is 
odd  or  even.  The  series  is  said  to  oscillate,  and  is  jieither  con- 
vergent nor  divergent.     But,  when  a;  =  —  1, 

1     ^     1     ^1 
1 - a     1+1      2 

Consequently,  we  cannot  assume  that  the  series  is  the  expan- 
sion of  the  fraction  when  a?  =  —  1. 
When  X  is  greater  than  1,  numerically,  we  have 

1  —  aj* 

By  taking  n  sufficiently  great,  af,  and  therefore can 

1  —  a; 

be  made  to  exceed  numerically  any  number,  however  great. 
Therefore,  the  series  is  divergent. 
Thus,  when  a:  =  2,  the  series  becomes 

1  +  2  +  4  +  8  +  .... 

But,  when  a;  =  2,    -^  =  —i--  =  -  1. 
'  '    1-x     1-2 

Therefore,  we  cannot  assume  that  the  series  is  the  expansion 
of  the  fraction  when  x  is  numerically  greater  than  1. 

In  general,  an  infinite  series,  no  matter  how  obtained  from 
a  given  expression,  can  be  regarded  as  the  expansion  of  the 
expression,  for  values  of  x  which  make  the  latter  finite,  only 
when  the  series  is  convergent  for  such  values  ofx. 

S.  In  the  preceding  article  the  convergency  or  divergency  of 
the  series  was  determined  by  an  examination  of  the  formula 
for  the  sum  of  n  terms.  There  are,  however,  many  infinite 
series  for  which  such  formulae  have  not  been  obtained.  In 
such  cases  it  is  necessary  to  determine  the  convergency  or 
divergency  of  the  series  by  other  methods.  Even  when  a 
formula  for  the  sum  of  n  terms  is  known,  methods  now  to  be 
given  are  often  to  be  preferred. 
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6.  In  the  theory  which  follows,  we  shall  let  S  stand  for  the 
iimit  of  the  sum  of  n  terms  of  the  series 

ttl  +  Wj  -f  T£8  H h  %»  +  — , 

as  n  increases  indefinitely. 

Also  let  aS^  =  Wi  + 1^2  +  ^8  H -I-  u^9  the  sum  of  n  terms, 

and  ^R^  =  tt„+i  +  w^+j  +  •  •  •  +  w«+m, 

the  sum  of  m  terms  after  the  first  n  terms. 

Then,  evidently,  S,  +  ^R^  =  S,^^,  and  ^^T^  S^  =  S. 

7.  The  series 

is  convergent  if  /S„  remain  finite j  and  ^R^  approach  0  for  aU 
values  of  m,  as  n  increases  indefinitely ;  and,  conversely,  if  ike 
series  be  convergent,  these  two  conditions  are  satisfied. 

By  the  first  condition  S^  is  finite.     By  the  second  condition, 

lim  (S,^^  -  S,),  =  lim  ^R^  =  0, 

as  n  increases  indefinitely. 

Therefore,  lim  S^+^  =  lim  S^. 

That  is,  Sn  cannot  have  one  finite  limit  for  one  value  of  n,  and 
a  different  finite  limit  for  another  value  of  n.  Hence  the  limit 
of  Sn  is  a  definite  finite  number,  and  the  series  is  convergent. 

If,  conversely,  the  series  be  convergent,  the  limit  of  S^  must 
be  a  definite  finite  number,  and 

lim  S^+^  =  lim  S^. 

Hence  lim  («,+«  -  S^),  =  lim  ^R^  =  0. 

This  principle  is  to  be  applied  when  it  is  possible  to  prove 
that  the  limit  of  the  sum  of  n  terms  is  finite,  but  not  that,  it  is 
a  definite  finite  number.  If,  in  addition,  it  can  be  proved  that 
lim  ^R^  =  0,  this  deficiency  is  supplied. 
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The  oscillating  series 

1_14.1_1  +  ... 

is  an  instance  of  series  which  satisfy  the  first  condition  of  the 
principle,  but  not  the  second.     The  limit  of  the  sum  of  n  terms 
is,  as  we  have  seen,  1  or  0,  and  is  therefore  finite. 
Let  n  =  2  A:,  an  even  number. 

Then,  lim  {Szk+i  —  5^2»)>  =  i^2«  =  Ij  not  0. 

8.  The  following  principle  also  does  away  with  the  necessity 
of  proving  that  the  limit  of  the  sum  of  n  terms  is  definite  as 
well  as  finite,  when  the  terms  of  the  series  are  all  positive. 

If  the  sum  of  n  terms  of  an  infinite  series  of  positive  terms 
remain  finite,  as  n  increases  indefinitely,  the  series  is  convergent 

For,  since  the  sum  continually  increases,  but  remains  finite, 
it  must  ultimately  difTer  from  some  definite  finite  number  by 
less  than  any  assigned  number,  however  small.  This  definite 
finite  number  is  therefore  the  limit  of  the  sum. 

9.  If  a  finite  number  of  terms  be  added  to,  or  subtracted  from,  a 
given  convergent  series,  the  resulting  series  will  be  convergent;  if 
added  to,  or  subtracted  from,  a  given  divergent  series,  the  resulting 
series  will  be  divergent. 

For,  the  sum  of  a  finite  number  of  terms  is  a  definite  finite 
number.  If  this  sum  be  added  to  the  finite  limit  of  the  sum  of 
n  terms  of  a  convergent  series,  the  resulting  sum  will  be  a 
definite  finite  number,  and  the  series  therefore  convergent. 

In  a  similar  manner  the  second  part  of  the  principle  can  be 
proved. 

Methods  of  Comparison. 

10.  In  the  principles  which  now  follow,  it  will  be  assumed 
that  the  terms  of  the  series  are  all  positive,  unless  the  con- 
trary is  stated. 
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U.  ijf,  after  some  partictdar  term  of  an  infinite  series^  each 
term  be  less  titan  the  corresponding  term  of  a  series  known  to  be 
convergent,  the  given  series  is  convergent. 

For,  beginning  with  some  particular  term,  which  may  or  may 
not  be  the  first  term,  the  sum  of  n  terms  of  the  given  series  is 
less  than  the  sum  of  the  corresponding  n  terms  of  the  known 
convergent  series.  This  sum  is  therefore  finite.  Hence,  by 
Art.  8,  the  series,  beginning  with  some  particular  term,  is  con- 
vergent. It  then  follows  from  Art.  9,  that  the  given  series  is 
convergent. 

Ex.   Compare  the  series 

1  j-l  +  l  ,  l-f...,  =l4-l4- JL4- — 1 — 4.... 

with  the  known  convergent  series 

l  +  ^-f-T  +  l-f--,    =l+^  +  A^  +  : 


2     4     8         '  •  2  •  2.2  ' 2.2.2 

Evidently,  after  the  second  term,  the  denominator  of  eack 
term  of  the  given  series  is  greater  than  the  denominator  of  the 
corresponding  term  of  the  second  series,  and  therefore  each 
terrii  of  the  given  series,  after  the  second,  is  less  than  the  cor- 
responding term  of  the  second  series. 

Hence  the  given  series  is  convergent. 

12.  If,  after  some  particular  term  of  a  given  infinite  seriesj 
ea^h  term  be  greater  than  the  corresponding  term  of  a  known 
divergent  series,  the  given  series  is  divergent. 

The  proof  of  this  principle  is  similar  to  that  of  the  preceding 
article. 

Ex.  Compare  the  series  f-f-f +  t4-'"  with  the  known 
divergent  series  1  -f  1  -f  1  -f  ••.. 

Each  term  of  the  given  series  is  greater  than  the  correspond- 
ing term  of  the  second  series.  Hence  the  given  series  is 
divergent. 
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13.  In  applying  the  principles  of  Arts.  11-12,  certain  series 
axe  important.     These  we  now  discuss. 

(i.)  Examine  the  harmonic  series 

Wehave  i  +  l  =  i  +  l; 

1  +  1>1  +  1=1. 

1  +  1  +  1  +  1>1+1  +  1  +  1  =1. 
56788888'     2* 


Whence,  by  addition, 

1  +  1  +  1+1  +  ...>1+1  +  1+1  +  ... 
2     3     4  ^^222 

The  series  in  the  second  member  is  evidently  divergent,  and 
hence,  with  greater  reason,  the  given  series  is  divergent. 

(ii.)   The  preceding  series  is  a  particular  instance  of  the 

series 

l+l+l+i  +  ... 
^2*     3*     4* 

wherein  k  is  assumed  to  be  positive. 

We  will  first  show  for  what  values  of  k  this  series  is  con 
vergent,  by  comparing  it  with  a  series  of  greater  terms. 

1  =  1; 
i  +  i<i+i  ==2  ^  j_. 

2»     3»     2*     2**      2»'      2*-*' 

i  +  i+l4.1<l  +  l+l  +  l    =J.. 
4»     6*     6»     7'     4»     4*     4»     4**      4»-»' 

Whence,  by  addition, 

1  +  2i  +  gi  +  4i  +  -  <  1  +  2iZI  +  4^  +  8i=i"- 
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The  series  in  the  second  member  is  a  geometrical  progression 
whose  ratio  is  (i^)*"^  When  A;  >  1,  A;  —  1  is  positive,  integral 
or  fractional.  Therefore  (i)*"^  is  less  than  1,  and  the  series 
in  the  second  member  is  convergent,  by  Art.  3.  Consequently, 
by  Art.  8,  the  given  series  is  convergent,  when  A:  >  1. 

1      1 

E.g.,  the  series     1  +  og  "^02  "^  '"     ^^  convergent. 

When  A:  =  1,  the  series  is  that  which  was  proved  to  be 
divergent  in  (i.). 

When  A;  <  1,  2*  <  2,  and  therefore  i  >  ^. 

In  like  manner,  ->|,    ^»>|j-- 

Therefore, 

^2*     3*     4*  2     3     4 

Since  the  series  in  the  second  member  is  divergent,  the 
given  series  is  divergent,  when  A;  <  1. 

bm.,    i-f-J-^-J-^- J_  +  ...,  =14.14.14.1  +  . •- 

^'         ^V2      V3      V4  2*     3*     4* 

is  a  divergent  series. 
We  therefore  conclude : 

The  series  l  4.I  4.I.4.I4.  .^ 

is  convergent  when  A:  >  1,  and  divergent  when  A;  =  1,  or  A;  <  1. 

14.  In  thus  comparing  one  series  with  another  it  is  impor- 
tant not  to  be  misled  by  the  relative  values  of  the  first  few 
terms  of  the  two  series. 

Thus,  compare  the  terms  of  the  series 

J_+J_+J_+J_+... 

1.2     2.3     3-4     4.5 
with  the  corresponding  terms  of  the  series 

1 1 h h  •••• 

2     2^     2=*     2* 
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^«»^-«  .  2h<h  3h<h  ^5<h 

but  ^-^>^',  and  so  for  all  subsequent  terms.     Had  we  given 
5  •  6     2* 

attention  only  to  the  first  four  terms,  we  should  have  inferred 
that  the  first  series  is  convergent  from  a  comparison  with  the 
second  series,  whereas  the  question  of  its  convergency  or  diver- 
gency is  not  settled.  Now  compare  the  given  series  with  the 
known  convergent  series 

-t-22-^32-»-42-^     >  ^2.2^3.3^4.4^ 

It  is  evident,  from  the  forms  of  the  denominators  in  the  two 
series,  that  each  term  of  the  given  series,  after  the  first,  is  less 
than  the  corresponding  term  of  the  last  series.  Hence  the 
given  series  is  convergent 


BXEBOISBS  I. 
Determine  the  convergency  or  divergency  of  the  series : 

'•  '  +  2^  +  3^+'-  =^   Vi+Vi  +  VI  +  •• 

3.  ^  +  -L  +  _5_  +  ....  4.  J-  +  J-  +  -i.+ 

1-2     2.3     3-4^  1.3     2».6     3'-7 

22-32>3'4  2  3  4 

3^3-6     3-6.7  1-3^2.4^3.5^ 

1    2,3,4,  „    1.3,3' 

7.  j  +  ^  +  3,  +  -.  *^+|+i3  +  -- 


9.    — = 1 1 = h.... 

1  +  2^1-f  2«^H-2«^ 

10    «  +  ^  I  (a4-a?)(2a-f  a;)',  (a  +  x)(2 a  +  x)(S a  +  x)  . 
6  +«     (6  4-  a;)(2  6  +  «)      (6  4-  x)(2  b  +  x)(3  b -h  x)     '"' 
wherein  a,  6,  and  x  are  positive,  and  6  >  a. 
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The  General  Term  of  a  Series. 

15.  If  the  general  term,  the  nth  say,  be  given,  the  entire 
series  is  known. 

Ex.    Write  the  series  whose  nth  term  is 

2n-l  ^n+l 

(2ri-l)(2n  +  l)'4^JTl' 
Giving  to  n  the  series  of  values  1,  2,  3,  •••,  we  obtain 

1       ^,^    ^4.JL    ^4. 
1.3'5"^3.5*9"*"5.7"l3  ■*"'■■' 

16.  It  is  frequently  necessary  to  write  the  nth  term  of  a 
series,  when  only  the  first  few  terms  are  given. 

Ex.    Write  the  nth  term  of  the  series 

^2     ^2.4     ^2.4.6     ^ 

The  exponent  of  x  in  the  second  term  is  2  x  2  — 2,  =2;  in 
the  third  term,  2x3  —  2,  =  4 ;  and  in  the  nth,  2  n  —  2. 

The  first  factor  in  the  numerator  of  each  term  after  the  first 
is  1,  and  the  last  is  one  less  than  the  exponent  of  x.  Hence 
the  numerator  of  the  nth  term  is  1  •  3  •  6  •••  (2  n  —  3). 

In  the  denominators,  after  the  first  term,  the  first  factor  is 
2,  and  the  last  is  the  same  as  the  exponent  of  x.  Hence  the 
denominator  of  the  nth  term  is  2  •  4  •  6  •••  (2  n  —  2). 

Therefore,  the  nth  terra  is  ^ '3«5...(2n-3)^.8 

'  2.4.6...(2n-2) 

Observe  that  only  the  terms  after  the  first  are  obtained  from 
the  nth  term  as  thus  written. 

17.  If  the  ratio  of  each  term  of  a  given  infinite  series  to  the 
corresponding  term  of  another  infinite  series  be  finite,  the  given 
series  is  convergent  when  the  second  series  is  convergent,  and  is 
divergent  when  the  second  series  is  divergent 

Let  Wi-f  Ma-f- t/gH h  ^«  H 

be  the  given  series, 

and  V,  +  vg  +  vg  4- ...  4-  v„  -f- ... 

be  a  series  known  to  be  convergent,  or  divergent. 
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First,  let  the  second  series  be  convergent. 

Let  A;  be  a  finite  number  greater  than  the  greatest  of  the 

finite  ratios  — ,  —,•••,  — ,  •••. 

Then  !^<;k,!f?<;k,^3<;k,...,  ^-<;k,  .... 

whence,  Ui  <  kvi,  u^  <  kv^  v^  <  /wg,  •••,  u^  <  Aw»,  .... 
By  addition,  we  have 
«*!  +  ^  +  ^8  +  •••  +w«  +  •••  <  A;  (vi  +  i;j  -f  vj  H ^.v^  4- ...). 

Since  Vi-f  V2+  •••  -}- v,  remains  finite  as  n  increases  indefi- 
nitely, and  k  is  finite,  Mi  -}-  Wj  4-  ^s  +  •••  +  w^  remains  finite,  as  n 
increases  indefinitely.  Hence,  by  Art.  8,  the  given  series  is 
convergent. 

Next,  let  the  second  series  be  divergent. 

Now  let  A;  be  a  finite  number  less  than  the  least  of  the 

finite  ratios  — ,  — ,  •••,  — ,  •••. 

Then,  we  readily  obtain 

Wj  -f  ^2  +  ws  4-  —  +  w»  4-  •••  >  k(vi  4-  vj  -f  vj  H +  v^+  ...). 

Since  the  second  series  is  divergent,  Vi  +  V2  +  ^s  +  •••  +  '^n?  and 
with  greater  reason,  Wj .+ Uj -f  W3  4-  •••  4- w^  increases  beyond 
any  assigned  number,  however  great,  as  n  increases  indefinitely. 
Therefore  the  given  series  is  divergent. 

Ex.  1.   Examine  the  series 

1       .        1        .       1       .        _L  1 

4-- 


1.2. 32. 3. 4.      3. 4. 5  n(7i4-l)(ri4-2) 

Compare  this  series  with  the  known  convergent  series  [Art. 
13  (ii.)] 

1+1+1+...  +  !  +  .... 

It  is  sufficient  to  examine  the  ratio  of  the  nth  term  of  the 
given  series  to  the  nth  term  of  the  second  series. 
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This  ratio  is 

1  .  1  n«  ^. 

n(n+l)(7i-}-2)  •*7i»'      (n  +  l)(n4-2)'        ' 

as  n  increases  indefinitely.     Since,  therefore,  the  ratio  is  always 
finite,  the  given  series  is  convergent. 

Ex.  2.   Examine  the  series 

2,4,6^.  2n 


1.3     3.5  '5.7  (2n-l)(2n  +  l) 

Compare  with  the  known  divergent  series 

The  ratio  of  the  nth  terms  is 

2n  .  1  ^  2n'  ^1 

(2n-l)(2n4-l)'^w      (2ri-l)(2n  +  l/      2* 

as  n  increases  indefinitely. 

Since  this  ratio  is  finite  for  all  values  of  n,  the  given  series 
is  divergent. 

BXEBCISBS    11. 

Determine  the   convergency  or  divergency  of    the   series 
whose  nth  terms  are : 

,     2n-5  2.   i±^.  3.    ^  +  ^. 


n^  —  6n  1  +  n*  »H  1 

n'  +  {n'\-  If  n(n  +  1)  (n  +  2) 

Determine  the  convergency  or  divergency  of  the  series : 

6.   J-+J-+J-  +  ....       7.   l+-2_  +  _3_+.... 
1-3^3.6     5.7^  2^3V2     4V3 

_3_     _5_     j;_  ,  JL  +  J:6^4.^+    . 

■   1-2     2».3     3«-4'^""'        ■   2.3"^3.4'^4.5'^"' 

10.  ? 1 ^ 1 ^ ■{■•", 

a(a  +  6)     (a  +  2&)(o  +  3  6)      (a4-4fe)(o  +  66) 
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Series  having  Negative  Terms. 

18.  If  a  series  be  convergent  when  its  tennis  are  all  positive, 
it  will  rerrvain  convergent  when  some  or  all  of  its  terms  are  made 
negative. 

Since  S^  remains  finite  and  ^i?„  =  0,  when  all  the  terms  are 
positive,  with  greater  reason  S^  will  remain  finite  and  ^R^  =  0, 
when  some  or  all  of  the  terms  are  made  negative. 

Ex.  The  series    1  —  i  +  J  —  i  +  iV is  convergent, 

since  the  series        1  +  i  +  i  +  i  +  iVH —  ^^  convergent 

19.  A  series  which  is  convergent  when  all  its  negative  terms 
are  made  positive  is  said  to  be  Absoltttely  Convergent. 

Evidently  every  convergent  series  whose  terms  are  all  posi- 
tive is  absolutely  convergent. 

20.  If  the  terms  of  an  infinite  series  be  aUemately  positive  avd 
negative,  and  the  nth  term  approach  0,  oa  n  increases  indefinitely , 
the  series  is  convergent. 

Let  the  given  series  be 

Wi  -  M2  +  Ms  -  •••  +  (—  1)*"^M«  +  •••. 
Then       5^^  =  Wi  -  ic,  +  w,  -  M4  +  ...  +  (-  l)''-*tt, 

=  (Ml  -  Ms)  -f-  (Mj  -  M4)  +  ...  (1) 

=  Ml  -  (Ms  -  Ms)  -  (M4  -  M5) .  (2) 

Since  the  terms  decrease  numerically,  it  is  evident  that  in 
(1)  and  (2)  the  sums  inclosed  in  the  parentheses  are  positive. 
Therefore  from  (1)  we  infer  that  S^  is  positive,  and  from  (2) 
that  it  is  less  than  the  first  term  u^.     Therefore  S^  is  finite. 

Also, 

^R^  =  (-  1)"[m^+i  -  M„+2  +  U„^.3  -  U„+4  +  ...  +  (-  1)"^^M„+J 
=  (-  l)*[(Mn+l  -  M,^2)  +  (^.+8  -  M,+4)  +  •••]  (3) 

=  (-  l)"[^n+l  -  OVs  -  W^+s) ].  (4) 
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From  (3)  we  infer  that  the  part  of  .7?„  in  the  brackets  is  posi- 
tive, and  from  (4)  that  it  is  less  than  w„+i.    Since  u^+i  =  0,  it 
follows  that  nRn  ==  0.     Hence  the  given  series  is  convergent. 
Ex.  The   series  1— i  +  J  — i4--*   is  convergent,  but  not 
absolutely  convergent,  since  1  +  i^  +  i  +  i  +  ••'  ^^  divergent 

The  Ratio  of  Convergency. 

2L  In  the  following  principle  the  terms  of  the  series  are 
not  necessarily  all  positive : 

An  infinite  series  is  convergent,  if,  after  some  particular  term, 
the  ratio  of  each  term  to  the  preceding  he  numerically  less  than 
some  fixed  positive  number,  which  is  itself  less  than  unity. 

Let  the  given  series  be 

Wi  -f  wa  +  Mj  i-  —  +  w«  +  •••> 

and  let  the  ratio  oi  each  term  after  the  A;th  to  the  preceding  be 
less  than  r,  which  is  itself  less  than  1. 

First,  assume  that  the  terms  are  all  positive. 

Then,  from  ^ <  r,  ^•<  r,  '^»<  r, ...; 
we  obtain 

t^*+i  <  rUt,  w»+2  <  ruj^^i  <r*M4,  w»+8  <  ruM  <  ^^  — • 
Whence,  by  addition, 

t*»+i  +  w»+8  +  w»+3  +  .-.  <  ttjCr  +  r*  +r»  +  ...). 

Since  r  <  1,  r  +  r*  +  r*  H =  3-^— >  a  finite  number. 

1  —  r 

Therefore,  since  the  sum  of  the  finite  number  of  terms 
t^j -1-1^2-1- ...  4- Mj_j  is  finite,  the  given  series  is,  by  Art.  8, 
convergent. 

When  some  or  all  of  the  terms  are  negative,  the  series  is,  bj 
Art.  18,  convergent. 
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22.  An  infinite  aeries  of  positive  terms  is  divergent,  if  after 
some  particular  term,  the  ratio  of  each  term  to  the  preceding  he 
equal  to  unity,  or  greater  than  unity. 

In  the  series 

t*i  +  Wa  +  W8+  — +  w«4-  —, 

let  the  ratio  of  each  term  after  the  Arth  be  equal  to  1.  Then 
the  sum  of  n  terms,  after  the  A;th,  is  equal  to  nu^,  and  hence 
increases  beyond  any  assigned  number  however  great,  as  n 
increases  indefinitely. 

Next,  let  this  ratio  be  greater  than  unity;  then  the  sum  of  n 
terms  after  the  Mh  is  greater  than  nwj,  and  hence  increases 
beypnd  any  assigned  number,  however  great,  as  n  increases 
indefinitely. 

Therefore,  in  each  case,  the  series  is  divergent. 

23.  The  ratio  of  the  nth  term  to  the  preceding  is  called  the 
Ratio  of  Convergency  of  the  series. 

24.  The  following  examples  will  illustrate  the  principles  of 
Arts.  21-22. 

Ex.  1.   Examine  the  series 


ratio  of  convergency  is 

n     n-1             n        1             11 
2»  •    2-1  '        n  - 1  ■  2'        1  -  1  "  2' 

.1 

=2 

n 

By  taking  n  large  enough  we  can  make  this  ratio  differ  from 
J  by  as  little  as  we  please,  and  consequently  less  than  some 
number  between  \  and  1 ;  that  is,  less  than  some  number  which 
is  itself  less  than  1. 

Thus,  if  n  =  4,  the  ratio  is  equal  to  |,  which  is  less  than, 
say  |.  That  the  ratio  will  remain  less  than  }  for  values  of  n 
greater  than  4,  can  be  shown  as  follows. 
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Assume       ——7  '  9  <^  7  5  ^^^^  2  n  <  3  rt  —  3,  and  n  >  3. 

Since,  therefore,  after  the  third  term,  the  ratio  of  each  term 
to  the  preceding  is  less  than  f ,  which  is  less  than  1,  the  given 
series  is  convergent. 

Ex.  2.   Examine  the  series 

2    ^   2^  -^^   23  2» 

The  ratio  of  convergency  is 

(2n-l)(2n  +  l)^n^i  .  (2n-3)(2n-l)       , 
2»  '  2"-^ 

_  (2  n  4-  l)a?  ^« 
(2n-3)2'""2' 

By  taking  n  sufficiently  great,  we  can  make  this  ratio  differ 
from  ^  a;  by  as  little  as  we  please.  If,  therefore,  x  have  a  definite 
value  less  than  2,  the  ratio  can  be  made  less  than  some  number, 
say  k,  which  is  itself  less  than  1.  Hence  the  series  is  conver- 
gent when  a  <  2. 

The  term  after  which  this  ratio  becomes  and  remains  less 
than  k  is  determined  from  < 

^^  .  l<k,  whencen>-^A±^ 
2n-3    2       '  2(2A:-x) 

Thus,  let  a:  =  f ,  or  ^a?  =  f ,  and  A;  =  f .  We  find  n  >  19f 
That  is,  when  «  =  f ,  the  ratio  of  each  term,  after  the  19th,  to 
the  preceding  is  less  than  |,  which  is  less  than  1. 

Evidently,  when  a?  =  2,  or  a;  >  2,  the  ratio  is  greater  than  1 
for  all  values  of  w.     Therefore  the  series  is  then  divergent. 

25.  The  significance  of  the  words,  less  than  some  number  vMch 
is  itself  less  than  unity,  is  shown  by  an  examination  of  the  series 

which  is  known  to  be  divergent. 
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rr.,          ,  •       «                            .     n  —  1        ^       1 
The  ratio  of  convergency  is y  =  1 • 

This  ratio  is  less  than  1,  but  by  taking  n  large  enough, 
it  can  be  made  to  differ  from  1  by  as  little  as  we  please. 

The  value  of  this  ratio  will  therefore  not  remain  less  than 
some  definite  number,  which  is  itself  less  than  1.  This  condi- 
tion of  the  principle  of  Art.  21  is  not  satisfied,  and  the  test 
fails.  Also,  since  neither  condition  of  Art.  22  is  satisfied,  the 
test  fails  to  prove  the  series  divergent.  In  such  cases,  it  is 
necessary  to  try  other  tests,  just  as  the  above  series  was  by 
other  means  proved  to  be  divergent. 

26.  It  is  not,  in  general,  necessary  to  determine  the  number 
of  the  term  after  which  the  ratio  of  any  term  to  the  preceding 
is  less  than  some  definite  number  which  is  itself  less  than  1,  in 
the  case  of  a  convergent  series.  The  following  method,  illus- 
trated by  the  examples  of  the  preceding  articles,  is  sufficient: 

Determine  the  limit  of  the  ratio  of  convergency  as  n  increasea 
indefinitely. 

(i.)     If  this  limit  <  1,  tJie  series  is  convergent. 

(ii.)   If  this  limit  >  1,  the  series  is  divergent, 

(iii.)  If  this  limit  =  1,  the  convergency  or  divergency  of  the 
series  is,  as  a  rule,  not  settled,  and  some  other  test  must  be  applied. 

But,  if  the  ratio  be  always  greater  than  1,  as  it  approaches  the 
limit  1,  the  series  is,  by  Art.  22,  divergent 

Ex.   Examine  the  series 

4.5a;       5'6a^  (n +  3)(n -f4)g" 

1.2.3"^2.3.4"^'""^n(n4-l)(n-h2)  "*"'"• 

The  ratio  of  convergency  is 


(n  +  3)(n-f4)a;»  .  (n -f  2)  (n  +  3) a^ 


-1 


n{n  +  1)  (n  +  2)    '     (n  -  l)n(n  +  1)  ' 

^(n±A 

(n  +  2 

as  n  increases  indefinitely. 


(n  +  2)(«  +  2)     '        ' 
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Hence,  for  values  of  «<!,  the  series  is  convergent;  for 
values  of  x>l,  the  series  is  divergent ;  while,  for  x  =  l,  the 
series  is  in  doubt.     When  a;  =  1,  we  have 

4>5  5.6  (n+3)(n-!-4) 

1.2.3     2.3.4"^  n(n4-l)(n  +  2)         ' 

We  will  try  the  method  of  Art.  17,  comparing  with  the 
known  divergent  series 

^2^3     4^      ^n^ 

The  ratio  of  the  nth  term  of  the  given  series  to  the  nth  term  of 
the  auxiliary  series  is 

(n  +  3)(n  +  4)    .  1    ^(n  +  3)(n-|-4)    ^^ 
n(n  +  l){n  +  2)  '  n        (n-hl)(n  +  2)' 

This  rjatio  is  evidently  finite  for  all  values  of  n.     Therefore, 
when  a;  =  1,  the  given  series  is  divergent. 

27.  The  following  application  of  the  principle  of  Art.  21 
will  be  required  in  Ch.  XXVII. 

The  seiHes 

is  absolutely  convergent,  when  <  1  numerically. 

In  the  above  series  n  is  finite.     We  will  therefore  take  the 
ratio  of  the  (k  +  l)th  term  to  the  preceding. 
The  ratio  of  convergence  is 

n(n  —  1) ...  (n  —  A;  + 1)  ^  _^  n(n  —  1) ...  (n  —  A;  +  2)^_i 
\K  '  |A;-1 

_n^A;  +  l      ^_ 

as  k  increases  indefinitely. 

Therefore,  the  series  is  absolu^tely  convergent,  when  a;  <  1 
numerically. 
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EXERCISES  III. 

Determine  the  convergency  or  divergency  of  the  series : 

^[2^[3^  1^1.3^1.3.5^ 

3    1  I  1-3  ,    1-3-5  .    11-2     1.2-3 

■  4'^4.7     4.7.10'^"''         ■  3     3.6'*'3.6.9'^' 


a-fl     a-\-k     a-\-2k 

Determine  for  what  values  of  x  the  following  series  are 
convergent  or  divergent: 

6.   12  +  22a;  +  3V  +  --.  7.  x-^a^  +  ^a^ . 

II     12  1.2^2.3^3.4^ 

1      x^Sa^  1.3^3.5      5.7^ 

--.    ^      3a;  ,  5a^  ,«    ^   ,  4aj  ,  9a^  , 

12.    1 ....  13.   1 -^ \- ••', 

2«  ^  32  ^  5        5« 

16.  a  +  (a+d)x  +  (a-{-2d)a?  +  '". 
X7.^  +  ^+      1        ■ 


l+a;     1  +  a?     l  +  ar" 

la    -J: 1 —+     "^     A . 

1  +  x^l  +  a^^l+ii*^ 

2  a;  + 1  ^  3  (2  a;  +  1)'     5(2  x+1)* 

20.   l__^_  +  _^ . 

1  +  A;^H-2A: 


CHAPTER   XXVI. 

UNDETERMINED  COEFFICIENTS. 

1.  Upon  the  following  principles  is  based  an  important 
method  of  changing  an  algebraical  expression  from  one  form  to 
another. 

2.  If  an  infinite  series  ao  +  ttiaJ  +  aaa^  +  OgX^-f  •••  be  con- 
vergent for  values  of  x  greater  than  0,  the  sum  of  the  series 
approaches  a^,  as  x  approaches  0. 

Let  Oo  +  aior  +  a^  +  a^  +  •••  =  a©  +  ^Si, 

wherein  /Si  =  a,  +  aaOJ  +  a^  +  ••  •• 

Evidently,  if  the  given  series  be  convergent,  that  is,  if 
do  +  xSi  be  finite,  then  Si  is  finite.  Therefore,  by  Ch.  XXIV., 
Art.  16,  xSi  =  0,  when  a;  =  0. 

Consequently 

a>o-{-aiX+a^+";  =ao  +  a;5',  =  Oq,  when  a:  =  0. 

3.  If  two  integral  series,  arranged  to  ascending  powers  of  af, 
he  equal  for  all  values  of  x  which  make  them  both  convergent^  the 
coefficients  of  like  powers  of  x  are  equal. 

Let  ao-fOia  +  Oja^-f  •••  =6o4- ^i«  +  &22^+ ••• 

for  all  values  of  x  which  make  the  two  series  convergent. 

Then  the  sums  of  the  two  series  approach  equal  limits  when 
a;  =  0.     But,  by  the  preceding  article,  the  sum  of  the  one  series 
approaches  Oq,  that  of  the  other  % ;  consequently  a©  =  6(» 
and  aiX-{-a^-\-  *"  ^hiX-{-h^ -{■••'. 

Since  by  Ch.  XXV,  Art.  21,  these  two  series  are  convergent 
for  all  values  of  x  for  which  the  original  series  are  convergent, 
they  are  equal  for  values  of  x  other  than  zero,  and  the  last 
equation  may  be  divided  by  x. 

392 
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Hence    Oi  +  a^  +  a^  -{"*•  =^bi  +  b2X  +  b^+*»*; 
and  as  before,  aj  =  61, 

and  a^-{-a^+  •"  =  b^-{'b^+  •". 

In  like  manner,  we  can  prove  aj  =  62,  03=  b^  etc. 

4.  The  principle  of  Art.  3  holds  with  greater  reason  if  either 
or  both  of  the  series  be  finite.  The  series  must  be  equal  for 
all  values  of  x,  if  they  be  both  finite;  or,  if  one  be  infinite, 
for  all  values  of  x  which  make  that  series  convergent. 

5.  The  condition  that  the  roots  of  the  equation 

aoc^  -f  6ic  -f-  c  =  0 

are  equal,  given  in  Ch.  XVIII.,  Art.  12  (ii.),  can  be  obtained 
also  by  applying  the  principle  of  Art.  3. 

If  the  two  roots  be  equal,  aa^  -f-  6a;  +  c  is  the  square  of  a 
binomial.     We  therefore  assume 

ax^  +  bx  +  c  =  (Ax  +  By  =  AV  +  2  ABx  +  S^. 

By  Art.  3,  ^2^ a  (1),    2AB=b(2),    5«  =  c  (3). 

^   From  (1)  and  (3),         A=:^ay  B  =  ^c. 

Whence,  by  (2),  2  V(«c)=  6,  or  b^  =  4  oc. 

EzpanBion  of  Rational  Fractions. 

6.  We  shall  now  give  a  method  of  expanding  a  fraction  in 
an  infinite  series,  without  performing  the  actual  division. 

Ex.1.  Expand  f^^ 

m  a  series,  to  ascending  powers  of  x. 

We  equate  the  fraction  to  a  series  of  the  required  form,  in 
which  the  coefficients  of  the  different  powers  of  x  are  un- 
known, or  undetermined. 

Assume  --^^^^^:=  A-\- Bx^  Ct^ -\-  Lh?  +  Ea^  +  -., 
wherein  Aj  B,  C,  D,  E,  "*  are  constants  to  be  determined. 
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Clearing  the  equation  of  fractions,  we  obtain 

2-'X=zA  +  B  x-^0  a?  +  D  a^  +  E  x^  + 
A 


x+G  x'  +  D 

a?  +  E 

+  B 

+  c 

+  D 

-A 

-B 

-0 

In  this  work  the  powers  of  x  in  the  terms  of  the  second 
and  third  partial  products  are  omitted,  it  being  understood 
that  the  letters  remaining  are  the  coefficients  of  the  powers 
of  X  just  above  in  the  first  partial  product. 

Thus  the  coefficient  of  xis  A-^B,  etc. 

The  series  on  the  right  is  infinite ;  that  on  the  left  may  be 
regarded  as  an  infinite  series  with  zero  coefficients  of  all 
powers  of  x  higher  than  the  first.    By  Art.  3,  we  have 

-4  =  2;  5  +  ^  =  -l, 

C+B-A  =  0, 

D+C-B==0, 

etc., 


whence  5  =  —  3; 
whence  0=6; 
whence  i)  =  — 8; 
whence  J&  =  13; 
etc. 


Hence,  substituting  these  values  of  A,  B,  G,  D, 
assumed  series,  we  have 


m 


2-a; 


:2-3aj  +  6a?-8aj»-f-13a^+—. 


We  can  assume  that  this  series  is  equivalent  to  the  fraction 
only  when  x  has  such  values  as  make  it  convergent. 

Let  the  student  compare  this  result  with  that  obtained  by 
division. ,  In  fact,  the  latter  method  of  expanding  a  fraction  is 
to  be  preferred  when  only  a  few  terms  are  wanted.  But  the 
successive  coefficients,  after  a  certain  stage,  may  be  computed 
with  great  facility  by  the  method  of  undetermined  coefficients. 
A  moment's  inspection  of  the  preceding  work  will  convince 
the  student  that  the  coefficient  D,  and  all  which  follow  it,  are 
each  connected  with  the  two  immediately  preceding  coefficients 
by  a  definite  relation.    Thus, 

2>+(7-JB  =  0,  Jg7  +  i)-(7=0,  2?'+JS?-2>  =  0.eto. 
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In  assuming  as  the  expansion  of  a  rational  fraction  an 
infinite  series  of  ascending  powers  of  x,  it  is  usually  necessary 
first  to  determine  with  what  power  the  series  should  com- 
mence. This  is  done  by  division^  when  both  numerator  and 
denominator  are  arranged  to  ascending  powers  of  x.  In  fact, 
this  step  also  determines  completely  the  first  term  of  the 
series. 

Ex.2.  Expand  ^^, 

in  a  series  to  ascending  powers  of  x. 

The  first  term  in  the  expansion,  obtained  by  diyision^  is 
evidently  ^x^K 

We  therefore  assume 

^"^  =^x'^+Bx-'^+C'\'Dx  +  Eaf  +  FV  +  *»% 


Clearing  of  fractions,  we  obtain 


X  +  3C 


-(71     -^ 


l-a:  =  l+3JB 

-1 
By  Art.  3,  we  have 

1  =  1,    3  JB  -  ^  =  —  1,  whence  5  =  —  f  j 

3(7-JB=      0,  whence  (7=  —^5 

32>  -  (7=      0,  whence  Z)  =  -  ^; 

etc.,  etc. 

Hence,    ^^Z^=tar*-*ar^- A- 1^- .... 

BZBBOISBS  I. 

Expand  the  following  fractions  in  series,  to  ascending  powers 
of  a?,  to  four  terms : 

,1  «        3  3^      6 


1- 

2x 

1+ 

■X 

1- 

■X 

«•- 

-Saf 

l  +  3a  S-oj 

2-5iB  ^    Sx-ha^ 


l  +  2a?  1-2® 

a     ^-^  a  — L_. 

aj«-2  •       5a^  +  2a^  1+x  +  a? 


10.  J-L?^. 

3-a:  +  3a^ 


11. 


14. 
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3-2a?^ 

1^ 

2a^-6aj»+«** 


EzpanBion  of  Sards. 
7.  Ex.  Expand        V(l  -  ^j"  +  2  oj^), 
in  a  series,  to  ascending  powers  of  x.     Assume 

V(l  -  a*  +  2q^  =  l+Bx+Ca^-\-Iki^  +  E3^'h  -. 
Squaring  both  sides  of  the  equation,  we  have 


l-iB»  +  2aj8  =  l4-2JB 


Equating  coefficients,  1  =  1. 
2J5  =  0, 

2D  +  2BC=2, 
2E'h2BD-hC*  =  0, 

Hence    V(l -^'^  + 2a;3)=l  - 


a!  +  2e 

a?  +  2i) 

a?  +  2E 

+  5' 

+  2BG 

+  2BD 

+  0' 

0^  +  ' 


whence  jB  =  0; 
whence  0  =  — i; 
whence  2>  =  +  l; 
whence  -E  =  —  ^ ;  etc. 


EXERCISES  II. 

Expand  the  following  expressions  in  series,  to  ascending 
powers  of  x,  to  four  terms : 

1.    ^(1  +  x).  2.   V(«'-2ar^.  3.    ^(l-a^> 

4.    y^(4-2a;  +  aj^.      5.    -y/iB+Sx+da^.     6.    ^(l-aj  +  «^. 

Partial  FractionB. 

8.  It  is  frequently  desirable  to  separate  a  rational  algebrai- 
cal fraction  into  the  simpler  (partial)  fractions  of  which  it  is 
the  algebraical  sum. 

2aj  1  1 


l_-aj2     i_aj     l-fa? 
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The  process  of  separating  a  given  fraction  into  its  partial 
fractions  is,  therefore,  the  converse  of  addition  (including  sub- 
traction) of  fractions ;  and  this  fact  must  guide  us  in  assuming 
the  forms  of  the  partial  fractions. 

We  shall  also  assume  that  the  degree  of  the  numerator  is  at 
least  one  less  than  that  of  the  denominator.  A  fraction  whose 
numerator  is  of  a  degree  equal  to  or  greater  than  that  of  its 
denominator  can  be  first  reduced  by  division  to  the  sum  of  an 
integral  expression  and  a  fraction  satisfying  the  above  condi- 
tion.    The  latter  fraction  will  then  be  decomposed. 

The  denominators  of  the  partial  fractions  can  be  definitely 
assumed.  For  they  are  evidently  those  factors  whose  lowest 
common  multiple  is  the  denominator  of  the  given  fraction. 
But  there  is  one  case  of  doubt ;  namely,  when  a  prime  factor  is 
repeated  in  the  denominator  of  the  given  fraction. 


E,g., 


6-2aj»       _     3  2  1 


(l-a;)«(l+aj)     l-x^  (l^xy^  1+x' 

(i-xy(i+x)    (i-xy'^i+x 

We  could  not  have  decided,  in  advance,  whether  either  of 
the  two  given  fractions  is  the  sum  of  two  or  of  .three  partial 
fractions.  There  must  necessarily  be  a  partial  fraction  having 
(1  —  a:)*  as  a  denominator,  since,  otherwise,  the  L.  C.  M.  of  the 
denominators  would  not  contain  the  prime  factor  1  —  05  to 
the  second  power.  But  it  cannot  be  determined,  in  advance, 
whether  there  is  a  partial  fraction  having  1  —  a?  as  a  denomi- 
nator. 

In  such  cases,  therefore,  it  is  advisable  to  make  provision 
for  all  possible  partial  fractions  by  assuming  as  denominators 
all  repeated  factors  to  the  first  power,  second  power,-  etc. 

The  numerators  of  partial  fractions  thereby  assumed,  which 
should  not  have  been  included,  will  acquire  the  value  zero 
from  the  subsequent  work,  so  that  those  fractions  drop  out  of 
the  result. 
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The  nunneraiors  of  the  partial  fractions  must  be  assumed 
with  undetermined  coefficients.  Since  the  numerator  of  the 
given  fraction  is,  by  the  hypothesis,  of  degree  at  least  one  less 
than  the  denominator,  the  same  must  be  true  of  each  partial 
fraction.  We  therefore  assume,  for  each  numerator,  a  complete 
rational  integral  expression  with  undetermined  coefficients  of 
degree  one  lower  than  the  corresponding  denominator. 

If  any  term  in  the  assumed  form  of  the  numerator  should 
not  have  been  included,  its  coefficient  will  prove  to  be  zero. 

An  exception  to  this  principle  occurs  when  the  denominator 
of  the  partial  fraction  is  the  second  or  higher  power  of  a  prime 
factor,  as,  (1  —  «)*.  In  that  case  the  numerator  is  assumed  as 
it  would  be  according  to  the  above  principle  if  the  prime  fector 
occurred  to  the  first  power  only. 

We  may  briefly  restate  the  above  principles : 

Separate  the  denominator  of  the  given  fraction  into  its  prime 
factors,  Assiime  as  the  denominator  of  a  pattial  fraction  each 
prime  factor ;  in  particular ^  when  a  prime  factor  enters  to  the  nth 
power,  assume  that  factor  to  the  first  power,  second  power,  and  so 
on,  to  the  nth  power,  as  a  denominator. 

Assume  for  ea^h  numerator  a  rational  integral  expression,  with 
undetermined  coefficients,  of  degree  one  lower  than  the  prime 
factor  in  the  corresponding  denominator. 

Let  us  first  decompose  the  two  fractions  which  we  have  used 
to  illustrate  the  theory. 

Ex  1  6-2a^       ^    ^     \        ^       I      ^ 

•    •  (l-a?)XH-a;)     1  -  a?  "^  (1  -  aj)«  "^  1  + oj' 

Since  the  prime  factor  in  the  denominator  of  each  partial 
fraction  is  of  the  first  degree,  each  numerator  is  assumed  to  be 
of  the  zeroth  degree. 

Clearing  the  equation  of  fractions,  we  have 

6-2a?  =  ^(l-a;)(l  +  a?)  +  -B(H-a;)  +  0(l-a?)* 
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Since  this  equation  must  be  true  for  all  values  of  a?,  we  have 

-^  +  C7  =  -2,- 

JB-2(7=     0,     Whence^=:3,  JB=2,  C=.l. 
A  +  B-i-C=     6. 

Ex.2.    3  +  0^        =^-+      ^      +-^. 

The  forms  of  the  partial  fractions  are  assumed  the  same  as 
in  Ex.  1.    We  have 

S  +  a?=:{^A+G)a?  +  (B^2C)x  +  A  +  B+C, 
and  then        —  -4  +  (7  =  1, 


^-2(7=0, 
A+B+G=3. 

Therefore  3  +  a?* 


Whence  ^  =  0,  B=2,  (7=1. 


(1  -a;)«(H-»)     (1  -  ic)*"*"l  +  » 

When  the  factors  of  the  denominator  of  the  given  fraction 
are  of  the  first  degree^  as  in  Exs.  1  and  2,  the  work  may  be 
shortened. 

Begin  with  the  equation 

6--2x'  =  A(l-^x)(l  +  x)+B(l  +  x)  +  C(l-xy, 

of  Ex.  1.     Since  this  equation  is  true  for  all  values  of  x,  we 
may  substitute  in  it  for  x  any  value  we  please.    Let  us  take 
such  a  value  as  will  make  o&e  of  the  prime  factors  zero. 
Substituting  1  for  x,  we  obtain 

4:  =  2B,  whence  5  =  2. 

Next,  letting  a?  =  —  1,  we  have  . 

4  =  4(7,  whence  (7=1. 

There  is  no  other  value  of  x  which  will  make  a  prime  factor 
zero,  but  any  other  value,  the  smaller  the  better,  will  give  an 
equation  in  which  we  may  substitute  the  values  of  B  and  0 
already  obtained. 
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Letting  a?  =  0,  we  obtain 

Q^A  +  B  +  C,  whence  A  =  3. 
The  same  method  can  be  applied  to  Ex.  2. 
Ex.3    g'  — a;  +  3^         a?-x  +  3         ^    A     .     Bx+C 

In  this  example,  the  one  prime  factor  being  of  the  second 
degree,  we  assume  the  corresponding  numerator  to  be  a  com- 
plete linear  expression. 

Clearing  of  fractions,  we  have 

a?-x  +  S=zA(a^-]-x  +  l)  +  (Bx  +C)(x  -  1)  = 

(A  +  B)s^  +  (^i -  J5  +  G)x  +  A-a 
Equating  coefficients  of  like  powers  of  x,  we  obtain 
A  +  P  =  l,  A-B-{-G=-l,  ^-(7  =  3; 
whence,  A  =  ly  J5  =  0,  0  =  — 2. 

Or,  we  might  have  used  the  second  method,  beginning  with 

aj2-a;  +  3  =  ^(a^  +  aj  +  l)  +  (jBa;H-(7)(a;-l). 
Letting  a;  =  1,  we  obtain 

3  =  3  A,  whence  A  =  l. 

Since  no  other  value  of  x  will  make  a  factor  vanish,  we  take 
any  simple  values.    When  a?  =0,  we  have 

3  =  A—C,  whence  (7  =  — 2. 

Finally,  letting  a;  =  —  1,  we  have 

5  =  ^  +  25  —  2(7,  whence  5  =  0. 

oa-aj  +  S         1  2 


Therefore 


afi-l         x-1     x^  +  x  +  1 


J,  2~2a;  +  4a^  ^Ax-^B      Cx  +  D        E 

'    '   (l-f-aj^«(l-«)       l  +  aj^       (l+aj«)«"^l-a?' 

The  prime  factors  in  the  denominators  of  the  first  two  partial 
fractions  being  of  the  second  degree,  expressions  of  the  first 
degree  are  assumed  as  numerators. 
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Clearing  of  fractions,  we  have 

2-2ar  +  4ar^ 

^  (Ax -{•  B){1  -\- 0^(1  - x)  +  (Cx -^ D)(l  ^ x)  +  E(l  +a?f 

=  (-A  +  E)a^  +  {A-B)a^'{-(-A  +  B-C-\-  2E)a? 

+  (A  -  B  +  C -  D)x  -j-  {B  ^  D  +  E). 

•  Equating  coefficients  of  like  powers  of  a?,  we  obtain 

-^4-^  =  0,  ^-jB=0,  -^1  +  5-0  +  2^  =  4, 

'a-B  +  G-D=-2,B+D  +  E  =  2', 

whence,  A  =  ly  B  =  l,  C  =  -2,  D  =  Oy  E  =  1. 

Therefore    2-2a:  +  4a^  _x^l  2a^  1     , 

ihferetore^^^^^^,^^^^^-^^^     (l+a^^  +  l-a:         • 

Ex.  5. 

1  .^_J_^.       ^  ^ 


(a?  +  n)(aj  +  n  +  l)(ic  +  n  +  2)      x  +  n     a?  +  n  +  1      x  +  n  +  2 
Clearing  of  fractions,  we  have 

1  =  ^  (a?  +  n  +  1 )  (a?  +  n  +  2)  +  B  (a?  +  n)  (a  +  n  +  2) 
+  (7(x  +  n)(a;+n  +  l). 
Letting    x  =  —  ny        we  have  1  =  2A,  or  A  =  ^; 

a;  =  — n  —  1,  1=—  B,  orjB  =  — 1; 

a?  =  -  n  -  2,  1  =  2  C,  or  (7=  J. 

Therefore 

I ^_1 11 

(aj+n)(a;+n  +  l)(a;+n+2)      2(a:+w)      a;  +  n  +  l      2(a;+n+2)* 

9.  The  General  Term.  —  The  following  examples  illustrate 
the  method  of  finding  the  general  term  of  the  expansion  of 
a  rational  fraction  in  a  series,  to  ascending  powers  of  x. 

Ex.  1.  Find  the  general  term  of  the  expansion  of  - — — — — ^• 

1  +  a;  —  Jfl/ 
We  have 


2  +  7a!     _     3             1 

l  +  x-23?     1-x     l+2a! 

=  3(l  +  ar  +  a!»+.. 

.. +af+...) 

-[l+(-2x)  +  i- 

.2xy+..'+i-2xY  + 
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The  expansions  of  the  above  partial  fractions,  and  similar 
ones,  are  readily  obtained  by  the  formula 

1 


1-a? 


=l  +  x  +  a?  + 


The  required  general  term  is  the  sum  of  the  (n  +.  l)th  terms 
of  the  above  expansions. 

We  have    3  a^  -  (-  2  a;)*  =  «» [3  +  (-  !)"+>  2"]. 

The  expansion  of  the  given  fraction  can  be  obtained  from 
this  general  term.  Giving  to  n  the  values  0,  1,  2,  3,  ••-,  we 
obtain 

-p  +  ^^     =2  +  5a;-fl?'-flla^-'-  +  [3+(--ir-^^2-X-h.... 
l  +  aj  —  2ar 

Ex.  2.  Find  the  general  term  of  the  expansion  of 

10-.7a;-|-6a^ 

(2-x)(l4-a0' 
We  have 

lQ_7a;4-6a^^     4         3-2a;^      2  3~2a? 

(2-x)(l+a^     2-aj"*"l  +  a^      1-^x^1+0^ 

=2[l+ia;-f(ia?)«4--4-a«)^+(i^)^^*+-..] 
+  (3-2a?)[l  +  (~aj^-f(-aj0'+-4-(-a5")-+-.-] 
=2[l  +  ia:+Jaj2-f.-  +  a)^a:**+(i)^^*a*»-^^+-..] 
+  [3-3»2+3a;*-...+(-ir3a*'+-] 
4-[-2a:4-2a«-2a»4--  +  (-ir"''2a*'+»-h...]. 

Observe  that  it  is  necessary  to  distinguish  between  even  and 
odd  powers  of  x. 

Terms  containing  even  powers  of  x  are  obtained  from 

(^)*.-la.^  +  (  _  l)n3  a^«,    ^^  [(^)8«-l  ^.  3  (_  i)n-j . 

and  terms  containing  odd  powers  from 

(i)^a^+'  +  (-  iy+'2a^+\  =  ar^+'[(^r  +  2(- 1)"+*]. 
The  expansion  is  readily  obtained  from  these  general  terms. 
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EXERCISES  III. 

Separate  the  following  fractions  into  partial  fractions; 


1 

6 

(aj-2)(l-2a^) 

q 

3a;-l 

(x-\-3)(x-2) 

5. 

rh-     .        - 

8. 

1 

in 

3a;  +  2 

(^-l)(x-2) 

11 

3a!*  +  l 

(x  +  l)(a>-l)« 

14. 

5a!(a!  +  3) 

4. 


(6-f3aj)(aj-f4) 

1-x 

(3a;  +  2)(a;  +  l)' 


6x  ^    1-hx^ 


aj*-4  9 

jB2  4.2a;-l 


9. 


U. 


13. 


15. 


a^  4-  90  a;  ^  9 
6(ar^-9)(a:-3/ 

g' 4- 5a; +  10 
(x^l)(x^2){x^3) 

S-x 


(2aj+l)(2a?-l)(a;+l)  (2a?-f  l)(2a?+3)(a;- 1) 

16.    T— ^-  17.   -^r^-  18.        ^ 


(aj-l)"  a:»-l  a»-fl 

19.    ^±1.  20.    ^rK'  21.  1 


aj»-l  a^-1  ic*(a^-fl) 

22-28.  Find  the  general  terms  of  the  expansions,  to  ascending 
powers  of  x,  of  the  fractions  in  Exx.  5-11. 

Find  the  general  term  of  the  expansions  of  the  following 
fractions,  to  ascending  powers  of  x : 

29.   — i— .     30.    5a^-6a;-13       ^  6x-^26 


2a?(«2^1)  10(aj+3)(l+a:2)  3(a;-4)(2+3ar^ 

Reversion  of  Series. 

10.  If  one  variable  be  equal  to  a  series  of  positive  integral 
ascending  powers  of  a  second  variable,  the  second  variable  can 
be  expressed  in  a  series  of  positive  integral  ascending  pQWQia 
of  the  first.    This  process  is  called  reversion  of  series. 
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Ex.  1.   Revert  the  series 

3^  =  a?-f  2aj2  +  3a?H- .... 

Assume  x  =  Ay -{- By^ -\' Cy^ -{ ,  (1) 

and  substitute  in  the  second  member  of  the  last  equation  the 
value  of  y  given  by  the  first.    Then 


+  C{x  +  2x' 

+  33?+- 

••)'+••• 

=  Ax  +  2A 

3?+ZA 

7?  +  •••• 

+    B 

+  45 

+  c 

A  =  l. 

2^  +  5=0,   whence  B  =  - 

-2; 

3-4+4B+C7=0,   whence   C  = 

5; 

etc., 

etc. 

Hence 


Substituting  these  values  of  A,  B,  C,  ••.,  in  (1),  we  have 

If  the  series  for  y  in  terms  of  x  contain  a  term  free  from  x, 
we  must  find  a  value  of  a?  in  a  series  of  powers  of  y  minus  that 
term. 

Ex.  2.       Revert  the  series 

or  y— l  =  a;  +  ar^-f  aj^H .  (2) 

Assuming      x  =  A(y—l)-^  B(y  —  1)*  -h  .••, 
and  proceeding  as  in  Ex.  1,  we  obtain  .4  =  1,  B  =  —  1,  C  =  1. 

Therefore  a;  =  (y  -  1)  -  (y  -  1)*  -f  (y  - 1)» . 

EXERCISES  IV. 

Revert  each  of  the  following  series  to  four  terms : 

1.  y=zx-{-x^-{-Qi^-{-  "*,  2.  2/  =  a;-f  3a^-|-5a^+"-. 

3.   y  =  a;"iaj2-f  ^a^ .  4.  y  =  l-X'\-2Qi? . 

5.  ^  =  1+^  +  ^4-....  6.  y  =  aa?-f  &a?*  +  «p'  +  — . 
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CHAPTER  XXVII. 

THE  BINOMIAL   THEOREM. 

1.  In  Ch.  XXII.  it  was  proved  by  induction  that,  when  n 
is  a  positive  integer, 

(a+by  =  a^'^(f\a^-'b  +  f^y^-V+  ...  +(r.\  V"*""'^*"'  +  -• 

We  will  here  give  a  briefer  proof,  based  upon  the  theory  of 
combinations. 

Consider  the  following  continued  product  of  n  factors : 

a-\-b 

a  +  b 

n  factors  ^  .  .  . 

a-^b 

The  first  term  of  the  product  is  formed  by  taking  an  a. from 
each  factor,  giving  a".  A  second  term  is  formed  by  taking 
an  a  from  n  —  1  factors  and  a  b  from  the  remaining  factor, 
giving  a""*6.  But  such  a  term  can  be  formed  in  as  many  ways 
as  one  b  can  be  taken  from  n  6's,  i.e.,  in  ^C^  ways.  Therefore 
the  product  so  far  is  a"  -f  „(7ia"^6. 

A  third  term  is  formed  by  taking  an  a  from  n  —  2  factors 
and  a  b  from  the  remaining  two  factors,  giving  a'*"*^*.  But 
such  a  term  can  be  formed  in  as  many  ways  as  two  6's  can  be 
taken  from  n  &'s,  i.e.,  in  ^C^  ways.  Consequently,  the  product 
to  this  point  is  a"  +  „Cia"-^6  -f  ^0^""-%^. 

In  general,  an  a  can  be  taken  from  each  of  n  —  A;  -f  1  factors 
and  a  b  from  each  of  the  remaining  A;  —  1  factors,  giving 
gjn-»+i^»'i  g^^  ^uq)i  a  term  can  evidently  be  formed  in  n^*-i 
ways. 

406 
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We  thus  obtain 
(a  -f  by  =  a»  +  „Cia"-^6  +  ^C^^'V  4-  —  +  nCi-ia""*'^^6*"'  +  -. 

But     nC,  =  {l\  ^^.=  (2),  -^3=(3),  '"^nO,.,=  {j^\\ 
Therefore,  (a  4- by  =  a"  +  (^ )«""'&  +  (2 V"'^'  "^  (3)^""*^ 

Properties  of  Binomial  Coeiiicienta. 

2.  The  A;th  term,  counting  from  the  beginning  of  the  expan- 
sion, contains  6*"^,  and  is  ^Cj_ia""*"*"^6*~^  The  kth  term,  count- 
ing from  the  end,  contains  a*""*,  and  therefore  ft"*"*"^,  and  is 

But,  by  Ch.  XXIII.,  Art.  14,  .C?*.!  =  „C7«_»+i.  We  therefore 
conclude : 

In  the  expansion  of  (a  +  6)*,  wherein  n  is  a  positive  integer, 
the  coefficients  of  terms  equally  distant  from  the  beginning  and 
end  of  the  expansion  are  equal, 

3.-  By  Art.  1,  the  coefficient  of  the  (A;4-l)th  term  is  ,Ci. 
Therefore,  by  Ch.  XXIII.,  Art.  15,  we  have : 

The  greatest  binomial  coefficient^  when  n  is  even,  is  JJ^  ;  and  when 
n  is  odd,  is  nOn.i,  =»C„+i.  ' 

4.  In  (1 -f  «)"  =  1+ nCix  +  ^Ciaj*  +  —  +  nC^aJ",  let  x  =  l. 
Then  2"  =  1+  ,0,  +  nO^  +  ...  +  nC,. 

That  is,  the  sum  of  the  binomial  coefficients  is  2*. 

5.  From  Art.  4,  we  have 

«Oi  +  n02-h...+«C„  =  2*-l. 

That  is,  the  total  number  of  combinations  ofn  things,  taken  one 
al  a  time,  two  at  a  time,  and  so  on,  to  n  al  a  time,  is  2*  —  1. 


1-9]  THE  BINOMIAL  THEOREM.  407 

6.  In  (l  +  a?)»=l-f  nCi^  +  nC'zic'-f --h^Ona^,  let  aj  =  -l. 
Then  1 -»Ci  +  «Ca- nCa^  -  =0, 

or  i4.^C2  +  «C74+-  =  n^i+nCi+.... 

That  is,  in  the  binomial  expansion^  the  sum  of  the  coefficients 
of  the  odd  terms  is  equal  to  the  sum  of  the  coefficients  of  the  even 
terms. 

Binomial  Theorem  for  Any  Rational  Exponent. 

7.  From  Ch.  XXII.,  Art.  4,  we  have 

(l  +  arr=l  +  ^^)aj  +  (^y+...,  (1) 

when  n  is  a  positive  integer.  In  this  case  the  expansion  ends 
with  the  (n  -h  l)th  term,  since  the  coefficients  of  the  (w  -f  2)th 
and  all  succeeding  terms  contain  n  —  n,  or  0,  as  a  factor.  But 
if  n  be  not  a  positive  integer,  the  expression  on  the  right  of 
(1)  will  continue  without  end,  since  no  factor  of  the  form 
n  — fc-f  1  can  reduce  to  0.  Therefore  this  series  will  have 
no  meaning  unless  it  be  convergent. 

8.  In  Chap.  XXV.,  Art.  27,  it  was  proved  that  the  series 

is  convergent  when  x  lies  between  —  1  and  + 1.  It  remains 
to  be  proved,  therefore,  that  in  this  case  the  above  series  rep- 
resents (1  -f  «)",  when  n  is  a  fraction  or  negative. 

9.  Since  the  reasoning  will  turn  upon  the  value  of  n,  we 
shall  call  the  expression 

l  +  (l)*  +  {2V+- 

a  function  of  n,  and  abbreviate  it  by  /(n),  for  all  rationed 
values  of  n.     To  understand   the  following  reasoning,   the 
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student  should  notice  that  for  all  positive  integral  values  of 
«,  (1  -h  xy  =/(n),  as,  (1  -i-.xy  =/(3) ;  and  that  it  remains  to 
be  proved  that  (1  -f  «)"  =zf(n)y  when  n  is  a  fraction  or  negative,- 
as,  for  example,  that  (1  +  x)^  =/(!)• 

10.   We  now  have 

/(m)  =  !+(-).  +  (-):«'+...+(, -1^-+. .. 

An)=i+(;f)x+(2y+-+(j!.iy-'+- 

for  all  values  of  x  between  —  1  and  +  1. 

We  will  assume  that  the  product  /(m)  xf{n)  is  a  con- 
vergent series,  when  the  two  series  are  convergent.  The  proof 
of  this  principle  is  beyond  the  scope  of  this  book.  We  then 
have 

/wx/w='+[(T)+(J)]-+[(?)+(T)(J)(+S)]'^+- 

But,  by  Ch.  XXIII.,  Art.  17, 

(5')+(j)_('»+"),(™)+(7)(j)^»)=C»+-), 

therefore  /(m)  x  f(n)  =f(m  +  n),  (1) 

for  all  rational  values  of  m  and  n. 

Then  f{m)xf(n)xf(p)  =  f(m+n)  xf(p)=f(m-^n^p). 

In  general, 
/(m)  x/(n)  xf(p)  X  ...  X/(r)=/(m+n+p  +  ...+r),    (2) 
for  all  rational  values  of  m,  n,  p,  ....  r. 
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11.  Fractional  Exponents.  —  Let 

u 

wherein  u  and  v  are  positive  integers.    Taking  v  factors,  we 
now  have 

[/(i)J-/(t-)-/M- 

Now,  since  w  is  a  positive  integer,  (1  -f  xy  =f(u). 
Therefore    (l  +  x)-  = 


or 


/y|,or(l+.).=/^-J 
r  w 


That  is,      (1  +  «)•  =  1  + 


V 

llJ 


«  + 


a:*  + 


12.  Negative  Exponents,  Integral  or  Fractional.  —  In  (1),  Art. 
10,  let  m  =  —  n. 

We  then  have    /(-  w)  x  /(n)  =/(w  -  n)  =/(0)  =  1, 
since  /(O)  =  1  +  0  •  a?  -f  •••  =  1. 


Therefore 


wr"--"- 


(1) 


Since  n  is  a  positive  integer  or   fraction,   (1  +  aj)"=/(n), 
and  (1)  becomes 

j^^  =/(-  «),  or  (1  +  ^)-  =/(-  n). 
That  is,  (l+a;)-=l+^~")x  +  r~"y+.... 
13.  Bxpansimi  of  (a  +  A)".  —  We  have 

(a  +  6)"  =  [«(l+^)]=a-(l+^):  (1) 

and  (a  +  b)'  =[&  (l  +  ^)]  =  b-  (l  + 1)"  (2) 
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When  b  is  numerically  less  than  a, 

and,  by  (1)  above, 

(aO,-«-[.^(^^(-)^...] 

=  a-  +  (f\a--'b  +  (iy-''V  +  ....      (3) 

In  a  similar  way  it  can  be  shown  that,  when  a  is  numerically 
less  than  6, 

(a  +  by  =  b-^^fjb'^-'a  +  f'^b^'a'  +  ....       (4) 

Notice  that  when  n  is  a  fraction  or  negative,  formula  (3)  or 
(4)  must  be  used  according  as  a  is  numerically  greater  or  less 
than  b, 

14.   Ex.     Expand  -r-- 7-7-  to  four  terms. 

^(a  —  4  b^) 

If  we  assume  a  >  4  6*,  we  have,  by  (3),  Art.  13, 

i -  =  (rt-46«)-i  =  a-l  +  (-i)a-*(-46>) 

4.ZLiI=i)a-i(-46«)« 

+  ZlKziJiJtJ)  a-V  (- 4  W  + — 
1.2.3  ^  ^ 

^   1  4y         32  6^  8966^ 

</a "^  3 a^a  "^  9  a'^a  "^  81  a»^a  ^  ""' 

If  a  <  4  6*,  we  should  have  used  (4),  Art.  13. 

Any  particidar  term  can  be  written  as  in  Ch.  XXII.,  Art.  9. 
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15.   Extraction  of  Roots  of  Numbers.  — Ex.     Find  ^17  to  four 
decimal  places.     We  have 

V17=V(16  +  1)  =  4(1  +  tV)* 

=  4  (1  +  .03125  -  .00049  +  .00002 ) 

=  4x1.03078  =  4.12312. 
Therefore  ^17  =  4.1231,  to  four  decimal  places. 

BXEBCISBS. 

Expand  to  four  terms : 

1.   (l-fa)i               2.   (1-a;)-^  3.  (1 -»)-«. 

4.    (l+aO*.                5.    (1+a:)-^  6.  (1-2^-1 

7,    (ar^  +  y)-!              a   {x-^yY*,  '  9.  (27  +  6a;)i 

10.    (8a8-36)i.        11.   (34-2ir)*.  12.  (5a«"36»)"*. 

13.    — —^ ^.           14.      1 15.                 1 


Find  the 

16.   4th  term  of  (1 -^  2  aj)i.         17.   6th  term  of  (1 -f  »%"*)-». 

18.  5th  term  of  (x^  —  a?"" V)~*. 

19.  8th  term  of  (aV^  -  2  6^a)"* 

20.  A;— 5th  termof  (l-haV)-*- 

21.  2  fcth  term  of  [a:*  —  V(^)]*- 
Find  to  four  places  of  decimals  the  values  of: 

22.  V^-       23.   V27.       24.  ^35.       25.  ^700.        26.  ^26& 
27.   Find  the  term  in  (3  aj^  —  ^y)^  containing  m?. 

23.  Find  the  term  in  [  a  + j      containing  a"^". 


CHAPTER  XXVIII. 

LOGARITHMS. 

1.  A  value  of  x  can  always  be  found  to  satisfy  an  equation 
of  the  form 

10«  =  n, 

wherein  n  is  any  real  positive  number.     E.g.,  when  n  =  10, 
'»  =  !,  when  n  =  100,  a?  =  2,  when  n  =  1000,  a;  =  3,  etc. 
The  proof  of  this  principle  is  beyond  the  scope  of  this  book. 
When  n  is  not  an  integral  power  of  10,  the  value  of  x  is  irrar 
tional,  and  can  be  expressed  only  approximately.     Thus,  when 
n  =  24,  the  corresponding  value  of  x  has  been  found  to  be 
1.38021  •••,  to  five  decimal  places;  or 
lOiJBoa-  ^  24. 

A  value  of  x  is  called  the  logarithm  of  the  corresponding 
value  of  n,  and  10  is  called  the  base. 

In  general,  a  value  of  x  which  satisfies  the  equation  6"  =  w, 
is  called  t?ie  logarithm  of  n  to  the  base  b. 

E.g,,  since  2*  =  8,  3  is  the  logarithm  of  8  to  the  base  2; 
since  10^  =  100,  2  is  the  logarithm  of  100  to  the  base  10. 

The  Logarithm  of  a  given  number  n  to  a  given  base  b  is,  there- 
fore, the  exponent  of  the  power  to  which  the  base  b  must  be 
raised  to  produce  the  number  n. 

2.  The  relation  b'  =  a  is  also  written  x  =  log^  a,  read  x  is 
the  logarithm  of  a  to  the  base  b.    Thus, 

2«  =  8      and  3  =  log28, 

10^  =  100  and  2  =  logwlOO, 

are  equivalent  ways  of  expressing  one  and  the  same  relation. 

412 
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3.  The  theory  of  logarithms  is  based  upon  the  idea  of 
representing  all  positive  numbers,  in  their  natural  order,  as 
powers  of  one  and  the  same  base. 

Thus,  4,  8, 16,  32,  64,  etc.,  can  all  be  expressed  as  powers  of 
a  common  base  2 ;  as  4  =  2*,  8  =  2*,  16  =  2*,  etc.  Since,  also, 
all  the  numbers  intermediate  between  those  given  above  can 
be  expressed  as  powers  of  2,  the  exponents  of  these  powers 
are  the  logarithms  of  the  corresponding  numbers. 

The  logarithms  of  all  positive  numbers  to  a  given  base  form 
what  is  called  a  System  of  Logarithms.  The  base  is  then  called 
the  base  of  the  system. 

It  follows  from  Art.  1,  that  any  positive  number  except  1 
may  be  taken  as  the  base  of  a  system  of  logarithms. 

BXEBCISBS  I. 
Express  the  following  relations  in  the  language  of  logarithms : 
1.   5«  =  25.         2.y0«  =  32.         3.   7»  =  343.         4.   3^  =  2187. 

Express  the  following  relations  in  terms  of  powers : 
5.  log881=4.      6.  log981=2.      7.  log464=3.      8.  log864=6. 

Determine  the  values  of  the  following  logarithms : 
9.   log2  32.  10.   log,  128.         11.  log2.5.  12.   log2.25. 

13.   log4  64.  14.  loge4  8.  15.  log2.125.        16.   log, .04. 

To  the  base  16,  what  numbers  have  the  following  logarithms  ? 
17    0.  la   f  19.    -2.  '  20.   f.  21.    -J. 

Principles  of  Logarithms. 

4.  The  logarithm  of  1   to  any  base  is  0.     For  6®  =  1,  or 

iog,i  =  o. 

5.  TJie  logarithm  of  the  base  itself  is  1.  For  b^  =  6,  or 
logj6  =  l. 

6.  The  logarithm  of  a  prodvM  is  equal  to  the  sum  of  the  loga- 
rithms of  Us  factors;  or, 

log6 (m  xn)  =  logtm  +  logtn. 
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Let  logjm  =  aj  and  logjn  =  y5 

then      b'  =  m  and  l^  =  n,  and  therefore,  mn  =  6*6"'  =  b*^'. 
Translated  into  the  language  of  logarithms,  this  result  reads 
logj(mn)  =  a?  +  y. 
But  x^log^m  and  y  =  log^n, 

and  consequently 

logj(mn)  =  logj  m  +  log^  n, 

for  all  positive  values  of  b. 

This  result  may  be  readily  extended  to  a  product  of  any 
number  of  factors.     For, 

logj(mnp)  =  logj(mn)  -f  log^p  =  logj  m  +  logj  n  +  log^p. 

And,  in  like  manner,  for  any  number  of  factors. 

E,g,     Given  logs 32  =  5,  and  logj64  =  65  what  is  the  loga- 
rithm of  2048  to  the  base  2  ? 
Since  2048  =  32-64,  we  have 

logs  2048  =  log232  +  log2  64  =  5  +  6  =  11 

7.    The  logarithm  of  a  quotient  is  equal  to  the  logarithm  of  the 
dividend  minus  the  logarithm  of  the  divisor;  or, 

logft  (/n  -5-  /i)  =  logft  m  —  log^/i. 

Let  logj  m  =  x  and  log^  n  =  y ; 

then  b'^m  and  b^  =  n^  and  therefore  m-5-n  =  6*-i-6'  =  6*^. 

In  the  language  of  logarithms  the  last  equation  is 

log5(m  -f-  n)  =  a;  —  t^  =  logjm  —  log^n, 

for  all  positive  values  of  b. 

E,g,    Given  logs  3  =  1  and  logs  2187  =  7,  what  is  the  loga 
rithm  of  729  to  the  base  3  ? 

Since  ,         729  =  ^2^, 

we  have      loga  729  =  log,  2187  -  logs  3  =  7  - 1 «  6. 
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8.  Both  m  and  n  may  be  products,  or  the  quotient  of  two 
numbers. 

E'9-.    log«,i^=logK,(4x5)-.log,,(9x8) 

=  logM  4  -h  logio  5  -  logio  9  -  logw  8. 

9.  The  logarithm  of  the  reciprocal  of  any  number  is  the  oppo- 
site of  the  logarithm  of  the  number. 

For,  logj  -  =  log4 1  —  logj  n 

n 

=  —  logj  n,  since  logj  1=0. 
E.g.,  log2  4  =  2,  and  log2i  =  -2. 

10.  Tlie  logarithm  of  any  power,  integral  or  fractional,  of  a 
number  is  equal  to  the  logarithm  of  the  number  multiplied  by  the 
exponent  of  the  power;  or 

log/ii''=/ilog/ii. 

Let  logj  m  =  x,  then  b'  =  m. 

Raising  both  sides  of  the  last  equation  to  the  pth  power,  we 
have  ft*"  =  m',  or  logj  {m')  =  pa:  =  />  logj  m. 

E.g.,  If  logj  25  =  2,  what  is  logj  25«  ? 

We  have         logj  25*  =  3  logj  25  =  3  x  2  =  6. 

U.  When  the  exponent  is  a  positive  fraction  whose  numera- 
tor is  1,  this  principle  may  be  conveniently  stated  thus : 

The  logarithm  of  a  root  of  a  number  is  the  logarithm  of  th^ 
number  divided  by  the  index  of  the  root. 

For,  logj  (m«)  =  1  log  m  =  ^-5&iJi. 

E.g.,  If  logy  2401  =  4,  what  is  logy  V^^Ol  ? 

We  have        log,  V2401  =  \  logy  2401  =  i  .  4  =  2. 
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BXEBOISES  II. 


Express  the  following  logarithms  in  terms  of  log  a,  log  6, 
log  Cy  and  log  d : 

.l^f.         .Xo,±.        .^^.         «.,„,(gj. 

^  l.gaV»v<.V.^      ^.og^.       rl^^. 

Express  the  following  sums  of  logarithms  as  logarithms  of 
products  and  quotients. 

a   log  a  +  log  6  — log  c.  9.   log  a  —  (log  &  +  log  c). 

10.  31oga-ilog(6  +  c).      U.  ^ log (1-0;)  + flog (1+4 

12.   21og^  +  31og-.  13.   21oga-|log&+^logc. 


Given     logw  2  =  .30103,    logw  3  =  .47712,    logio5  =  .6 
logio  7  =  .84510,  find  the  values  of  the  following  logarithms, 
to  the  base  10 : 

14.  log  60.  15.   log  6.  16.   log  8.  17.  log  9. 

la  log  12.  19.  log  36.         20.   log  108.       21.   log  4}. 

22.  log2|.  23.   log5f.         24.  .log5f         25.   log  360. 

26.  log  3072.  27.   log  3500.  2a  log  5880. 

29.  logV72.  30.    logVlSO.  31.  logVl'^15- 

Systems  of  Logarithms. 

12.  The  two  most  important  systems  of  logarithms  are: 
(i.)  The  system  whose  base  is  10.     This  system  was  intro- 
duced, in  1615,  by  the  Englishman,  Henry  Briggs. 

Logarithms  to  the  base  10  are  called  Common,  or  Brigs^s's 
Logarithms 
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(ii.)  The  system  whose  base  is  the  sum  of  the  following 
infinite  series. 


^1^1.2 


1.2.3     1.2.3.4 


+ 


The  value  of  this  sum^  which  to  seven  places  of  decimals  is 
2.7182818,  is  denoted  by  the  letter  e. 

Logarithms  to  the  base  e  are  called  Natural  Logarithms; 
sometimes  also  Napierian  Logarithms,  in  honor  of  the  inventor 
of  logarithms,  the  Scotch  Baron  Napier,  a  contemporary  of 
Briggs.  Napier  himself  did  not,  however,  introduce  this  sys- 
tem of  logarithms. 

These  two  systems  are  the  only  ones  which  have  been  gen- 
erally adopted ;  the  common  system  is  used  in  practical  calcu- 
lations, the  natural  system  in  theoretical  investigations.  The 
reason  that  in  all  practical  calculations  the  common  system  of 
logarithms  is  superior  to  other  systems  is  because  its  base  10 
is  also  the  base  of  our  decimal  system  of  numeration. 

The  logarithms  of  most  numbers  are  irrational,  and  thus 
approximate  values  are  used. 


Properties  of  Common  Logarithms. 

13.  In  the  following  articles  the  subscript  denoting  the 
base  10  will  be  omitted. 
We  now  have 

l(f=       1,  orlogl       =0; 

10^=     10,  or  log  10      =1; 

10^=    100,  or  log  100   =2; 

1 108  =  1000,  or  log  1000  =  3 ; 


(a) 


(ft) 


10-^=  .1,  orlog.l  = 
10-«=  .01,  or  log  .01  = 
10-»=  .001,  or  log  .001  = 
10-^  =:  .0001,  or  log  .0001  = 


-1 
-2 
-3 
-4 
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Evidently  the  logarithms  of  all  positive  numbers,  except 
positive  and  negative  integral  powers  of  10,  consist  of  an  inte- 
gral and  a  decimal  part.  Thus,  since  10^  <  85  <  10^,  we  have 
1  <  log  85  <  2,  or  log  85  =  1  +  a  decimal 

14.  The  integral  part  of  a  logarithm  is  called  its  Character- 
istic. 

The  decimal  part  of  a  logarithm  is  called  its  Mantissa. 

15.  Since  a  number  having  one  digit  in  its  integral  part,  as 
7.3,  lies  between  10®  and  10^,  it  follows  from  table  (a)  that  its 
logarithm  lies  between  0  and  1,  i.e.,  is  0+a  decimal.  Since  any 
number  having  two  digits  in  its  integral  part,  as  76.4,  lies 
between  10^  and  10^,  its  logarithm  lies  between  1  and  2,  that  is, 
is  1  +  a  decimal.  In  general,  since  any  number  having  n  digits 
in  its  integral  part  lies  between  10""^  and  10%  its  logarithm 
lies  between  n  —  1  and  «,  t.e.,  is  n  —  1  -f  a  dedw/ol.  We  there- 
fore have : 

(i.)  The  characteristic  of  the  logarithm  of  a  number  greater 
than  unity  is  positive,  and  is  one  less  than  the  number  of  digits  in 
its  integral  part. 

E.g.,  log  2756.3  =  3  +  a  decimal. 

Since  a  number  less  than  1  having  no  cipher  immediately 
following  the  decimal  point  lies  between  10®  and  10"^,  it  follows 
from  table  (6)  that  its  logarithm  lies  between  0  and  —  1,  t.e., 
is  —  1  4-  a  positive  decimal.  Since  a  number  less  than  1  having 
one  cipher  immediately  following  the  decimal  point  lies  between 
10"^  and  10-2,  its  logarithm  lies  between  —1  and  —2,  i.e., 
is  —2-\-a  positive  decimal.  In  general,  since  a  number  less 
than  1  having  n  ciphers  immediately  following  the  decimal 
point  lies  between  lO"**  and  10"^**+^^  its  logarithm  lies  between 
—  n  and  —  (n  + 1),  i.e.,  is  —  (n  +  1)  +  a  positive  decimal.  We 
therefore  have : 

(ii.)  Hie  characteristic  of  the  logarithm  of  a  number  less  than 
1  is  negative,  and  is  numerically  one  greater  than  the  number  of 
ziphers  immediately  following  the  decimal  point. 

E.g.,  log  .00035  =  —  4  +  a  positive  decimal. 


13-18]  LOGARITHMS.  419 

It  follows  conversely  from  (i.)  and  (ii.) : 

(iii.)  If  the  cJiaractenstic  of  a  logarithm  be  -i-n,  there  are  n+1 
digits  in  the  integral  part  of  the  corresponding  number, 

(iv.)  If  the  characteristic  of  a  logarithm  be  —  n,  there  are  n—1 
ciphers  immediately  following  the  decimal  point  of  the  correspond- 
ing number, 

16.  It  has  been  found  that  538  =  IQF^^  to  five  decimal 
places,  or  log  538  =  2.73078.     We  also  have 

log  .0538  =  log  y^f f^  =  log  538  -  log  10000  =  2.73078  -  4 

=  .73078-2; 
log 5.38  =  log |88  =  log 538  -  log  100  =  2.73078  -  2 

=  .73078; 
log  63800  =  log  (538  x  100)  =  log  538  +  log  100 

=  2.73078  +  2  =  4.73078. 

These  examples  illustrate  the  following  principle : 

If  two  numbers  differ  only  in  the  position  of  their  decimal 

points,  their  logarithms  have  different  characteristics  but  the 

same  positive  mantissa. 

17.  The  characteristic  and  the  mantissa  of  a  number  less 
than  1  may  be  connected  by  the  decimal  point,  if  the  sign  (— ) 
be  written  over  the  characteristic  to  indicate  that  the  character- 
istic only  is  negative,  and  not  the  entire  number. 

Thus,  instead  of  log  .00709  =  .85065  -  3  =  -  3  +  .85065,  we 
may  write  3.85065;  this  must  be  distinguished  from  the  ex- 
pression —  3.85065,  in  which  the  integer  and  the  decimal  are 
both  negative.     Similarly, 

log  .082  =  2.91381,  while  log  820  =  2.91381. 

Five-Place  Table  of  Logarithms. 

18.  The  logarithms,  to  the  base  10,  of  a  set  of  consecutive 
integers  have  been  computed. 

In  tabulating  these  logarithms^  compactness  is  important. 


t 
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For  this  reason,  all  unnecessary  detail  is  omitted.  Since  the 
characteristic  of  the  logarithm  of  any  number  can,  as  we  have 
seen,  be  determined  by  inspection,  it  is  unnecessary  to  write  it 
with  the  mantissa  in  the  table.  Consequently,  only  the  man- 
tissas, without  the  decimal  points,  are  there  given. 

Neither  is  it  necessary  to  give  the  logarithms  of  decimal  . 
fractions,  since  their  mantissas  are  the  same  as  the  mantissas 
of  the  numbers  obtained  by  omitting  the  decimal  point. 

The  logarithms  may  be  carried  to  any  number  of  decimal 
places,  and  the  extent  to  which  they  are  cai-ried  depends  upon 
the  degree  of  accuracy  required  in  their  use. 

19.  The  accompanying  five-place  table  gives  the  mantissas 
of  the  logarithms  of  all  consecutive  integers  from  1  to  9999 
inclusive. 

In  this  table  the  first  three  figures  of  each  number  are 
given  in  the  column  headed  N,  and  the  fourth  figure  in  the 
horizontal  line  over  the  table.  The  first  figure,  which  is  the 
same  for  all  numbers  in  a  given  column,,  is  printed  in  every 
tenth  number  only. 

The  columns  headed  0,  1,  2,  3,  etc.,  contain  the  mantissas, 
with  decimal  points  omitted. 

In  the  column  headed  0,  when  the  first  two  figures  are  not 
printed,  they  are  to  be  taken  from  the  last  mantissa  above 
which  is  printed  in  full. 

In  the  columns  headed  1,  2,  3,  etc.,  the  last  three  figures 
only  are  printed ;  the  first  two  are  to  be  taken  from  the  column 
headed  0  in  the  same  horizontal  line. 

When  a  star  is  prefixed  to  the  last  three  figures  of  a  man- 
tissa, the  first  two  figures  are  to  be  taken  from  the  line  below. 

To  Find  the  Logarithm  of  a  Given  Number. 

20.  When  the  Number  consists  of  Four  or  Fewer  Figures.— 
Take  the  mantissa  that  is  in  the  horizontal  line  with  the  first 
three  figures  and  in  the  column  under  the  fourth  figurei  of  the 
given  number 

Determine  the  characteristic  by  Art.  15. 
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Ejg.,  log  2683  ==3.41212,  log  46.32  =  1.66677. 

In  writing  logarithms  with  negative  characteristics  it  is 
customary  to  modify  the  characteristics  so  that  10  is  uniformly 
subtracted  from  the  logarithms. 

Thus,        2.46926  =  .46926  -  2  =  8.46926  - 10 ; 

4.37062  =  .37062  -  4  =  6.37062  - 10. 

That  IS;  we  add  10  to  the  negative  characteristic,  and  write 
— 10  after  the  logarithm. 

log  .6767  =:  9.76020  - 10,  log  .02768  =s  8.44217  -  10. 

Observe  that  the  first  two  figures  of  the  mantissa  of  log 
.6767  are  taken  from  the  line  below,  in  accordance  with  the 
directions  in  Art.  19. 

If  the  given  number  consists  of  fewer  than  four  figures, 
annex  ciphers  until  it  has  four  figures,  in  taking  the  mantissa 
from  the  table. 

E.g.y   mantissa  of  log  78  =  mantissa  of  log  7800  » .89209, 
and  log  78  =  1.89209, 

In  like  manner, 

log  683  =  2.76667,  log  .02  =  8.30103  - 10. 

2L  When  the  Number  consists  of  more  than  Four  Significant 
Figures.  —  The  method  used  is  called  interpolation,  and  depends 
upon  the  following  property  of  logarithms : 

The  difference  between  two  logarithms  is  very  nearly  propor- 
tional to  the  difference  between  the  corresponding  numbers  when 
this  difference  is  small. 

The  error  made  by  assuming  that  these  differences  are 
exactly  proportional  will  be  so  small  that  it  may  be  neglected 

Ex.  1.    Find  log  27846. 

Omitting,  for  the  moment,  the  decimal  points  from  the 
mantissas,  we  have 

mantissa  of  log  27860  =  44483, 

mantissa  of  log  27840  =  44467, 

difference  of  mantissas  a       1& 
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Let  X  stand  for  the  difference  between  the  mantissas  of  log 
27845  and  log  27840 ;  that  is,  for  the  correction  to  be  added  to 
the  smaller  mantissa  to  give  the  required  mantissa. 

Then,  by  the  above  property, 

X  ^27845-27840^5  ^  - 
16     27850-27840     10     '' 
Whence  a:  =  .5x  16  =  8. 

Therefore,  mantissa  of  log  27845  =  44467  +  8  =  44476, 
and  log  27845  =  4.44475. 

Observe  that,  by  Art.  16,  the  mantissa  of  log  27850  is  the 
same  as  the  mantissa  of  log  2785.  In  subsequent  work  such 
ciphers  will  be  omitted. 

The  method  can  now  be  stated  more  concisely  for  practical 
work: 

Siibtract  the  mantissa  corresponding  to  the  first  four  figures  of 
the  given  number  from  the  next  mantissa  in  the  table  ;  multiply 
this  difference  by  the  remaining  figure  or  figures  of  the  given 
number^  treated  as  a  decimal ;  add  the  product  to  the  first  (and 
smaller)  mxuntissa. 

Prefix  finally  the  proper  characteristic. 

In  thus  finding  the  mantissa,  a  decimal  point  in  the  given 
number  is  ignored,  in  accordance  with  Art.  16. 

The  difference  between  two  consecutive  mantissas  in  the  table 
is  called  the  Tabular  Difference. 

Ex.2.  Find  log  78.1283. 
•  We  have   mantissa  of  log  7813  =  89282, 
mantissa  of  log  7812  =  89276, 
tabular  difference  =s         6, 

correction  =  .83  x  6  =  4.98, 
mantissa  of  log  781283  =  89276  +  5  =  8928L 
Therefore  log  78.1283  =  1.89281 

Observe  that  the  correction  added  to  the  mantissa  of  log 
7812  is  5,  the  nearest  integer  to  4.98 
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22.  In  the  table  of  logarithms  a  column  containing  the 
required  corrections  (head  Pp.  Pts.,  i.e.,  proportional  parts)  is 
given.  In  this  column  there  are  several  small  tables,  each  con- 
taining two  columns  of  numbers.  One  of  these  columns  consists 
of  the  consecutive  numbers  1  to  9 ;  the  other,  headed  by  a  tabu- 
lar difference,  contains  the  correction  corresponding  to  each  one 
of  the  figures  1  to  9,  when  it  is  the  fifth  figure  of  the  number 
whose  logarithm  is  required.  When  it  is  the  sixth  figure,  the 
corresponding  tabular  correction  must  evidently  be  divided  by 
10 ;  when  it  is  the  seventh  figure,  by  100 ;  and  so  on. 

Thus,  in  Ex.  1  of  the  preceding  article,  we  take  the  correc- 
tion opposite  5,  under  the  tabular  difference  16,  and  obtain  8, 
as  before. 

In  Ex.  2,  we  take  the  following  corrections  from  the  column 
headed  by  the  tabular  difference  6 : 

for  8,  correction  =  4.8 

for  3,  correction  =  0.18 

final  correction  =  4.98,  as  before. 

Observe  that  the  correction  for  the  sixth  figure  of  the  given 
number  does  not  affect  the  result. 

Ex.3.   Eind  the  log  .0128546. 
We  have         mantissa  of  log  1286  =  10924, 
mantissa  of  log  1285  =  10890, 
tabular  difference  =       34. 

From  the  column  of  proportional  parts  headed  by  34,  we 

obtain : 

correction  for  fifth  figure  4  =  13.6 

correction  for  sixth  figure  6  =   2.04 

total  correction  =  15.64 

Therefore,  mantissa  of  log  128546  =  10890  + 16  =  10906, 

and  log  .0128546  =  8.10906  - 10. 

Observe  that  in  this  example  the  correction  for  the  sixth 
figure  does  affect  the  result. 
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BXEIBCISES  III. 
Verify  the  following  statements : 
1.  log  13  =  1.11394.  2.  log  14.84  =  1.17143. 

3.  log  73000  =  4.86332.  4.  log  6884.4  =  3.76970 

5.  log  .031686  =  8.49949 -10. 

6.  log  .00391867  =  7.69313  - 10. 

Find  the  logarithms  of  each  of  the  following  numbers; 
7.   6.  8.   18.  9.  640.  10.   3876. 

11.   2076.  12.   69.80.         13.  1.87.  14.   .01832. 

15.  .0004129.     16.   63072.         17.  69.836.      la    4376.4. 
19.   .070618.  20.186462.  21.   .00103987. 

To  find  a  Number  from  its  Logarithm. 

23.  Bfantissa  given  in  the  Table.  —  If  the  mantissa  of  the 
given  logarithm  is  found  in  the  table,  the  first  three  figures 
of  the  required  number  will  be  in  the  saiae  line  with  it  in  the 
column  headed  N,  and  the  fourth  figure  over  the  column  in 
which  the  given  mantissa  stands. 

The  characteristic  is  determined  by  Art.  16  (iii.)  and  (iv.). 

Ex.  1.  Find  the  number  whose  logarithm  is  4.82099.  The 
mantissa  .82099  corresponds  to  the  number  6622;  but  since 
the  given  characteristic  is  4,  the  required  number  most  have 
five  integral  places. 

Consequently  4.82099  =  log  66220. 

Ex.  2.  Find  the  number  whose  logarithm  is  8.78625  - 10. 
The  mantissa  .78626  corresponds  to  the  number  6113;  but 
since  the  characteristic  is  —  2,  the  required  number  must  be 
a  decimal  having  its  first  significant  figure  in  the  second  deci- 
mal place. 

Consequently         8.78626  - 10  =  log  .06113. 

24.  Mantissa  not  given  in  the  Table.  —  The  method  employed 
is  the  converse  of  that  used  in  Art.  21  to  find  the  logarithms  of 
numbers  that  consist  of  more  than  four  significant  figures. 
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Ex.  1.  Find  the  number  whose  logarithm  is  2.81727. 
We  have 

given  mantissa  =  81727 ; 
next  smaller  mantissa  =s  81723^  corresponding  number  =  6565 ; 
next  larger  mantissa  =  81730;  corresponding  number  =  6566. 

Let  X  stand  for  the  difference  between  6565  and  the  required 
number;  that  is,  for  the  correction  to  be  added  to  6565. 
We  then  have 

X  81727-81723   _  a?     4  ' 


6566-6565     81730-81723'        1     7 

corrected  for  the  first  decimal  place.  Kotice  that  the  signifi- 
cance of  the  decimal  point  in  the  result  is  that  the  correction 
is  to  be  annexed  as  an  additional  figure  to  the  smaller  number. 

Therefore,  the  figures  in  the  required  number  are  65656 ;  and 
since  the  characteristic  of  the  given  logarithm  is  2,  there  are 
only  three  integral  places.    Hence  2.81727  =  log  656.56. 

This  process  may  also  be  stated  concisely  for  practical  work : 

Take  the  mantissa  next  smaller  and  the  mantissa  next  larger 
than  the  given  mantissa^  and  note  the  numbers  corre»poinding ; 
next  divide  the  difference  between  the  given  mantissa  and  the  next 
wnaMer  by  the  difference  between  the  next  larger  and  the  next 
smaller.  Annex  the  quotient  to  the  number  corresponding  to  the 
smaller  mantissa,  neglecting  the  decimal  point  of  the  quotient. 

PUice  the  decimal  point  in  the  number  thus  obtained  as  it  is 
detei^ned  by  the  given  characteristic. 

Ex.  2.   Find  the  number  whose  logarithm  is  7.18281  — 10. 
We  have 

given  mantissa  =  18281 ; 
next  smaller  mantissa  =  18270,  corresponding  number  =  1523 ; 
next  larger  mantissa  =  18298,  corresponding  number  =  1524. 
Hence  the  correction  to  be  annexed  to  1523  is 

18281  - 18270    ^11    ^39  . 
18298-18270'      28'      *      "^ 
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Therefore  the  figures  of  the  required  number  are  152339; 
and  since  the  characteristic  of  the  given  logarithm  is  —3, 
there  must  be  two  ciphers  between  the  decimal  point  and  the 
first  significant  figure. 

Consequently    7.18281  - 10  =  log  .00r52339. 

In  general,  in  using  a  five-place  table,  the  numbers  corre- 
sponding to  given  mantissas  should  be  carried  to  only  five 
significant  figures,  as  in  Ex.  1. 

But  with  mantissas  in  the  first  two  pages  of  the  table,  the 
corresponding  numbers  may  be  carried  to  six  figures.  The 
reason  being  that  the  tabular  differences  later  become  so  small 
that  the  correction  for  a  sixth  figure  will  not  in  general  affect 
the  result.     Scq  Exx.  2-3,  Art.  22. 

25.  The  correction  to  be  added  to  the  number  corresponding 
to  the  next  smaller  mantissa  may  also  be  taken  from  the 
column  of  proportional  parts. 

In  this  column  turn  to  the  table  headed  by  the  number 
which  is  equal  to  the  difference  between  the  next  larger  and 
the  next  smaller  mantissa.  As  the  first  figure  of  the  correc- 
tion take  the  figure  in  this  table  which  is  opposite  the  pro- 
portional part  nearest  to  the  difference  between  the  given 
mantissa  and  the  next  smaller  mantissa. 

If  a  second  figure  in  the  correction  is  to  be  found,  we  should 
take  as  the  first  figure  that  figure  which  is  opposite  the  pro- 
portional part  next  smaller  than  the  difference  between  the 
given  mantissa  and  the  next  smaller. 

Multiply  by  10  the  difference  between  the  proportional  part 
already  used  and  the  difference  between  the  given  mantissa 
and  the  next  smaller,  and  take  the  product  as  a  proportional 
part  in  determining  the  second  figure  of  the  correction ;  and 
so  on. 

Thus,  in  Ex.  1  of  the  preceding  article,  we  turn  to  the 
column  headed  by  the  tabular  difference  7.  The  proportional 
part  in  this  table  that  is  nearest  to  4  (the  difference  between 
the  given  mantissa  and  the  next  smaller)  is  4.2 ;  the  numbei 
opposite  4.2  is  6,  the  correction  previously  obtained. 
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In  Ex.  2,  we  turn  to  the  column  headed  by  the  tabular  differ- 
ence  28.  The  proportional  part  next  smaller  than  11  (the 
difference  between  the  given  mantissa  and  the  next  smaller) 
is  8.4;  the  figure  opposite  8.4  is  3,  the  first  figure  of  the 
correction. 

We  next  multiply  2.6  (=11-8.4)  by  10,  and  take  the 
product  26  as  a  proportional  part.  The  figure  opposite  25.2 
(nearest  to  26)  in  the  column  headed  by  28  is  9,  the  second 
figure  of  the  correction.  Therefore,  the  required  correction  is 
found  to  be  39,  as  before. 

BXEBOISES  XV. 

Verify  the  following  statements : 

1.  log  a:  =  3.14926,  a;  =  1410.13. 

2.  log  a;  =  1.59187,  a;  =  39.073. 

3.  log  a;  =  .34159,  a;  =  2.1958. 

4.  log  X  =  9.57187  - 10, .  a?  =  .37314. 

5.  log  a;  =  7.83957 -10,   a?  =  .0069116. 

6.  log  a;  =  6.18953 -10,    a;  =  .00015471. 

Find  the  numbers  whose  logarithms  are : 

7.  2.26150.                 8.   .59726.  9.  8.94666-10. 

10.   3.88825.                U.   6.19815.  12.  6.72576-10. 

13.  4.98880.               14.   1.68417.  15.  9.23360-10. 

CologarithmB. 
26.   The  Cologarithm  of  a  number,  or,  as  it  is  sometimes 
called,  the  Arithmetical  Complement  of  the  logarithm,  is  de- 
fined as  the  logarithm  of  the  reciprocal  of  the  number. 

That  is,  colog  n  =  log  -  =  log  1  —  log  «  =  0  —  log  n. 
n 

We  thus  see  that  the  cologarithm  of  a  number  is  obtained 

by  subtracting  its  logarithm  from  0.     But  this  step  would 

leave  the  mantissa  as  well  as  the  characteristic  negative.     To 

avoid  a  negative  mantissa,  therefore,  we  subtract  the  logarithm 

from  10  —  10,  =  0. 
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Ex.  1.  Find  the  colog  3. 

Subtracting  log  3, =.47712,  from  10  — 10,  we  have 
10.  -10 

.47712 
9.52288-10 
Therefore  colog  3  =  9.52288  - 10. 
Ex.  2.  Find  colog  .0054. 

Subtracting  log  .0064,  =  7.73239  - 10,  from  10  - 10,  we  have 
10,  - 10 

7.73239  - 10 
2.26761 
Therefore  colog  .0054  =  2.26761. 

BZBBOISBS  V. 

Verity  the  following  statements : 

1.  colog  543         =  7.26620 -la 

2.  colog  72.318  =8.14075-10. 
a  colog  8.9134  z=  9.04996 -10. 
4.  col(« .38145     =.41866. 

8.  colog  .061984   =1.28413. 

6.  colog  .0091437  =  2.03887. 
Find  the  cologarithm  of  each  of  the  following  numbers: 

7.  6817.  a  .6306.  9.  .009812.      la  763.85. 

11.  16.482.        12.  7.00386.        13.  .000694.      14.  82581.9 

AppUoatlons. 
27.  Ex.  1.  Compute  the  value  of  x,  when 
«  =  53.847  X. 0086965. 
log  a;  =  log  63.847  +  log  .008696S. 

log  63.847  =  1.73117 
log  .0086965 = 7.93433-10 
log  »=  9.66650 -10 
«  =  . 46291. 
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Ex.  2.  Compute  the  value  of  x,  when 
a?  =  8.4394-8- .31416. 
log  X  =  log  8.4394  -I-  colog  .31416. 

log8.4394=   .92631 

colog  .31416=   .50285 

logo:  =  1.42916 

0?  =  26.863. 

Ex.  3.  Compute  the  value  of  x,  when 

6.4319  X  .59218 
7.9254  X  .062547* 
log  x  =  log  6.4319  -f-  log  .59218  +  colog  7.9254  +  colog  .062647 
log  6.4319=     .80834 
log  .59218=   9.77246-10 
colog  7.9254=   9.10098-10 
colog  .062547  =   1.20379 

log  a?  =  20.88557 -20 
=     .88557. 
a?  =  7.6837. 

'  Ex.  4.  Find  the  value  of  x,  when 

a:  =  .5318\ 
log  a?  =  4  log  .5318 

=  4(9.72575-10) 
'.=  38.90300-40 
s=   8.90300-10. 
X  =  .079983. 

Ex.  5.  Find  the  value  of  {/-  .031459. 

Since  a  negative  number  cannot  be  expressed  as  a  power  of 
4-10,  such  a  number  does  not  have  a  logarithm.  In  this 
example,  therefore,  and  in  all  similar  examples,  we  first  deter- 
mine the  sign  of  the  result.  We  then  find  the  value  of  the 
expression  obtained  by  changing  each  sign  —  to  -J-,  9Xiii  to  ths^it 
result  prefix  the  sign  previously  determined. 
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The  sign  of  the  resnlt  of  this  example  is  — 

Let  a!=4/.031459. 

Thea  log  » is  ^  log  .031459 

a  1(28.49775 -30) 

->  9.49925 -10, 

and  e  SB  .31568. 

.  Therefore,  the  required  result  is  —  .31568.  . 

Observe  that  in  dividing  log  .031459  by  3,  we  first  modified 
the  characteristic  so  that  the  number,  30,  which  is  subtracted 
from  the  logarithm  is  10  times  the  divisor;  that  is,  so  that  the 
quotient  obtained  by  dividing  this  number  by  3  is  10. 

Ex.  6.  Compute  the  value  of  x,  when 

45921  x-^/.021946, 
.069318  X  .41587* 

log  •«  log  45921  +  i  log  .021946  +  colog  .069318 

+  3colog.41687. 

log  45921  =r     .66201 

I  log  .021946  =  t(28^135  -  30)  =  9.44712  - 10 

colog  .059318=:  1.22681 

3  oolQg  .41587  =  3  X  .38104  =  1.14312 

log*  =  12.47906 -10 
=  247906. 
«  =  301.34. 

Ex.  V.  Compnte  the  value  of  x,  when 

i.4318  X  V.31469 
.1938  X  .2934» 

For  convenience  in  arranging  the  logarithmic  work,  we  first 
enbe  both  members  of  this  equation,  and  obtain 

._  5.4318  xV.31459  «) 

71938  x  .2934»  ' 
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Taking  logarithms,  we  have 

3\ogx  =  log  5.4318  +  ^  log  .31469  +  colog  7.1938 

+  2colog.2934.      (2) 

In  practice,  step  (1)  should  be  performed  mentally,  and  the 
result  (2)  be  at  once  written. 

log  5.4318=  .73494 

J  log  .31459  =  i  (19.49776  -  20)  =  9.74887  -  10 

colog  7.1938=  9.14304-10 

2  colog  .2934  =  2  X  0.53264  =  1.06508 

8  log  a;  =  20.69193 -20 
=  .69193. 
logic  =.23064. 
«  =  1.70076. 

BZBBOISBS  VI. 

Find  tiie  values  of  each  of  the  following  expressions : 

1.  31.834x186.592.  2.  8.0043  x  .5319. 

a  .004893x6.6942.  4.  (- .0514)  x  .123857. 

jrS  1639  19.7939 

347*  78396*  '    3892.7* 

-    380.14  x  f-  .0576)  .    (-  9.7408)  x  .000396 

7.3792 

J.    5.83  X  91.368  „ 

.00479      ' 

4.9  x(- 306)  X  48.3 
■    100.088  X  2.9  X  .081  '   (-10.236)  X  .07  x  .0031 

14.   7.0435*.  15.  .31844*  16.   2.3817». 

17.  (3.68  X. 97)*.  18.   (.7918  X  8.17)». 

y 

19.   [.034  x(- 4.9738)]*.  20.  (17.19  X  .00001986)* 


36.937 

67.13 

X  9.0047 

5.382 

X  .07235 

.79: 

X  891.3  X. 00099 
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21.  ^3.  22.  ^-261.  23.   ^39.837. 

24.  ^163.4»  25.  ^.31492«.  26.    ^1.0031. 

27.  ^If  28.  </H.  29.  ^^. 
30.  l</f  31.  2i</f  32.  Ti^f 
33.  (.74^8.21)^                      34.   (6.21^.3817)«. 

35.  1^-6  X -^17.  36.  3f</.38x  ^7.3816. 

37.  ^(.26V3).  38.  ^(112.34-^.003914). 

39.  ^(17.2.«/.718).  40.  ^(-23-;/.18943). 

41.  6.341^(27.39^.1439).  42.  23.491*:^(.18</17.3). 

6/3.19^-9.2614  q.,  t/.1934^.13945 

•    \  .519f^in.3S  '  •   ''•     \  583.5V27.3 

Exponential  Equations. 

28.  An  Exponential  Equation  is  an  equation  in  which  the 
unknown  number  appears  as  an  exponent  of  a  known  or  an 
unknown  number,  as  a"  =  6. 

Ex.  1.    Solve  the  equation    3'  =  9. 

Taking  logarithms,  a  log  3  =  log  9  ==  2  log  3. 

Hence  x  =  2. 

This  result  could  have  been  obtained  by  inspection,  by 
writing  the  given  equation  3*  =  3*. 

Ex.  2.   Find  the  value  of  x  in  3'  =  5. 

3-=6; 
taking  logarithms,  a;  log  3  =  log  5 ; 

whence  «  =  l2£|  =  :^= 1.46497. 

logs     .47712 
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Ex.  3.  Find  the  value  of  a;  in  the  following  equation 

taking  logarithms,  (3  a?  + 1)  log  2  =  (2  a?  —  1)  log  7. 

Removing  parenthesis,  3  a;  log  2  -f-  log  2  =  2  a;  log  7  —  log  7, 

or  a  (3  log  2  -  2  log  7)  =  -  log  7  -  log  2 ; 

whence  «=    log7  +  log2 

2  log  7  -  3  log  2 

^  .84510  -h  .30103 
1.69020 -.90309 

.78711 

B2XBBCISBS  Vn. 

Solve  the  following  exponential  equations : 

1.  2-  =  64.                      2.  3'  =  81.               3.  2-i  =  i»*^. 

4.  (-8)-=  16.              5.  4*»-i  =  .5-«.         6.  4»  =  8. 

7.  8' =32.                       8.  6-  =  (V5)-^         9.   4'+i=8.2'+* 

10.  25**"^  =  625 .  5*+^                  U.   7v^(*-'>  =  343-* .  49v'<«-s>. 

12.  27v^(-«>  =  ( V3)VC+3).             13    ^^11-.  ^^8-.^ 

14.   -^a-+*  =  Va""*.  15.   V«^""-^>/«^''xa*=l 

16.    (t)'=25.  17.   Q-)«-^=64. 

^'  (ay'^^^iW'*'         19-  (i)*-'=.75«-*'. 

20.   4«-6.2'  +  8  =  0.  21.  9*4-243  =  36.3*. 

22.    3»««'  =  9.  23.  5»««^  =  625.  24.    Iff^KS- =  32»<«-. 

25    5*  =  10.  26.  16' =  45.      27.   11*  =  310. 

2a   25«=10.  29.  7*  =  300.      30.  3.594»  =  359600. 

31.    ^9.8926  =  1.29.  32.  5«  =  7« ".      33.  a^*  =  ^3. 

34.   5»+«=1000.  35.  7'+*  =5.       36.   1.58'-'=  9.847. 

37.   5'+*=ll'-^  38.  3'+^=7"+«. 

39.   31'+«  =  25'+^  40.  35'+2  =  40»-\ 
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Logarithmic  Equations. 
29.  Ex.1.  Solve  the  equation  J  log  (a;-9)-|- log V(2a:-l)=l 
By  the  principles  of  logarithms,  we  obtain  successively 
log  V(a:  -  9)  +  log  V(2  x  - 1)  =  log  10, 
logV[(^-9)(2a:-l)]=loglO. 
Therefore  V[(^  -  9)  (2  a;  - 1)]  =  10, 

or  2aj2-19aj  +  9  =  100. 

The  roots  of  this  equation  are  13  and  —  J. 
Ex.  2.   Solve  the  equation 

log  (x  + 12)  -  log  a?  =  0.8451  +  log  (6-5  x). 
By  the  principles  of  logarithms, 

log  £±1?  =  log  7  (6  -  5  a),  since  0.8451  =  log  7. 

X 

Consequently  5±l?  =  42-35a,  or  a: -f- 12  =  42  »  -  35  ««. 

X 

The  roots  of  this  equation  are  ^  and  f^. 
Ex.3.  Solve  the  equation  a;^*»«*  =  100  a:. 
Taking  logarithms,  we  obtain 

(log  a:)2  =  log  100 -h  log  a?,  or  (log  a;)*  —  log  a:  =  2. 
Solving  this  equation  as  a  quadratic  in  log  x,  we  obtain 
loga;  =  2,  or  a:=100;  loga?=  — 1,  or  a?  =  ^. 

EXERCISES  VIII. 

Solve  the  following  logarithmic  equations  : 

1.   log  a: -h  log  (a?  +  3)  =  1.        2.   log4  +  2  loga?  =  2. 

3.   log8-h31oga;  =  3.  4.   2  log  a;  =  1 -f- log  (a;  +  H) 

5.  logV(7a:  +  5)+logV(2«  +  3)  =  l-|-logf. 

6.  log(7-9a;)«  +  log(3a;-4)2  =  2. 

7.  log  (x  4- V^)  +  log  (^  —  V^)  =  l^g^  +  log«*  —  log* 

loga^        ^o  log(2a?-3)  ^, 

log(3a;-16)       *  '  log(4a:2-15)      ^' 

10.  log(35-^^3^ 
log  (5  —  a;) 
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Compound  Interest  and  Annuittes. 

30.  To  find  the  compound  interest,  /,  and  the  amount,  A^  of 
a  given  principal,  P^  for  n  years  at  r  per  cent. 

If  the  interest  is  payable  annually,  the  amount  of  $  1  at  the 
end  of  one  year  will  be  1  -f  ^  dollars,  and  the  amount  of  P 
dollars  will  be  P(l  +  r)  dollars.  This  amount,  P(l  +  r),  be- 
comes the  principal  at  the  beginning  the  second  year.  There- 
fore, at  the  end  of  the  second  year  the  amount  will  be 
P(l  -I-  r)  X  (1  +  r),  =  P(l  +  rf   dollars,  and  so  on. 

Therefore,  at  the  enti  of  n  years  the  amount  will  be  P(l  +  r)* 
dollars,  or 

31.  This  formula  can  be  used  not  only  to  find  -4,  but  also 
to  find  P,  r,  or.  w,  when  the  three  other  quantities  are  given. 

Thus, 

A 


P  = 


(l+r)" 


32.  An  Annuity  is  a  fixed  sum  of  money,  payable  yearly,  or 
at  other  fixed  intervals,  as  half-yearly,  once  in  two  years,  etc. 

33.  To  find  the  present  value,  P,  of  an  annuity  of  A  dollars, 
payable  yearly  for  n  years,  at  r  per  cent. 

The  present  worth  of  the  first  payment  is dollars,  of 

A  l-\-r 

the  second  payment  is  — —  dollars,  and,  in  general,  of  the 

A     ^   ■*■  ^) 

nth  payment  is  — —  dollars. 

^  ^  (l+r)» 

Therefore  the  present  worth  of  all  the  payments  is 


"^  n  _I_«.^^■'" 


^l  +  rL^     yl  +  rji 


"      1  +  r 
Multiplying  numerator  and  denominator  by  1  +  r,  we  have 


''    r\}    (l+y)-} 
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Ex.  1.   Find  the  amount  of  $500  for  8  years  at  5%  com- 
pound interest 

-4  =  P(l  +  r)"  =  500  X  1.06^. 

log  A  =  log  500  -h  8  log  1.06. 

log  600  =  2.69897 
8  log  1.06=    .16962 

log  ^  =  2.86049 

^  =  738.73. 

Therefore  the  required  amount  is  %  738.73. 

Ex.  2.   Find  the  present  value  of  an  annuity  of  %  1000  foi 
6  yearS;  if  the  current  rate  of  interest  is  6%. 

p^AV.       1    V  looor      1  1 

rL       (l+r)**]       .06  L       1.06«J 
We  will  first  compute  1.06*, 

log(1.06)«  =  6.  logl.05 
=  6  X  .02119 
=  .12714. 
(1.05)«  =  1.34012. 
We  then  have 

p-  lOOOfi 1      1     20000  X  '^^^ 

^"   .05  Ll.34012j"^^^'' 1:34012' 

log  P  =  log  20000  -I-  log  .34012  +  colog  1.34012. 

log  20000=   4.30103 
log  .34012=    9.53163-10 
colog  1.34012  =   9.87286  -  10 

log  P=  23.70552 -20 

=   3.70562. 

P=5076. 

Therefore  the  present  value  of  the  annuity  is  %  5076 
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BXBBOISBS  IX. 
Find  the  amount  at  compound  interest: 

1.  Of  »3600for6yearsat4J%. 

2.  Of  «1875.60for8year8at5%. 

3.  Of  $  12,350  for  6  years  at  3J%. 

4.  Of  $21,580  for  7  years  4  months  at  4%. 

Find  the  principal  that  will  amount  to : 

5.  $7913  in  5  years  at  5%  compound  interest. 

6.  $14,770  in  10  years  at  4^%  compound  interest 

7.  $11,290  in  8  years  at  4%  compound  interest. 

a  $11,090  in  6  years  6  months  at  3%  compound  interest. 

9.   In  what  time,  at  4%,  will  $8010  amount  to  $  11,400  at 
compound  interest  ? 

10.   In  what  time,  at  ^%y  will  $3530  amount  to  $6023.57,  if 
the  interest  is  compounded  semi-annually  ? 

Find  the  rate  of  compound  interest : 

H.   If  $  1110  amounts  to  $  1640  in  8  years, 

12.  If  $  3750  amounts  to  $  6070  in  14  years. 

Find  the  present  value  of  an  annuity : 

13.  Of  $  1000  for  10  years,  if  the  current  rate  of  interest 
is  4%. 

14.  Of  $  1250  for  8  years,  if  the  current  rate  of  interest  is 

15.  Of  $  2500  for  10  years,  if  the  current  rate  of  interest 
is  5%. 

16.  Of  $  3000  for  12  years,  if  the  current  rate  of  interest 
Is  6%. 


CHAPTER  XXIX. 

PROBABILITY. 

1.  In  this  chapter  we  shall  consider  the  likelihood  that  an 
event,  about  whose  happening  there  is  uncertainty,  will  happen, 
or  fail  to  happen. 

Thus,  if  a  coin  be  tossed  once,  it  may  fall  heads  up,  but  it  is 
not  certain  to  so  fall.  It  may  fall  tails  up.  One  way  of  falling 
is  as  likely  to  happen  as  the  other.  Now,  ^  of  the  whole 
number  of  ways  in  which  a  coin  can  fall  is  heads  up.  It  seems 
natural,  therefore,  to  take  i  as  the  mathematical  expression 
of  the  likelihood,  or  probability,  that  the  coin  will  fall  heads 
up.  Then,  ^  is  also  the  probability  that  the  coin  will  fall  tails 
up. 

Again,  let  4  white  balls  and  6  red  balls  be  placed  in  a  box, 
and  one  ball  be  drawn  at  random.  If  the  balls  cannot  be 
distinguished  by  the  sense  of  touch,  one  ball  is  as  likely  to  be 
drawn  as  any  other.  Now,  one  ball  can  be  drawn  in  10  dif- 
ferent cases,  in  4*  of  which  a  white  ball  can  be  drawn.  That 
is,  the  number  of  cases  in  which  a  white  ball  can  be  drawn  is 
iV>  =  h  ^^  *^®  whole  number  of  cases.  We  therefore  take  | 
as  the  mathematical  expression  of  the  probability  of  drawing 
at  random  a  white  ball.  The  probability  of  not  drawing  a 
white  ball,  which  is  the  same  as  the  probability  of  drawing 
a  red  ball,,  is  evidently  f 

If  data  relating  to  the  number  of  times  an  event  has  hap- 
pened in  a  large  number  of  cases  be  collected,  these  data  will 
indicate  quite  surely  how  often  the  same  event  will  happen  in 
the  same  number  of  cases  under  similar  conditions. 

Thus,  from  tables  used  by  life  insurance  companies,  we  find 
that  of  95,965  healthy  persons  of  sixteen,  95,293  have  lived  to 

438 
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be  seventeen.  We  therefore  take  fffff  as  the  probability 
that  a  person  of  sixteen,  in  good  health,  will  live  to  be  seven- 
teen. 

2.  The  considerations  of  the  preceding  article  naturally  lead 
to  the  following  definitions : 

The  Favorable  Cases  are  those  in  which  an  event  can  happen, 
or  has  happened  in  an  extended  number  of  cases. 

The  Unfavorable  Cases  are  those  in  which  the  event  can  fail  to 
happen,  or  has  failed  to  happen  in  an  extended  number  of 
cases. 

The  Probability  that  an  event  will  happen  is  the  ratio  of 
the  number  of  favorable  cases  to  the  whole  number  of  cases. 

Evidently  the  probability  that  an  event  will  not  happen  is  the 
ratio  of  the  number  of  unfavorable  cases  to  the  whole  number 
of  cases. 

If  a  be  the  number  of  cases  in  which  an  event  can  happen, 
and  h  be  the  number  of  cases  in  which  it  can  fail  to  happen, 
and  each  case  be  equally  likely  to  happen,  we  have : 

— 5L-  is  the  probability  that  the  event  will  happen; 

is  the  probability  that  th£  event  will  not  happen, 

fl-h  6 

The  Odds  in  favor  of  an  event  is  defined  as  the  ratio  of  the 
number  of  favorable  cases  to  the  number  of  unfavorable  cases. 

That  is,  f  are  the  odds  in  favor  of  the  event; 

b 

in  like  manner,    -  are  the  odds  against  the  event. 
a, 

3.  Since  an  event  is  certain  to  happen  or  fail  to  happen,  the 
number  of  ways  favorable  to  its  happening-or-failing  is  a  -h  &. 
Therefore,  the  probability  of  the  event's  happening-or-failing 
that  is,  certainty f  is 

a-\-b  ___    a    V     b     _  ^ 
a-f-6~a-h&     a  +  h 
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4.  If  P  be  the  probability  that  an  event  will  happen,  it 
follows  from  the  preceding  article  that  1  —  P  is  the  probability 
that  the  event  will  not  happen. 

Ex.  What  is  the  probability  of  throwing  at  least  4  in  a 
single  throw  with  two  dice  ? 

The  number  of  cases  favorable  to  throwing  at  least  4  is  the 
number  of  cases  in  which  4,  5,  6,  •••,  12  can  be  thrown. 

The  number  of  unfavorable  cases  is  the  number  of  cases  in 
which  2  and  3  can  be  thrown. 

The  required  probability  can  be  obtained  most  readily  by 
first  finding  the  probability  of  the  event's  not  happening. 

The  sum  2  can  be  thrown  in  one  case,  1,  1.  The  sum  3  can 
be  thrown  in  two  cases,  1,  2  and  2,  1.  The  two  dice  can  be 
thrown  in  6x6,  =  36,  different  cases,  counting  4,  5  and  5,  4, 
say,  as  different  throws. 

Therefore,  the  probability  of  not  throwing  a  sum  at  least  4  is 
^,  =  y^ ;  and  hence,  the  required  probability  is  1  —  ^,  =  fj. 

5.  Ex.  A  father  of  thirty-five  has  a  son  of  twelve.  What 
is  the  probability  that  both  will  be  alive  thirty  years  hence  ? 

From  the  table  of  mortality  given  below,  we  find  that  of 
82,581  persons  of  thirty-five,  46,754  live  to  be  sixty-five ;  that 
of  98,650  persons  of  twelve,  77,012  live  to  be  forty-two.  Now, 
each  of  the  46,754  cases  favorable  to  the  father  can  be  taken 
with  each  of  the  77,012  cases  favorable  to  the  son.  That  is, 
the  number  of  cases  favorable  to  both  is  46,754  x  77,012.  For 
a  similar  reason,  the  whole  number  of  cases  is  82,681  x  98,650. 
Therefore,  the  required  probability  is  SmixSImo* 

The  value  of  this  fraction  to  five  decimals  places  is  readily 
obtained  by  logarithms,  and  is  .44198. 

MortaUty  Table. 

The  following  table  is  taken  from  the  Actuaries?  Table  of 
Mortality,  prepared  from  data  furnished  by  seventeen  English 
Life  Insurance  Offices.  It  is  based  on  the  record  of  62,537 
assurances,  and  has  been  generally  adopted  by  Americar 
Companies. 
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Age. 

Nnmber 

Homber 

Age. 

Hnmber 

Homber 

Age. 

Iffnmber 

Homber 

LiYing. 

Dying. 

Living. 

Dying. 

Living. 

Dying. 

lO 

IOO,CXX) 

676 

40 

7^'^53 

!'5 

70 

35,837 

2.327 

XX 

99.324 

674 

41 

77.838 

826 

71 

33.510 

2.351 

xa 

98,650 

672 

42 

77,012 

839 

72 

31,159 

2,362 

13 

97»978 

671 

43 

76.173 

857' 

73 

28,797 

2,358 

14 

97.307 

671 

44 

75.316 

881 

74 

26439 

2,339 

15 

96,636 

671 

45 

74.435 

909 

75 

24.100 

2.303 

x6 

95.965 

672 

46 

73.526 

944 

76 

21,797 

2,249 

17 

95.293 

673 

47 

72,582 

981 

77 

19,548 

2,179 

18 

94,620 

675 

48 

71,601 

1,021 

78 

17.369 

2,092 

19 

93,945 

677 

49 

70,580 

1,063 

79 

15,277 

1,987 

20 

93.268 

680 

50 

69.517 

1,108 

80 

13.290 

1,866 

ai 

92,588 

683 

51 

68,409 

1,156 

81 

11,424 

1.730 

aa 

91.905 

686 

52 

67.253 

1,207 

8a 

9,694 

1.582 

23 

91,219 

690 

53 

66,046 

1,261 

83 

8,112 

1,^68 

24 

90,529 

694 

54 

64,785 

1,316 

84 

6,685 

25 

89.835 

698 

55 

63.469 

1.375 

85 

5.417 

I, III 

26 

89.137 

703 

56 

62,094 

1.436 

86 

4.306 

958 

27 

88434 

708 

57 

60,658 

1.497 

87 

3,348 

811 

a8 

87.726 

714 

58 

59,161 

1,561 

88 

^^ 

673 

29 

87.012 

720 

59 

57,600 

1,627 

89 

545 

30 

86,292 

727 

60 

55.973 

1,698 

90 

1.319 

427 

31 

85.565 

734 

61 

54,275 

1,770 

91 

892 

322 

32 

742 

6a 

52,505 

1,844 

92 

570 

231 

33 

84,089 

750 

63 

50,661 

1.917 

93 

339 

155 

34 

83.339 

758 

64 

48,744 

1,990 

94 

184 

95 

35 

82,581 
81,814 

767 

65 

46,754 

2,061 

95 

89 

52 

36 

'4 

66 

44,693 

2,128 

96 

37 

24 

37 

81,038 

67 

42,565 

2,191 

97 

13 

9 

38 

80,253 

81 

68 

40,374 

2,246 

98 

4 

3 

39 

79.458 

69 

38,128 

2,291 

99 

X 

I 

EXBBOISBS. 

1.  With  one  die,  what  is  the  probability  of  throwing  6? 
Not  6  ?     6  three  times  in  succession  ? 

2.  '  In  a  single  throw  with  two  dice,  what  is  the  probability 
of  throwing  an  even  number  ?     At  least  8  ?     Not  more  than  5  ? 

3.  The  letters  a,  c,  /,  r,  are  placed  at  random  in  a  line. 
What  is  the  probability  that  fear  or  fare  will  be  written  ? 
That  both  vowels  will  come  together? 

4.  If  52  cards  be  dealt  to  four  players,  what  is  the  proba- 
bility that  a  particular  player  will  receive  the  four  aces  ? 
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5.  From  a  box  containing  4  red  balls,  6  black  balls,  and  7 
white  balls,  3  balls  are  drawn  at  random.  What  is  the  proba- 
bility of  drawing  one  ball  of  each  color  ?  2  black  and  1  white  ? 
3  red  ? 

6.  If  6  coins  be  tossed,  what  is  the  probability  that  they 
will  fall  4  heads  and  2  tails  ?    3  heads  and  3  tails  ? 

7.  Nine  persons  are  seated  at  random  at  a  round  table. 
What  is  the  probability  that  A  and  B  will  be  seated  together  ? 
That  C  will  be  seated  between  A  and  B  ? 

8.  If  4  different  volumes  of  history,  3  of  mathematics,  and 
6  of  literature  be  placed  at  random  on  a  shelf,  what  is  the 
probability  that  all  the  volumes  in  the  same  subject  will  be 
placed  together  ? 

9.  From  a  box  containing  tickets  numbered  1,  2,  3,  •••,  20, 
three  tickets  are  drawn  at  random.  What  is  the  probability  of 
drawing  2,  3,  5  ?  2,  3,  and  not  5  ?  Neither  2,  3,  nor  5  ?  All 
even  numbers  ?     Consecutive  numbers  ? 

ia-18.  What  are  the  odds  in  favor  of  the  events  whose 
probabilities  are  required  in  Exx.  1-9  ? 

Referring  to  the  accompanying  table  of  mortality,  find  the 
probabilities  of  the  events  in  Exx.  19-21 : 

19.  That  a  man  of  45  will  live  to  be  50.  To  be  60.  To  be 
70.  To  be  80.  That  he  will  die  within  5  years.  Within  10 
years.     Within  20  years. 

20.  That  a  man  of  90  will  live  one  year.  Two  years.  Three 
years.     Four  years.     Five  years.     At  least  five  years. 

21.  At  marriage,  a  man  and  his  wife  are  25  and  21,  respec- 
tively. What  is  the  probability  that  they  will  live  to  celebrate 
their  silver  wedding  ?    Their  golden  wedding  ? 

22.  A  representative  of  a  firm  sailed,  first  cabin,  on  a  steamer 
which  had  a  crew  of  150  men,  and  which  carried  150  first  cabin 
and  250  second  cabin  passengers.  On  the  voyage  a  man  was 
lost.  What  is  the  probability,  to  the  firm^  that  he  was  their 
representative  ?  What,  when  a  later  report  states  that  he  was 
a  passenger  ?  What,  when  a  still  later  report  states  that  he 
was  a  first  cabin  passenger  ? 


CHAPTER  XXX. 

CONTURUfiD  FRACTIONS. 

1.  If  the  numerator  and  denominator  of  |^  be  divided  by 
the  numerator,  we  have 

30     30  +  30         1 


43     43-S-30     1+H 

Keducing  ^,  and  subsequent  fractions,  in  a  similar  way,  we 
obtain 

30  1  1  1 


^30  +  13        ^2  +  1  2+    ^ 


13  3  +  1 

4 

The  complex  fraction  thus  obtained  is  usually  written  more 
compactly  thus : 

1111 

1+2+3  +  4* 

Observe  that  in  the  last  form  the  signs  +  are  written  on  a 
line  with  the  denominators  to  distinguish  the  complex  fraction 
from  the  sum  of  common  fractions.  It  is  important  to  keep 
in  mind  that  in  both  forms  the  numerator  at  any  stage  is  the 
numerator  of  a  fraction  whose  denominator  is  the  entire  com- 
plex fraction  which  is  written  below  and  to  the  right  of  that 
particular  numerator. 

2.  A  Continued  Fraction  is  a  fraction  whose  numerator  is  an 
integer,  and  whose  denominator  is  an  integer  plus  a  fraction 
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whose  numerator  is  an  integer,  and  whose  denominator  is  an 
integer  plus  a  fraction,  etc. 

A  continued  fraction  frequently  occurs  in  connection  with 
an  integral  term. 

^'  14._1 ^1+2+3+4 

1 

2+     ^ 


-^\ 


In  such  cases  it  is  customary  to  call  the  entire  mixed 
number  the  continued  fraction. 
The  general  form  of  a  continued  fraction,  therefore,  is: 


d^-\ 

3.  We  shall  confine  ourselves  in  this  chapter  to  continued 
fractions  in  which  the  numerators  are  all  1,  and  the  denomi- 
nators all  positive  integers ;  of  the  general  form,  therefore, 

n-h 


di  -I-  ^2  4-  tf  3  + 


in  which  the.  d's  are  all  positive  integers,  and  n  is  a  positive 
integer  or  0. 
The  n  and  the  d's  are  called  Partial  Quotients. 

4.  A  Terminating,  or  Finite  Continued  Fraction,  is  one  in 
which  the  number  of  partial  quotients  is  limited,  as  in  the 
example  given  above. 

A  Non-terminating,  or  Infinite  Continued  Fraction,  is  one  in 
which  the  number  of  partial  quotients  is  unlimited  or  infinite. 
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To  Convert  a  Common  Fraction  into  a  Terminating  Continued 
Fraction. 

S  Compare  the  work  in  Art.  1  of  reducing  |^  to  a  continued 
fraction,  with  the  work  of  finding  the  G.  C.  M.  of  30  and  43  : 

30)43(1 
30 

13)30(2 
26 

4)13(3 
12 

1)4(4 
4 

Observe  that  the  successive  quotients  in  the  latter  process 
are  the  partial  quotients  of  fhe  continued  fraction.  This  is  as 
it  should  be,  since  a  comparison  of  the  two  processes  shows 
that  the  successive  steps  of  division  in  getting  the  partial 
quotients  are  identical  with  those  in  finding  the  G.  C.  M. 

The  method  is  evidently  perfectly  general  and  may  be  ap- 
plied to  any  common  fraction.  If  the  fraction  be  improper, 
the  first  quotient  will  be  the  integral  part  of  the  continued 
fraction,  and  the  remaining  quotients  the  successive  partial 
quotients  of  the  continued  fraction  proper. 

1  fii 
Ex.   Keduce  -— -  to  a  continued  fraction. 
45 

By  the  method  of  G.  C.  M.,  we  have 

45)151(3 
135 

16)45(2 
32 

13)16(1 
13 

3)13(4 
12 

1)3(3 
3 
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To  Reduce  a  Terminating  Continued  Fraotion  to  a  Common 
Fraction. 

6l  We  have  only  to  retrace  the  steps  taken  in  the  preceding 
article  in  forming  a  continued  fraction  from  a  common  frac- 
tion.   Thus, 

J^  J^  J_l^  J 14^1    13^30 

1  +  2  +  3+4     1  +  2+13     1  +  30     43* 

Evidently  this  method  is  also  perfectly  general. 

We  therefore  conclude  that  any  common  fraction  can  be 
converted  into  a  terminating  continued  fraction,  and,  con- 
versely, that  any  terminating  continued  fraction  can  be  reduced 
to  a  common  fraction. 

The  latter  reduction  becomes  laborious  in  the  case  of  a  con- 
tinued fraction  with  many  partial  quotients,  and  a  simpler 
method  will  now  be  given. 

7.  A  Convergent  of  a  continued  fraction  is  that  part  of  it  ob- 
tained by  stopping  with  a  definite  partial  quotient. 

Thus,  in  l—^^l—l, 

'  1+2+3+4 

1  112 

the  first  convergent  is         -;  the  second  is  - —  -j    =  - ; 


the  third  is 


the  fourth  is 


1— 1_1_  =JL. 

1  +  2  +  3+'      10' 

1_1_1_1    ^30 

14-2  +  3  +  4'      43* 


For  convenience,  we  will  call  the  integral  term,  when  there 

is  one,  the  zeroth  convergent,  so  that  the  nth  convergent  will 

always  end  with  the  nth  partial  quotient.    We  will  denote  the 

N   N   N 
successive  convergents  by  — ^,  — i,  — ^,  etc. 

JJq  Di  jDj 
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The  above  convergents  may  then  be  written  thus : 

A     10     3x3  +  1     3xA  +  A' 

■y4^30^4x    74-2^4x^,4-^2 
A     43     4x104-3     4xA  +  A* 

That  is,  to  form  the  numerator  of  the  third  convergent, 
multiply  the  numerator  of  the  second  by  the  third  partial 
quotient,  and  to  the  product  add  the  numerator  of  the  first 
convergent.  To  form  the  numerator  of  the  fourth  convergent, 
multiply  the  numerator  of  the  third  convergent  by  the  fourth 
partial  quotient,  and  to  the  product  add  the  numerator  of  the 
second  convergent  In  like  manner,  form  the  denominators 
from  the  denominators  of  the  two  preceding  convergents. 

In  general. 

The  numerator  of  any  convergent  after  the  second  {after  the 
first  if  there  he  a  zeroth  convergent)  is  formed  by  multiplying  the 
numerator  of  the  immediately  preceding  convergent  by  thai  partial 
quotient  with  which  the  convergent  to  be  computed  ends,  and  to 
the  product  adding  the  numerator  of  the  second  preceding  conver- 
gent; the  denominator  of  the  same  convergent  is  formed  in  like 
manner  from  the  denominators  of  the  two  convergents  immediately 
preceding. 

The  principle  holds  for  the  second  convergent  when  there  is 
a  zeroth  convergent ;  and  in  all  cases  for  the  third  convergent. 

For  #  =  5,    ^  =  n-^^=V^L±l, 

A     1     A  Oi  d^ 

^i  =  n\     ^     ^  =n  \        ^      ^nd^d2  +  n-{-di 
A  di+d2  ^1^24-1  ^1^,4-1 

^d^(nd,  4- 1)  4-  71  ^ d^N^  4-  ^o^ 
did2  4- 1  ^2  A  4-  Dq 
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^»  =„+ J_  J_ X  =„+ J_  _^_  =„+ _^^±L_ 
A  di-{' d2-{' d^+  di+ dj^a+l  did^+di'\-d^ 

__  ndid^s  +  ndi  +  nd^  +  d^^  +  1 

did^s  +  ^1  +  <^s 

^  d3(ndi(f8+n+d2)  +  (ndt-fl)^d8iy2+i^. 

d8(dA  +  l)  +  d,  daA+A 

If  the  principle  hold  up  to  and  including  any  convergent,  it 

holds  for  the  next  convergent. 

Suppose  it  holds  up  to  and  including  the  A:th  convergent. 

We  then  have 


— •  =  («- 


^d,     d,D,.,  +  D,,, 


Now     ^  =  d  + 


c2*  +  3^ 


differs  from  the  preceding  convergent  only  in  having  d*  +  — 
as  a  denominator  where  the  preceding  has  d^.  Making  this 
substitution  in    *    *~^  "^     *"l  we  obtain  an  expression  for  -^, 

without  assuming  that  the  principle  holds  beyond  the  Mh  con- 
vergent.    Consequently, 

V  *     du+J 

rf*+iKA-i  +  A-2)  +  A-i    rf*+i  A  +  A-/ 

a  result  in  accordance  with  the  principle. 

Therefore,  since  the  principle  holds  to  and  including  the 
third  convergent,  it  holds  for  the  fourth;  then,  since  it  holds 
for  the  fourth,  it  holds  for  the  fifth ;  and  so  on. 

This  method  of  proof  is  called  Proof  by  Mathematical  Indaction 
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PropertioB  of  Convergenta. 

8.  (i.)  TJie  successive  convergents,  beginning  with  the  zerothy 
are  alternately  less  and  greater  than  the  continued  fraction.     ' 

Thus,  from  l^  =  3  +  J^^J-i, 

'  45         ^2-hH-4+3' 

we  have       ^«-5     ^-^    ^'-^    ^«-^     ^^-^^^ 

,  3^151     7^151     10^151    47^151 

^""^  1^45'    2^45''     3^45"'    14^45"' 

The  symbol  ^,  read  difference  between^  is  placed  between 
two  numbers  to  indicate  that,  the  less  is  to  be  subtracted  from 
the  greater.    E.g.,  3'-'4  =  4-'3  =  4-3  =  l. 

(ii.)  The  difference  between  any  two  consecutive  convergenta 
is  1  divided  by  the  product  of  their  denominators. 


etc. 


as, 
3 

7 

1 

7 

10 

1 

10 

47 

1 

—   /■^z  —   = 

—  /-o^  = 

1 

2 

1x2' 

2 

3 

"2x3' 

3 

14 

"3x14' 

(iii.)  Each  convergent  is  nearer   in  value  to  the  continued 
fraction  than  any  preceding  convergent. 
Thus, 

161     3^16.    1^_7^13.    161     10^_3_. 
46 '"l     46'     46  ^^2     90'     46 '"  3      136' 

and  —  >  —  >  — • 

46     90     136 

(iv.)  The  convergents  of  even  order  continually  increase,  but 
are  always  less  than  the  continued  fraction ;  while  the  convergents 
of  odd  order  continually  decrease,  but  are  always  greater  than  the 
continued  fraction. 

^  3^10^161      7^47 

^'^'^  1<¥<4^'    2>U 
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In  a  terminating  continued  fraction,  the  last  convergent  will, 
of  course,  be  the  continued  fraction,  and  therefore  neither 
greater  nor  less  than  itself. 

The  proofs  follow : 

Let  F=n  +  -i--^-l-.... 

(i.)  The  zeroth  convergent  is  too  small  by •••. 

In  the  first  convergent,  the  partial  quotient  di  is  too  small  by 

;  hence  --  is  too  great,  and  therefore  n-\ —  is  too  great 

Oj-h  di  di 

In  the  second  convergent,  the  second  partial  quotient  d,  is 

too  small  by  ;  hence  --  is  too  great,  and  therefore  diH — 

Og-f  ds  d, 

is  also  too  great ;  finally is  too  small,  and  n  H - 

.,  iiAj  ^1-1-02  di+di 

IS  too  small.    And  so  on. 

(ii.)  Since       ^*  ^  ^^  =  ^*A4i-AiV>ti 
we  have  only  to  prove 

The  law  holds  for  the  first  two  convergents. 

For      -^0  -  ^1  ^  ^  -.^1  +  ^  ^  ^1  ^  (^^  +  ^)  ^  ^  - 
A     A     1  di  I'd,  d,' 

If  it  holds  for  any  two  consecutive  convergents,  it  holds  for 
the  second  of  these  two  and  the  next  convergent. 
We  have 

N^,^,  -  D,N,^,  =  N,{d,^,D,  4-  A-i)  --  A(^'A+i  +  iVi.O     • 

=  2V,A-i-'AiV*.,. 

N  AT 

Therefore,  if  the  principle  holds  for  —^  ^^  --*, 

A-i    A 

it  holds  for  K^^^ktl. 

A    A+i 
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(iii.)   Y^  differs  from  V  only  in  having  d^+i  where  V  has 
^4+1  +  -—+...,  =K,  say. 

^  1 

A(^A  +  A.i)' 

A-i  ^         A-i  '^  KD,  ^D,.r    D,.,{KD,  +  A-i) 

A-i(^A4-A-i)' 
But  ^>  1  and  A-i  <  A'     Therefore,  ^*^  F<  ^'  -  F. 

Hence,  any  convergent  is  nearer  in  value  to  the  continued 
fraction  than  the  immediately  preceding  convergent,  and  con- 
sequently than  any  preceding  convergent. 

(iv.)  The  proof  follows  at  once  from  (iii.)  and  (i.). 

Limit  to  Error,  of  Any  Convergent. 

9.   Since,  by  Art.  8  (i.),  the  value  of  a  continued  fraction 

is  between  the  values  of  any  two  consecutive  convergents,  it 

must  differ  from  either  of  them  by  less  than  they  differ  from 

each  other. 

Therefore,  an  error  of  taking  — *  for  the  continued  fraction 

A 

is,  by  Art.  8  (ii.),  less  than  — — — 

AA+i 

But  Dm  =  d^D,  +  Z)._,  >  d,H.,i)». 

N  1 

Therefore,  the  error  of  — *  is  less  than 


A  d»+ii>»' 
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Hence^to  find  a  convergent  which  differs  from  the  continued 

fraction  by  less  than  — ,  we  have  only  to  compute  successive 
m 

N 
convergents  up  to  -^,  wherein  dj+i A*  <  w- 

Ex.   Find    an  approximation    to   3.14169,  correct   to  fire 
decimal  places. 
We  have 

3.14169  =  3  + -^ -^ -i- J- -i- -i- ^. 

^7+15+1  +  26+1  +  7  +  4 

mi.  ^  3  22  333  366 

The  successive  convergents  are  -,  — ,  — -,  — — ,  •••. 
^  1'  7 '  106  113 

The  error  of   — -  is  less  than     •  ^  and  with  greater 

reason  less  than       ^    ^  =  .000004. 
^5(^100) 

366 

Therefore  -—  is  the  required  approximation. 
Wo 


To  Reduce  a  Qaadratic  Sard  to  a  Continaed  Fraction. 

10.  The  general  method  may  be  illustrated  by  particular 
examples. 

Ex.   Reduce  ^14  to  a  continued  fraction. 

Since  the  greatest  integer  contained  in  '-^14  is  3,  we  assume 

V14  =  3  +  l. 

Then  d,  =  _i_  =  Vli±^  =  AAi±3. 
'      V14-3       14-9  6 

Since  the  greatest  integer  in  this  value  of  di  is  1,  we  assume 

6  ds 

Then  d.=     ,f  5(Vl4  +  2)^V14+2. 

^     V14-2  10  2 
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In  like  manner,  we  assume 

Similarly, 

Since  this  process  may  be  continued  indefinitely,  we  obtain 
an  infinite  continued  fraction  by  substituting,  in  succession, 
the  values  obtained  for  dj,  dj,  dj,  •••. 

We  then  have 

^14-2+1+6+ 
Observe  that  the  value  obtained  for 

1 


d,= 


V14-3 

is  the  same  as  that  for  d^  so  that 

dg  =  dj,  df  =  dg,  ^8=^4,  d^  =  ds  =  di,  etc. 

Therefore  the  partial  quotients  1,  2,  1,  6,  are  repeated 
indefinitely. 

11.  A  Periodic  Continued  Fraction  is  an  infinite  continued 
fraction  in  which  the  partial  quotients  are  repeated  in  sets  of 
one  or  more. 

Ex.   Reduce     ~V    to  a  periodic  continued  fraction. 
Since  5j:^<  1,  we  assume  ^""V^^l. 
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And  d,=  -Al ll(4-3V3)^3V3-4^i     1. 

'     4  +  3V3  -11  1  («, 

Likewise,  d^  =  r— |— r  =  3  V3  +  6  =  10  +  i. 

Therefore,  only  the  third  and  fourth  partial  quotients  are 
repeated,  and  the  required  fraction  is 

111111 
1+  1+5+  10+6+  10+"" 

Application  of  Convergents. 

12.  It  is  often  convenient  to  substitute  for  a  fraction  with 
large  terms,  or  for  a  quadratic  surd,  a  convergent  with  com- 
paratively small  terms,  provided  that  convergent  approximates 
closely  enough  to  the  true  value. 


Ex.1. 


tinrff 

2  + 


1+-^ 


^50 


By  Art.  9,  we  should  expect  the  third  convergent  to  be  a 
close  approximation,  since  the  following  partial  quotient,  60, 
is  large. 

We  have  ^  =  1   ^  =  1    ^3^1.. 

A     2    A     3     A     20 

Therefore,  by  Art.  9,  the  error  of  the  third  convergent  is 
less  than 

1 


50  X  20=^ 


=  .00005. 


Consequently,  ^j^  represents  the  true  value  of  ^^^  correctly 
to  four  decimal  places. 
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Ex.  2.    Given  Vl4  =  3  +  -i-  -^^^ ,  find  the  error 

of  the  seventh  convergent.         -r     f     -r     -r 

N      449 
The  student  may  satisfy  himself  that  -^  =  -— . 

The  error  of  ^  <     }     ,  <  — i—  <  .000011.... 
A     6(120)2     86400 

Therefore  f |^  is  correct  to  four  decimal  places. 

To  Reduce  a  Periodic  Continaed  Fraction  to  an  Irrational 
Number. 

13.  We  will  take  as  an  example  the  result  of  Ex.  Art.  10. 

Assume  a  =  3  +  -i-  -—  -^  -i-  ^ , 

^1+2+1+6+1+      ' 

then  a.-3  =  -i-  Jl-  J_  J . 

1+2-1-1+6  + 

Since  the  partial  quotients  1,  2,  1,  6  are  repeated  in- 
definitely in  that  order,  the  continued  fraction  whose  first 
partial  quotient  is  the  first  periodic  number  (i.e.,  1)  at  any 
stage,  and  which  is  continued  indefinitely,  differs  in  no  respect 
from  the  given  periodic  continued  fraction.  For  example,  the 
periodic  continued  fraction  which  follows  the  heavy  plus  sign 
(+),  in  the  value  of  x  —  3  above,  is  the  same  as  the  entire  con- 
tinued fraction,  which  is  the  value  of  a;  —  3. 

We  may  therefore  substitute  x  —  3  for  the  part  of  the  con- 
tinued fraction  which  follows  that  particular  plus  sign.  We 
thus  have 

3^   111  1        ^111        1     ^ll+3a; 

l-f  2+ 1+ 6  +  X-3     1+2+1+3  +  a:     15  +  4a;* 

From  this  equation  we  obtain 

4aj2  =  66,  oraj  =  Vl^- 

14.  If  the  continued  fraction  be  not  periodic  from  the 
beginning,  we  first  reduce  the  periodic  part  by  itself  as  above, 
and  substitute  its  value  in  the  given  continued  fraction.  The 
latter  is  then  a  terminating  continued  fraction  and  can  be 
reduced  to  a  simple  fraction,  whose  numerator  and  denominator 
will  not,  however,  be  rational. 
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Ex  a,^J LJ_J 1 1- 

2  +  1  +  3  +  5  +  3  +  5+  "' 

the  periodic  part  commencing  with  the  third  partial  quotient 

Assume      «  =  J_  JL...  =  J_  ^_  =  _5±iL; 
y      3  +  5+  3  +  5  +  y     16  +  3y' 

hence  3  y'  +  16  y  =  5  +  y, 

^  6  2  +  1+2^  166 

BXBRGISBS. 

Compute  the  successive  convergents  to 

,     J_J 1 Li  2    2-4- J-J-J-J-l 

•H_2-f2  +  H-3  '       "^5  +  3  +  2  +  1+4* 

Reduce  each  of  the  following  fractions  to  a  continued  frac- 
tion, find  its  convergents,  and  determine  a  limit  to  the  error  of 
the  third  convergent. 

3.    M.  *.    iVV  5.    f f .  6.    W.  7.    W. 

a   ^-^,      9.    Vt^-       10-   27^-       II-   -4751.      12.   5.0372. 

Reduce  each  of  the  following  surds  to  continued  fractions, 
find  the  first  five  convergents,  and  determine  a  limit  to  the 
error  of  the  fourth  convergent. 

13.  ^7.       14.  V23.        15.  V2.5.       16.  V29.       17.  2V45. 

18    1±^.         19.  ^^-y^.         20.  ^±^.         21.  il±^. 
5  4  2-V3  5 

Reduce  the  following  periodic  continued  fractions  to  surds : 

22    1 11111 

•  l+2-|-3-M-f2-f3-f""' 

23.  3  +  i- !_!_?_.... 

^5-M-f5  +  l-f 

24.  Express  the  decimal  2.71828  as  a  continued  fraction, 
find  its  seventh  convergent,  and  determine  a  limit  to  the  error 
of  this  convergent 
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SUMMATION    OF   SERIES. 
By  nndetermined  Coefficienta. 

1.  When  the  nth  term  of  a  series  is  a  rational,  integral 
function  of  n,  the  sum  of  n  terms  can  be  found  by  means  of 
undetermined  coefficients.  The  form  which  the  sum  of  n 
terms  of  an  arithmetical  progression  assumes  will  suggest  a 
method  of  procedure. 

By  Ch.  XXI.,  Art.  10,  the  sum  of  n  terms  of  the  A.  P. 

3  +  5  +  7  +  9  +  ...  4-  [3  +  (n  -  1)2]  is  2  n  +  w*. 

Now  observe  that  the  sum  of  n  terms  is  an  integral  function 
of  n,  of  degree  one  higher  than  the  nth  term. 

In  applying  the  method  of  undetermined  coefficients,  we 
start  with  this  assumption. 

Ex.   Find  the  sum  of  n  terms  of  the  series 

1 . 2  -f  2 . 3  +  3  . 4  +  ...  +  n'(n  -h  1)  -h  ... 

Since  the  nth  term,  n(n  -h  1),  is  of  the  second  degree,  we 
assume 

1 . 2  +  2 . 3  +  3 . 4  +  ...  +  n(n-\-l)=A-^Bn  +  Cn*-h Z)n».  (1) 

The  validity  of  this  assumption  will  be  proved  by  mathe- 
matical induction.  The  method  of  proof  will  at  the  same  time 
determine  the  values  of  A,  B,  C,  Z>. 

We  have  now  to  prove  that  if  this  relation  hold  for  the 
sum  of  n  terms,  it  holds  for  the  sum  of  n  -h  1  terms.  Evidently 
the  latter  sum  will-  involve  n  -|-  1  just  as  the  sum  of  n  terms 
involves  n.     That  is, 

1 .  2  -h  2 . 3  +  3 . 4  +  ...  +  n(n  -h  1)  4-  (n  +  1) (n  +  2) 

=  A  +  B{n  +  l)  +  C{n-\-iy-\-D{n  + 1)\  (2) 

467 
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Subtracting  (1)  from  (2),  we  have 
(n-f.l)(n+2)  =  J5(n-|-l)-^n  +  C(n+l)«-Cn2+Z>(n+l)»-2)n', 
or       2  +  3n  +  n^  =  (B-h  (7+  />)  -f- (2 (7+  3/>)n -f- 3iMl 

This  relation  will  hold,  if 

3Z>  =  1,   2C  +  3/>  =  3,   B+0+Z)  =  2; 
that  is,  if  B  =  |,    0=1,   Z)  =  i. 

The  formula  in  the  second  number  of  (1)  now  stands 

This  will  hold  for  the  first  term,  if 

1.2  =  ^-1-1  +  1  +  1;   *^at  is,  if  ^  =  0. 

Therefore, 

1.2  +  2.3H |-n(n  +  l)  =  Jn  +  n«  +  in«=iw(n+l)(n+2). 

Since  the  formula  J  n  (n  + 1)  (n  +  2)  holds  for  the  first  term, 
it  holds  for  the  sum  of  two  terms ;  then,  since  it  holds  for  the 
sum  of  two  terms,  it  holds  for  the  sum  of  three  terms ;  and  so 
on,  to  the  sum  of  any  lyimber  of  terms. 

By  separating  TermB  into  Partial  FractionB. 

2.  Ex.   Find  the  sum  of  n  terms  of  the  series 

1         .         1        .+.        1 


(a!+l)(x+2)(a;+3)      (x+2)(a;+3)(x+4)      (x+3)(x+4:){x+S) 

+  ...+ 1 +.... 

(a;+«)(a;+n  +  l)(a;+n+2)  ^ 

We  separate  the  nth  term   into  its  partial   fractions  and 
use  the  result  as  a  formula. 
We  have,  by  Ch.  XXVI.,  Art.  8,  Ex.  5, 

1  1  1      ...        1        - 


ix+n){x+n+l)(x+n+2)      2{x+n)     x+n+1     2(a;+n+2) 
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Giving  to  n  the  values  1,  2,  3,  •••,  we  obtain 

1  ^1  1     I        ^ 

(a!+l)(x+2)(a;+3)     2  («+!)     a;+2  "*"  2  (a;+3)' 

1 ^       1  ^      I        ^ 

(a!+2)(a!+3)(a!+4)     2  (x+2)     x+3  "^  2  (a;+4)' 

1 ^       1  ^      I        ^ 

(a!+3)(a;+4)(x+6)     2  (a;+3)     x+i     2  (x+S)' 

1  1  1^1 


(x+n)(x+n+l)(x+n+2)      2(x+n)     x+n+1     2  (x+n+2) 

We  now  have 

o^_J 1 1        I        1 

'     2(a!+l)     2(a;+2)     2  (a;+3)     2  (x+4)' 

S=^ 1 1        I        1 

*     2(a;+l)     2(a!+2)     2  (a;+4)     2  (x+6)' 

and,  in  general, 


2(x+l)     2(a!+2)     2(a;+n+l)     2(a;+n+2) 

2|_(x+l)(x+2)      (x+M  +  l)(a;+«+2)J 

1 


As  «  =  «,  5,= 


2(x+l)(a;+2) 


Hence  the  given  series  is  convergent. 

It  is  sometimes  possible  to  determine  the  partial  fractions 
by  inspection. 

BXBBOISBS  I. 

Find  the  sum  of  n  terms  of  each  of  the  following  series : 

1.  1.3  +  8. 6  +  6. 7  +  -.        2.  l»+2«  +  3'+-. 

3.  l»  +  3»  +  6»+.".  4.  1.3-6+3-6.7+6-7.9+.". 

5.  1.2«  +  2.3'  +  3.4'+....      6.  l-3'  +  3-5»  +  5.7'  +  -. 
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Find  the  sum  of  n  terms,  and  the  limit  of  this  sum  as 
n  =00,  of  each  of  the  following  series : 

7.  J-H_L  +  J-  +  ....  a  J-  +  J-  +  -1-+.... 

1-22. 33. 4  1.4^2. 53. 6 

^'  r3T5"^3.5.7"*'5.7.9"^*"*    ^^  1.3.4"*"2.4.5'^3-5.6"^'"* 


(x  +  l)(x  +  2)     (a;  +  2)(a;  +  3)     (»  +  3)(a;  +  4) 

^  1  1 1 

■  a;(a;+2)(a!+3)    (a!+l)(a;+3)(a;+4)    (a;+2)(a;+4)(a;+5) 


13. 


■    (l+a;)(l+aa!)^(l+aa;)(l+a'a!)     (l+a^aXl+o's;)^ 

14.  ^.1+^.i+jL. !+...+ r^+1 i. 

l.,3   3     3-5    3«     6-7   3»  (2n-l)(2n  +  l)  3« 

15.         1^„+       2^+...+, 


1.3.5.7    3.5.7.9  (2n-l)(2?i+l)(2n+3)(2w+5) 

Recurring  Series. 

3.  In  a  geometrical  progression  any  term  after  the  first  is 
formed  by  multiplying  the  preceding  term  by  a  constant  multi- 
plier, the  ratio  of  the  series.  To  form  such  a  series  it  is  suffi- 
cient to  know  the  first  term  and  the  ratio. 

Thus,  given  a  =  2,  r  =  3  a;,  the  series  is 

2  +  6  a; +  18  ic2  +  54  ar^ -f  .... 

4.  A  geometrical  progression  is  a  particular  instance  of  a 
more  general  class  of  series.  To  form  such  series  the  first 
two  or  more  terms,  and  as  many  ratios,  must  be  given,  as  ex- 
plained in  the  following  examples. 

Ex.  1.  Given  the  first  two  terms,  3  +  2  jc,  and  the  two  ratios, 
a^  and  —  2  cc ;  form  the  series. 

To  form  the  third  term  we  multiply  the  first  term  by  the 
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first  ratio,  the  second  term  by  the  second  ratio,  and  add  the 
resulting  products.     We  thus  have 

3  .  a^  +  2  «(—  2  ar),  =  -  aj*,  the  third  term. 

To  form  the  fourth  term  we  multiply  the  second  term  by 
the  first  ratio,  the  third  term  by  the  second  ratio,  and  add  the 
resulting  products.     Then, 

2  a; .  aj*  +  (—  a^  (—  2  a:),  =4  a*,  the  fourth  term. 

And  so  on. 

Therefore,  the  required  series  is 

3  4- 2  a;  -  a*  +  4  a^  -  9  a^  +  — . 

Ex.  2.  Given  the  first  three  terms,  1  —  4  a?  +  3  «*,  and  the 
three  ratios,  —  2  ar^,  a^,  4  a; ;  form  the  series. 

To  form  the  fourth  term  we  multiply  the  first  term  by  the 
first  ratio,  the  second  term  by  the  second  ratio,  the  third  term 
by  the  third  ratio,  and  add  the  resulting  products. 

Therefore, 

1 .  (-  2a^)  -4aj  •  ar^+3ar^  •  4aj,  =:6a:»,  the  fourth  term. 

In  like  manner, 

-  4  «  (  -  2  aj')  +  3  ar^ .  ar*  +  6  aj' .  4  a,  =  36  a;*,  the  fifth  term ; 

and  so  on. 
Therefore,  the  required  series  is 

l-4a;  +  3aj'  +  6a:'-f  35a^+.... 

5.  A  Recurringr  Series  is  a  series  in  which,  from  and  after  a 
definite  term,  each  term  is  formed  by  multiplying  each  of  two 
or  more  preceding  terms  by  a  constant  multiplier,  and  adding 
the  resulting  products. 

Such  a  series  is  also  called  a  Compound  Geometrical  Progression. 

A  recurring  series  is  said  to  be  of  the  first  order,  if  one  ratio 
be  used,  as  in  an  ordinary  geometrical  progression ;  of  the  aeo 
ond  order,  if  two  ratios  be  used ;  and  so  on. 
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6.  If  Ui,  Mj,  W3  be  any  three  consecutive  terms  of  Ex.  1, 
Art.  4,  then  Mj  =  aj^Wj  —  2  xti^t  or  1/3  -f  2  antg  —  a^Ui  =  0. 

That  is,  any  three  consecutive  terms  of  a  recurring  series  of 
the  second  order  are  connected  by  a  definite  relation. 

The  expression  1  +  2  a;  —  oj*, 

formed  by  taking  the  coefficients  of  Uj,  tt„  Wi  in  the  above 
relation,  is  called  the  Scale  of  Relation  of  the  series. 

In  like  manner,  it  follows  that  any  four  consecutive  terms  of 
the  series  in  Ex.  2,  Art.  4,  are  connected  by  the  relation 

U4  —  4  xu^  —  a^u^  +  2  0*1*1  =  0« 

Therefore,  the  scale  of  relation  of  the  series  is 

l_4a;-aj'-|-2a». 

Observe  that  the  scale  of  relation  is  obtained  by  subtracting  tiie 
ratios  in  reverse  order  from  unity. 

7.  The  following  examples  will  illustrate  the  method  of 
finding  the  ratios,  and  the  scale  of  relation  of  a  recurring  series, 
when  a  sufficient  number  of  terms  are  given. 

Ex.  1.   Find  the  ratios  and  the  scale  of  relation  of  the  series, 

It  is  evident  that  this  is  not  a  recurring  series  of  the  first 
order.     If  it  be  a  series  of  the  second  order,  then 

-    2h'{-5x'k  =  -x',  (1) 

Bx-h-x^'k^lla^y  (2) 

wherein  h  and  k  are  the  required  ratios.     Solving  these  equa- 
tions for  h  and  k,  we  obtain  ^  =  2  ic*,  k  =  —  x. 

We  find  that  these  ratios  give  the  fifth  and  following  terms 
of  the  series.  Therefore  the  series  is  of  the  second  order,  and 
the  scale  of  relation  is 

1  _  (-  a;)  _  2  a^,  =  1  +  «  -  2  «». 
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Ex.  2.   Find  the  ratios  and  the  scale  of  relation  of  the  series 

This  series  is  evidently  not  of  the  first  order.  Assuming 
tentatively  that  the  series  is  of  the  second  order,  and  proceeding 
as  in  Ex.  1,  we  find  that  the  two  ratios  thus  obtained  \o  not  give 
the  fifth  and  following  terms.     We  therefore  try  three  ratios. 

Then  A-3a;.A:-2a^.Z  =  3aj8, 

-3aj. A-2a^. A:  4-3a^-^  =  10  aj*, 

Whence,  h  =  —  iii^,k  =  —  2  3i^,l  =  x. 

These  ratios  give  the  seventh  term.  Therefore  the  series  Is 
of  the  third  order,  and  the  scale  of  relation  is 

8.  When  the  scale  of  relation  involves  two  ratios,  two  equa- 
tions are  necessary  in  order  to  determine  these  ratios,  as  in  Ex. 
1,  Art.  7.  To  form  the  first  equation,  three  terms  must  be 
given,  and  to  form  the  second  equation,  a  fourth  term  must  be 
given.  Therefore,  when  the  scale  of  relation  involves  two 
ratios,  at  least  four  terms  of  the  series  must  be  known. 

In  like  manner,  we  infer  that,  when  the  scale  of  relation 
involves  three  ratios,  at  least  six  terms  of  the  series  must  be 
given. 

In  general,  when  the  scale  of  relation  involves  n  ratios,  at 
least  2  n  terms  of  the  series  must  be  given. 

The  Sum  of  a  Recurring  Series. 

9.  Let  Ui  +  Uz-^U^-i h  U^_2  +  ^,^-1  +  Wn  +••• 

be  a  recurring  series  of  the  second  order,  and  let  h  and  k  be  the 
ratios. 
Then,  u^  =  uji  -f-  ujc, 

U4  =  tiji  +  UjCy 


Un  =  Un^ffi'  +  u^-ik. 


(1) 
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Let  S^  stand  for  the  sum  of  n  terms ;  that  is, 

Sn  =  Wi  +  ttg  +  Ws  +  W4  +   •••  +  Wn-2  +  «»-!  +  W«.  (2) 

Now,  substituting  for  each  term,  after  the  sciiond,  in  (2)  its 
value  given  in  (1),  we  have 

^»  =  Wl  +  t*2  4-  (Ujl  +  Ujc)  +  (Ujl  +  ttgfc)  +   ..• 
=  ^1  +  ^2  +  ^(^*1  +  ^*2+  •••  +  W,«2) 

+  A:(w2  +  tt3+  ...  +  M,_i). 

The  coeflBcient  of  k  is  evidently  ^„  —  w„_i  —  w^; 
and  the  coefficient  of  A:  is  /S^  —  Wj  —  u^. 

Therefore,  /S,  =  i*i  +  W2  +  ^*  ('S^*  —  w„_i  —  w„)  +  A;  (aS^  —  Mi  —  \), 
and  (1  —  A  —  A;)  aS^  =  Wj  + 1*2  —  A:wi  —  (^w„_,  +  A?/^  +  A;m„); 

Whence,  ^^  =  ^i  +  ^-  ^^i _  ^^n  i  +  hn^  +  A:»*,^   • 
1-A-A;  1  —  h-k 

10.  If  the  given  series  be  convergent,  w„  =  0,  and  tt,_i=0, 
as  «  =  00. 

Therefore,  ^"« -■  +  ^""  +  ^*.  =  0.   - 

1  —  h  —  k 

Conversely,  if  this  fraction  approach  zero,  as  n  increases 
indefinitely, 

o  ^  i/i  + 1/2  -  kui  /.x 

a  definite  finite  number,  and  the  given  series  is  convergent 
Consequently,  the  fraction  in  (1)  may  be  taken  as  the  sum 

of  an  infinite  recurring  series  of  the  second  order,  when  the 

series  is  convergent. 

In  like  manner,  for  an  infinite  recurring  series  of  the  third 

order,  we  obtain 

o  _.  ^1  + 1*2  +  ^3  —  fe^i  —  U^i  +  ^2) 
l-h-k--l 

h  CU^_2  +  ^n-l  +  ^O  +  ^  (Un-1  +  ««)  +  l^n. 
l-h-k-l 
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Then,  as  above,  if  the  infinite  recurring  series  be  convergent, 
we  have 

©  ^  i/i  +  1/2  4-  i/a  —  /^Ui  —  /(i/i  +  U2)  /o\ 

as  n  increases  indefinitely. 
U.  Ex.  1.   Find  the  sum  of  the  infinite  recurring  series 

From  Ex.,  Art.  7,  we  have  A  =  2  a^.  A:  =  —  a?. 
Therefore,  by  Art.  10,  (1), 

"      1^2a^-(-x)      l-\-x--2a^ 
for  such  values  of  x  as  make  the  given  series  convergent. 

12.  It  is  evident  that  the  recurring  series  in  the  example  of 
the  preceding  article  can  be  obtained  from  its  sum  either  by 
division  or  by  the  method  of  undetermined  coefficients. 

On  this  account  the  fraction  obtained  as  the  sum  of  an 
infinite  recurring  series  is  called  the  Generating  Fraction  or  the 
Generating  Function  of  the  series. 

Convergency  of  a  Recurring  Series. 

13.  The  convergency  or  divergency  of  an  infinite  recurring 
jeries  may  be  determined  by  the  methods  given  in  Ch.  XXV., 
or  by  Art.  10. 

It  is  therefore  important  to  obtain  the  general  term  of  such 
a  series.  When  the  denominator  of  the  generating  fraction 
can  be  resolved  into  real  binomial  factors,  the  general  term  can 
be  found  as  in  Ch.  XXVI.,  Art.  9. 

Ex.   Examine  the  series  2-i-5a;  —  ic^-f  11  a^— 13 «*+••.. 
The  generating  fraction  of    the   series   was  found  to  be 
(Art.  11) 

2-f-7a? 
l  +  x-'2x' 
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The  general  term  of  the  expansion  of  this  fraction  is,  by 
Ch.  XXVI.,  Art.  9,  Ex.  1,  a?"  [3  +  (- 1)"+*2«]. 
The  ratio  of  convergence  is 

2«     ^       ^2 

Therefore  the  given  series  is  convergent  when  x  is  numeri- 
cally less  than  \. 

EXERCISES  II. 

Find  the  ratios  and  the  sum  of  n  terms  of  the  following 
recurring  series : 

1.  1  +  2  4-5  +  12  +  294-—. 

2.  1-3-5  +  1+11  +  .... 

3.  3  -7  + 15  -  31  +  63  - 127  +  255 . 

4.  2-3  +  5-21+60-188  +  577 . 

Find  the  ratios  and  the  generating  function  of  the  following 
recurring  series: 

5.  2-aj-3a^  +  5a^  +  a?* . 

6.  l  +  3a;-9a^-  9aJ*+.... 

7.  l-4a;  +  6aj*-14a^  +  26a?*-.... 

a  l  +  4ic-5aj2  4.ll^a^_22Jaj*+.... 

.9.  3-6aj-9a^-10i»«-10ia?* . 

10.  5  -  2  a?  +  11  a^  +  16  0,-8  +  65  a*  +  178  ^  +  551 7?  +  .... 

11.  l-2a?  +  3a^  +  10a^  +  13aj*  +  22aj«  +  51a^  +  .... 

12.  2  -  3  a  -  2  iB2  +  16  ips  -  24  oj*  -  16  aj*  +  128  0^ 

13.  3  +  5a;-6«*-15a8  +  8a;*  +  37aj*-a0a^ . 

14.  l-3aj  +  7aj*  +  2a^-25a;*  +  42aj*  +  14a^ . 

15-19.   Find  the  general  term  of  each  series  in  Exx.  7-11, 

and  hence  determine  for  what  values  of  x  each  series  is  con- 
vergent. 


13-17]  SUMMATION  OF  SERIES.  467 

Method  of  Ftnite  Differences. 

14.  In  an  arithmetical  progression,  any  term  after  the  first 
is  formed  by  adding  a  constant  difference  to  the  preceding 
term. 

If,  therefore,  each  term  of  an  A.  P.  be  subtracted  from  the 
following  term,  we  obtain  a  series  of  differences  each  equal  to 
the  common  difference.  If  each  term  of  this  series  be  sub- 
tracted from  the  following  term,  we  obtain  a  series  of  dif- 
ferences each  equal  to  zero. 

Thus,  1,    3,    5,    7,    9,     ..., 

2,    2,    2,    2,     ..., 
0,    0,    0,    .... 

15.  An  arithmetical  progression  is  a  particular  instance  of  a 
more  general  class  of  series,  from  which,  by  continuing  to  form 
series  of  differences  as  in  Art.  14,  a  series  of  differences  each 
equal  to  zero  is  finally  obtained. 

Thus 

Given  series,    1,    4,    9,    16,    25,     —, 

1st  differences,    3,    5,    7,      9,     •••, 

2d  differences,         2,    2,     2,      •.., 

3d  differences,  0,    0,     •••. 

16.  The  first  series  of  differences  is  sometimes  called  the 
First  Order  of  Differences ;  the  second  series  of  differences,  the 
Second  Order  of  Differences ;  and  so  on. 

The  /ith  Term  of  the  Series. 

17.  To  find  any  term  of  an  arithmetical  progression,  it  is 
sufficient  to  have  the  first  term  of  the  given  series  and  the  first 
term  of  the  first  order  of  differences  (the  common  difference). 

To  find  any  term  of  the  more  general  series,  it  will  prove  to 
be  sufficient  to  have  the  first  term  of  the  gives  series  and  th^ 
first  term  of  each  order  of  differences. 
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Observe  that  any  term  of  the  given  series  is  found  by  adding 
to  the  preceding  term  the  corresponding  term  of  the  first  order 
of  differences.    Thus,  in  the  example  of  Art.  15, 

4  =  1  +  3,   9  =  4  +  5,  16=9  +  7,  .... 

In  like  manner,  any  term  of  any  order  of  differences  is 
formed  by  adding  to  the  preceding  term  the  corresponding 
term  of  the  next  order  of  differences.  Thus,  in  the  first  order 
of  differences, 

5  =  3  +  2,  7=5  +  2,   9=7  +  2,  .... 

Now,  let  Oj  be  the  first  term  of  the  given  series, 

di  be  the  first  term  of  the  first  order  of  differences, 
cZg  be  the  first  term  of  the  second  order  of  differences, 
and  so  on. 

First,  forming  the  second  terms  of  the  series  as  indicated 
above,  then  the  third  terms  from  the  second  terms,  and  so  on, 
we  have : 

Given  series,     Oj,    ai+c?i,    ai+2di+d2,    ai+3di+3d2+^>  '••> 
1st  order  of  dif.,     di,     di-\-  d^,    d^  +  2  dj  +  (Zg,     •••, 
2d  order  of  dif.,  dg,-    dj+dg,     •••, 

3d  order  of  dif.,  dg,     •.•. 

We  now  have 

ai  =  Oif      02  ^  ctx  +  di,      Og  =  tti  +  2  dj  +  d2,  etc. 

Observe  that  the  numerical  coefficients  in  the  expression  for 
a2  are  the  same  as  in  a;  +  y,  those  in  the  expression  for  a,,  the 
same  as  in  the  expansion  of  {x-\-yfj  etc.  That  is,  in  the  formula 
for  each  of  the  first  four  terms,  the  numerical  coefficients  are 
the  same  as  in  the  expansion  of  a  power  of  a  binomial  whose 
degree  is  one  less  than  the  number  of  the  term. 

We  will  now  prove  that,  if  a  similar  formula  hold  to  any 
term,  it  holds  to  the  next  term.  Let  us  assume  that  the 
formula  holds  to  the  nth  term. 
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Then,     a.  =  0,  +  (n  -  l)d,  +  ^"^  ^  ^]^'"'^^d,+  ...      . 

If 

\r 

Now  the  first  order  of  differences  is  a  series  of  the  same 
character  as  the  given  series.  If,  therefore,  the  above  formula 
hold  for  the  nth  term  of  the  given  series,  it  holds  for  the  ?ith 
term  of  the  first  order  of  differences.  Let  ^^i  stand  for  this 
term. 

Then,     A  =  d,  +  (n-l)(Za  +  (^~^X^'-^-)d3-f  >». 

|r  —  1 

But  a„+i  =  a„  +  n^i. 

Therefore,     a^^i 

Hence,  if  the  formula  hold  to  the  nth  term,  it  holds  to  the 
(n4-l)th.  But,  as  was  first  proved,  it  holds  to  the  fourth  term; 
therefore,  it  holds  to  the  fifth ;  and  so  on. 

We  therefore  have 

I*  l^ 

Ex.     Find  the  15th  term  of  the  series 

1  +  4  +  9  +  17  +  29+.... 
We  have      ai  =  l,        4,        9,        17,        29,     ..., 

di  =  3,        5,        8,        12,     •••, 

da  =  2,        3,        4,     ..., 

^8  =  1,        1,     •••, 

d,  =  0,    .... 
Then, 

„,.  =  l  +  14.3  +  li^.2  +  li4|^2^689. 

L£  l£ 


470  .         ALGEBRA.  [Ch.  XXXI 

The  Sum  of  n  Terms  of  the  Series. 

18.  Let  it  be  required  to  find  the  sum  of  n  terms  of  the 
series  <h  +  <h'\'<h'\-<^4-\-  •••«!.  +  •••• 

We  form  a  new  series  of  which  the  first  term  is  0,  the 
second  ai,  the  third  tti  -j-  a^,  the  fourth  ai  -f  Og  +  a-s,  and  so  on. 
The  (n  -f-  l)th  term  of  the  assumed  series  is  evidently  the 
required  sum  of  n  terms  of  the  given  series. 

We  then  have 

01,02,08,  O4,      •••, 

^1*     > 

^ 7 

Since  the  first  order  of  differences  of  the  new  series  is  the 
same  as  the  given  series,  the  second  order  of  differences  of 
the  new  series  is  the  same  as  the  first  order  of  differences 
of  the  given  series,  and  so  on. 

Observe  that  0  is  taken  as  the  first  term  of  the  assumed 
series  in  order  that  the  first  order  of  differences  may  begin 
with  Oi  and  therefore  the  first  terms  of  the  orders  of  differences 
following  be  in  order  di,  d^  d,,  •••. 

We  now  find  the  (n  +  l)th  term  of  the  assumed  series,  and 
take  the  result  as  the  sum  of  n  terms  of  the  given  series.  In 
applying  the  formula  of  the  preceding  article,  we  must  let 

Oj  ^  0,  di  =  Oj,  dj  =  di,  •••. 

If  Sn  stand  for  the  required  sum,  we  have 

\z  [a; 

wherein  Oi,  di,  dg,  •••,  have  the  same  meanings,  with  reference 
to  the  given  series,  as  in  the  preceding  article. 

Ex.  Find  the  sum  of  the  squares  of  the  first  n  natural 
numbers 

12  _^.  22+32  +  42+. ..+711 
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We  have  ^i  =  l,    4,    9,    16,    •.., 

di  =  3,    Of    7,     •••, 
d,  =  2,    2,     ..., 

Then,       S,=  n  +^(^7^)  .  3  ^^(n- l)(n- 2)  ,  ^ 
=  i[6n+9n(n-l)4-2n(n-l)(n-2)]  =  in(n+l)(2n  +  l). 

Piles  of  Cannon-ballB. 

19.  Cannon-balls,  oranges,  and  other  spherical  objects  are 
usually  piled  in  the  form  of  pyramids,  consisting  of  horizontal 
layers. 

(i.)  Square  Pyramids.  —  When  the  base  of  the  pyramid  is  a 
square,  the  top  layer  evidently  contains  1  ball,  the  second  layer 
2*  balls,  the  third  layer  3*  balls,  and  so  on. 

Therefore,  the  number  of  balls  in  a  square  pyramid  of  n 
layers  is  the  sum  of  n  terms  of  the  series 

12  +  2*  +  3«+-4-n*+.... 

Hence,  by  Ex.,  Art.  18,  S„  =  J/i  (/i  +  1)  (2  /?  +  1). 

Observe  that  n  is  also  the  number  of  balls  in  a  side  of  the 
bottom  layer. 

(ii.)  Triangular  Pyramids.  —  When  the  base  of.  the  pyramid 
is  an  equilateral  triangle,  the  top  layer  contains  1  ball,  the 
second  layer  3  balls,  the  third  layer  6  balls,  and  so  on. 

Hence,  the  number  of  balls  in  a  triangular  pyramid  of  n 
layers  is  the  sum  of  n  terms  of  the  series 

1+3  +  6  +  10  +  — . 
By  Art.  18,  we  have 

S,  =  n+?^i?^.2+2i^^^ 

wherein  n  is  also  the  number  of  balls  in  a  side  of  the  bottom 
iayer. 
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(iii.)  Rectangular  Pyramids.  —  In  a  rectangular  pyramid,  the 
first  layer  consists  of  a  row  of  balls,  the  second  layer  of  two 
rows,  the  third  layer  of  three  rows,  and  so  on. 

If  the  first  layer  contain  A;  balls,  the  second  layer  contains 
2  (A:  -h  1),  the  third  3  (A:  -f  2),  and  so  on. 

Hence,  the  number  of  balls  in  n  layers  is  the  sum  of  n  terms 
of  the  series 

A:-h2(A:  +  l)+3(fc  +  2)+4(A:-f3)-h.... 

,    We  have     ai  =  k,  di  =  A;-h2,  ^2  =  2,  ^8  =  0,  •••. 
Therefore, 

[2  [3 

=  ^n(2  ?^«  -h  3  wA:  -f  3  A;  -  2)  =  ^  n(n  -h  1)  (2  w  4-  3A;  -  2). 

If  m  be  the  number  of  balls  in  the  length  of  the  bottom 
layer,  then 

m  =  A:-f?i  — 1,  whence  A;  =  m  — n  +  1, 

wherein  n  is  also  the  number  of  balls  in  the  breadth  of  the 
bottom  layer.     The  preceding  formula  may  now  be  written 

5/,  =  i/i(/i  +  l)(3/ii-/H-l). 

Ex.  1.  Find  the  number  of  balls  in  a  rectangular  pyramid, 
the  sides  of  the  bottom  layer  containing  14  and  20  balls  re- 
spectively. 

Since  the  number  of  layers  is  the  same  as  the  number  of 
balls  in  the  breadth  of  the  bottom  layer,  we  have 

/Sh  =  J  •  14  .  15  .  (60  -  14  +  1)  =  1645. 

Ex.  2.  Find  the  number  of  oranges  in  an  incomplete  tri- 
angular pyramid,  if  the  number  in  a  side  of  the  top  layer  be 
5  and  the  number  in  a  side  of  the  bottom  layer  be  10. 

The  pyramid,  if  complete,  would  consist  of  ten  layers,  and 
hence  would  contain  J  •  10  •  11  •  12,  =  220,  oranges. 

The   part  which  is  wanting  would  be  a  pyramid  of  four 
layers,  and  hence  would  contain  J  •  4  •  5  •  6,  =20,  oranges.  There- 
fore, the  required  number  of  oranges  is 
220  -  20,  =  200. 


19]  SUMMATION  OF  SERIES.  478 

EXERCISES  III. 

1.  Find  the  ninth  term  and  sum  of  the  first  nine  terins  of 
the  series  1,  4,  8,  13,  •••. 

2.  Find  the  twelfth  term  and  the  sum  of  the  first  fifteen 
terms  of  the  series,        3,  2,  3,  6,  •••. 

3.  Find  the  fourteenth  term  and  the  sum  of  the  first  twenty 
terms  of  the  series,        5,  3,  4,  7,  11,  •••. 

4.  Find  the  eighth  term  and  the  sum  of  the  first  nine  terms 
of  the  series 

2a-3  6,  3a-26,  4a-2  6,  5a-3  6, .... 

Find  the  nth  term  and  the  sum  of  the  first  n  terras  each  of 
the  series : 

5.  2,  6,  16,  32, ....  6.   5,  3, 13,  35,  .... 

7.   5,  1,  -  6,  -  14,  -  21, ....      a   6,  3,  -  4,  - 13,  -  22, .... 
9.   a,  2  a  +  1,  3  a  +  3,  4  a  -f  6,  .... 

10.  Find  the  sum  of  the  cubes  of  the  first  n  natural  numbers. 

Find  the  number  of  balls  in 

11.  A  square  pyramid,,  having  12  balls  in  each  side  of  the 
base. 

12.  A  triangular  pyramid,  having  15  balls  in  each  side  of  the 


13.  A  rectangular  pyramid,  having  12  and  5  balls  respectively 
in  the  length  and  breadth  of  the  base. 

Find  the  number  of  balls  required  to  complete 

14.  A  square  pyramid,  having  144  balls  in  the  top  layer. 

15.  A  triangular  pyramid,  having  5  balls  in  a  side  of  the  top 
layer. 

16.  A  rectangular  pyramid,  having  22  and  8  balls  respec- 
tively in  the  length  and  breadth  of  the  top  layer. 

17.  How  many  balls  in  an  incomplete  rectangular  pyramid, 
having  16  and  12  balls  respectively  in  the  length  and  breadth 
of  the  top  layer,  and  25  in  the  breadth  of  the  bottom  layer  ? 
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la  How  many  layers  in  a  square  pyramid,  containing  91, 
=  7  .  13,  balls  ? 

19.  A  rectangular  pyramid  of  8  layers  contains  1860  balls. 
How  many  balls  are  in  the  top  row  ? 

20.  The  number  of  balls  in  a  square  pyramid,  increased  by 
91,  is  equal  to  twice  the  number  in  a  triangular  pyramid  of  the 
same  number  of  layers.     How  many  layers  in  each  pyramid  ? 

21.  Show  that  the  number  of  balls  in  any  square  pyramid  is 
one-fourth  of  the  number  in  a  triangular  pyramid  having  twice 
as  many  layers. 

Interpolation. 

20.  The  following  example  will  indicate  the  nature  of  an 
important  application  of  the  method  of  finite  differences. 

Ex.    Given  V  =  1,  2^  =  4,  3^  =  9, ...,  find  the  value  of  (2^. 

We  have  a,  =  1,  c?i  =  3,  (^  =  2,  dg  =  0,  •••. 

Since  the  first  term  is  the  square  of  1,  the  second  term"  the 
square  of  2,  and  so  on,  we  may  call  the  square  of  2J  the  2|th 
term.     Then, 

a^  =  l  +  f. 3  +  ^-2  =  ^2^, 
which  agrees  with  the  result  obtained  by  squaring. 

2L  Interpolation  is  the  process  of  inserting  between  the 
terms  of  a  given  series  other  terms  which  conform  to  the  law 
of  the  series. 

In  thus  interpolating  terms  in  a  given  series  it  is  necessary, 
as  we  have  seen,  to  give  to  w  a  fractional  value  in  the  formula 
for  the  nth  term.  Interpolation  is  extensively  applied  in 
astronomy,  and  is  also  used  in  computing  numbers  intermediate 
between  those  given  in  mathematical  tables. 

Ex.  1.  From  a  table  of  square  roots  we  obtain  V^  =  2, 
V5  =  2.2361,   V^  =  2.4495,  V*^  =  2.6458,  V^  =  ^.8284 ;  find 
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We  have 

ai  =  2.0000,    2.2361,    2.4495,    2.6458,    2.8284,     ..., 
(Zi  =  .2361,      .2134,       .1963,       .1826,         ..., 
(i2  =  -.0227,    -.0171,     -.0137,       ..., 
c73=.0056,        .0034,  ..., 

d^  =  -.0022. 

It  should  be  kept  in  mind  that  in  forming  differences  we 
always  subtract  a  number  from  the  number  on  its  right, 
thereby  sometimes  obtaining  negative  remainders. 

Since  -y/^  is  the  second  term  and  -y/Q  is  the  third  term,  for 
V5.25  we  take  n  =  2.25,  =  f . 


Then,  a-  =  2  +  |  (.2361)  +  tli  (-.0227) 

[2 


+  i_LiilLll(.0056)  +  l'H~f)(-|),(.0022) 

=  2  +.2951  -  .0035  -  .0002  -  .00003 
=  2.2914. 

In  such  examples  it  is  not  possible  to  obtain  a  series  of  dif- 
ferences whose  terms  are  zero.  But,  by  taking  more  terms  in 
the  given  series,  more  orders  of  differences,  with  terms  nearer 
to  zero,  can  be  obtained.  The  results  are  approximate,  and 
the  work  is  to  be  carried  only  so  far  as  it  will  affect  the  last 
decimal  place  in  the  values  of  the  given  terms. 

EXEBCISBS  IV. 

1.  Given  log  30=1.47712,  log  31=1.49136,  log  32=1.50515, 
log  33  =  1.51851,  log  34  =  1.53148 ;  find  log  31.8. 

2.  Given  ^9  =  2.0801,  ^10  =  2.1544,  ^11  =  2.2240, 
^12  =  2.2894,  ^13  =  2.3513;  find  ^11.25. 

3.  The  latitude  of  a  place  on  the  earth's  surface  is  obtained 
by  observing  the  altitude  of  the  sun  at  noon,  and  adding  to  the 
complement  of  the  altitude  the  sun's  declination.  On  Oct.  31, 
1896,  the  altitude  of  the  sun  at  Philadelphia  was  found  to  be 
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35°  36' 37  ".3.      The  Nautical    Almanac  gives  the  following 
values  of  the  sun's  declination: 

Oct.  30, 1896,  at  15^  29' past  7  a.m.,  — 14°    3'    3".8; 

31,     "       "       «  "        "       — 14°22'28".7; 

Nov.  1,     «       "       «  «        "       — 14°41/39".8; 

2,     «       "       "  "        "       —15°    0'36".6. 

Find  the  latitude  of  the  place  of  observation. 

4.  The  length  of  a  degree  of  longitude  on  the  equator  is 
69.17  miles;  at  10°  N.  latitude,  68.13  miles;  at  20°,  65.03 
miles;  at  30°,  59.96  miles;  at  40°,  53.06  mil^;  at  50°,  44.55 
miles.  What  is  the  length  of  a  degree  of  longitude  at  36°  15'  N. 
latitude  ? 

5.  The  altitude  of  a  star  as  seen  with  the  eye  is  greater  than 
it  really  is,  on  account  of  the  refraction  of  the  rays  of  light 
from  the  star  by  the  earth's  atmosphere.  The  altitude  of  the 
star  Fomalhaut  was  observed  to  be  19°  15'  37".3.  Find  its  cor- 
rect altitude,  using  the  following  table : 


Altitude. 

Refraction. 

Altitnde. 

Befractlon 

16° 

3'  18".4 

22° 

2' 21  ".9 

18° 

2'  66".8 

24° 

2'    8".9 

20° 

2'37".3 

26° 

1'  67".9 

6.  The  temperature  of  a  litre  of  water  is  23°.4  C.  Find  its 
weight,  using  the  following  table  of  densities,  the  unit  being 
the  density  of  water  at  the  temperature  of  maximum  density : 

Temperature.  Density.  Temperature.  Density. 

10°  C.  .99974  25°  C.  .99713 

15°  C.  .99915  30°  C.  .99577 

20°  C.  .99827 

7.  Nitric  acid  is  diluted  with  water  so  that  the  solution 
contains  22.4%  acid.  Find  the  weight  of  a  litre  of  the  solution, 
using  the  following  table  of  specific  gravities : 

%  of  Acid.  Sp.  gr.  %  of  Acid.  Sp.  gr. 

0  .999  20  1.121 

10  1.058  30  1.187 


CHAPTER   XXXII. 

THE  EXPONENTIAL  AND  LOGARITHMIC   SERIES. 

1.  In  this  chapter  we  shall  give  two  important  series,  and 
from  them  derive  formulae  for  computing  naperian  and  common 
logarithms. 

The  Exponential  Series. 

2.  The  expression  a*,  in  which  the  variable  enters  as  an 
exponent,  is^called  an  Exponential  Function. 

3.  Let  y  =  a',  then  log,  y=^x  log.  a,  (1) 

wherein  e  is  the  base  of  the  naperian  system  of  logarithms. 
From  (1),  we  obtain  y  =  e*'°M,  or,  a'  =  e*^"**".  (2) 

If,   therefore,  we   expand  e*^<>M  in  a  series,   to  ascending 

powers  of  a?,  the  result  will  be  also  the  expansion  of  a*,* 

4.  If  n>l,  the  expansion  of  [!  +  -)    by  the  Binomial 

Theorem  will  be  a  convergent  series,  by  Ch.  XXVIL,  Art.  8. 
Therefore, 

\        n)  n  (2         n^  (3  w* 

,  ,  n(n  —  1)  '"  (n  — r-f  1)    1    , 

[r  n' 


+ i ^A ^/"'\ ?../ + ..., 
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however  great  n  may  be.     If  then  we  let  n  increase  indefinitely, 

1  =  0,  ?  =  0,  etc. 
n  n 

Hence,,  when  n  =  00,  (^i^lY=l  +1 4-1  +  1  +  ...  +  i  _|„  .... 

Denoting  the  series  1+1+  — -|-—  +  •••  by  the  letter  e,  as 

[2     [3 

in  Ch.  XXVIII.,  Art.  12,  we  have 
lim 


lim  /1  .  ly 


5.  It  follows  from  the  result  of  the  preceding  article  that 
the  expansion  of  e*  can  be  obtained  from  the  expansion  of 

[1-1--]      ,  by  letting  n  increase  indefinitely. 

Wehave[(l+lJJ  =  (l+^)"' 

:^l\nx^  I  ^^(^^-^)  .  1   I  na?(na;~l)(na;~2)     1 
n  [2  n'  [3  n» 

,         ,  na;(na;— 1)  •••(wa;— r-l-1)     1    , 

+  *"H ^^ ^—7-^^ ' 'Z'T  ••• 

[r  n!^ 

Letting  n  increase  indefinitely,  we  have 

•'  =  '  +  '  +  |  +  |+-+^+--  <^> 

This  series  is  found,  by  Ch.  XXV.,  Art.  21,  to  b^  convergent 
for  all  finite  values  of  x.  \ 
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Therefore,  replacing  a;  by  a;  log.  a,  and  remembering  that 
e*'08e«  =  a*,  we  have 

a^=l+^log.a  +  ^"^^2o^^  (2) 

This  Exponential  Series  is  convergent  for  all  finite  values  of  x. 

The  Logarithmic  Series. 

6.  From  the  expansion  of  a*  in  Art.  5,  we  have 

a' -  1  =  X  log.  a  +  ^%^' +  ^^i5&«IV  •••. 

Dividing  by  X,  ^^=log.a+^il^V^te«I'+.... 

The  series  in  the  second  member  is  convergent  for  all  finite 
values  of  x.  Therefore,  by  Ch.  XXVI.,  Art.  3,  its  sum  ap- 
proaches log,a,  as  aj==0. 

Whence,  1\«^   ?!j=i  =  log,a; 

x  =  0      X 

or,  replacing  x  by  a,       °*^  ^  "     =  log^  a.  (1) 

a  =  0      a 

7.  Substituting  1  +  a:  for  a  in  the  relation  of  the  preceding 
article,  we  have 

log.(l  +  x)=  li°^<l +»)■-!.  (1) 

If  a;  <  1  numerically,  the  expansion  of  (1  +  a:)"  by  the  Bino- 
mial Theorem  is  a  convergent  series. 
Therefore, 

(l+xy  =  l  +  ax-^^(^a^+<--]li--^)a^+.^ 
and  from  (1), 

whence,  log,(l  +  x)  =  jr-^  +  ^-^+ ....  (2) 
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It  is  important  to  keep  in  mind  that  this  expansion  holds 
only  when  x  lies  between  —  1  and  -|- 1.  It  is  therefore  of  little 
practical  value  in  computing  logarithms.  A  series  which  can 
be  used  for  this  purpose  will  be  derived  in  the  next  article. 

8.  Replacing  a:  by  —  a:  in  (2),  Art.  7, 

we  have  log.(l -«)  =  - a;-|-^-|* .  (1) 

Subtracting  (1)  from  (2),  Art.  7, 
log.(l+a:)-log(l-ar),  =log.^,  =2(«^  +  f  +  f +  •••).    (2) 

In  (2),  let  l±£  =  L±i?     whence  aj  =  — ^- 

Then  log.  ^-±-^, 

=log.(l+n)-log.«,=2[^+3^2^»+5(2^*+  •••] 
or 

The   series   (2)    is   convergent  when    a;  <  1,   and    positive. 

Therefore  the  series  (3)  is  convergent  when  - — —r  <  1 ;  orw>o. 

Hence,  this  series  is  equal  to  loge(l  +  w)  for  all  positive 
values  of  w,  however  great. 

Computation  of  Logaiithms. 

9.  Naperian  Logarithms.  —  By  means  of  the  formula  derived 
in  the  preceding  article,  the  naperian  logarithms  of  all  positive 
numbers  can  be  computed. 

Let  w  =  1.     Then, 

log.2  =  log.l+2g+^-L.  +  ^-i^.+  ...) 

=  0  +  2  (.3333333  -h  .0123457  +  .0008231  +  .0000653 

H-  .0000057  4-  .0000005) 
=  .69315,  to  five  places  of  decimals. 
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Letting  w  =  2,  4,  6,  •••,  we  have 

log.   3  =  log.2  +  2(|  +  3l^,  +  ^,+  ...)       =1.09861. 
log.  4  =  21og.2  =1.38629. 

log.   5  =  log.4  +  2g  +  3i^  +  g^+..-)       =1.60944. 

log.   6  =  log.  2  + log,  3  =1.79176. 

log.   7  =  log.6  +  2(l  +  3A_+_^^+...j  =  1.94691. 
log.   8  =  31og.2  =2.07944 

log.   9  =  21og.3  =2.19722 

log.  10  =  log.  2  +  log.  5  =  2.30259 

and  so  on. 

It  is  necessary  to  compute  only  logarithms  of  prime  num- 
bers, by  the  formula.  Logarithms  of  composite  numbers  are 
obtained  by  adding  together  the  logarithms  of  their  factors. 

As  the  numbers  increase,  fewer  terms  in  the  formula  are 
required  to  compute  their  logarithms  to  a  given  decimal  place. 

10.   Common  Logarithms.  —  Let  n  =  logio  N^  or  10"  =  N. 
Taking  logarithms,  to  base  e,  n  log.  10  =  log.  N, 

Whence,  n  = •  log.  N, 

log.  10 

°'^°^"^=i^-^°«-^'  =2:3525-9 •^°«'^'  =.43429  log.i^ 

The  number 

— ^ —  =  — ^ —  =  .43429, 
log.  10     2.30259 

is  called  the  Modulus  of  the  common  system  with  respect  to  tUtj 
Naperian  system. 

Hence,  to  compute  the  common  logarithm  of  any  positive 
number,  multiply  the  naperian  logarithm  by  the  modulus  oi 
the  common  system,  .43429. 
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E.g.y  logio  2  =  .43429  x  log.  2,    =  .43429  x  .69315,    =  .30103. 

Only  common  logarithms  of  prime  numbers  should  be  thus 
obtained.  Common  logarithms  of  composite  numbers  are  ob- 
tained by  adding  together  the  logarithms  of  their  factors. 

U.  Evidently,  the  naperian  logarithm  of  a  number  can  be 
obtained  from  the  common  logarithm  by  dividing  by  .43429,  or 
by  multiplying  by  2.30259. 

The  number  2.30259  is  called  the  Modulus  of  the  naperian 
system  with  respect  to  the  common  system. 

EXERCISES. 

1-10.  Compute  the  common  logarithms  of  all  integers  from 
11  to  20  inclusive. 

11.  Find  thesum  of  1-^H-i-^H---. 

2      3      4 

12.  Find  the  sum  of  ^  -  i  -  4  +  ^  •  4 . 

3      2     32     3    3^ 


Expand,  to  ascending  powers  of  x : 
13.   ^(e^'  +  e-**) 

15.   Prove  ^H°L 


2 1 


^'H'^t)=' 


16.  Showthat-±3  +  ^^,  +  3^,+  ... 

=  1— L  +  J__.... 

17.  Show  that  ?^+ V^Vl/'^3+...=log.a-log.6. 

a       Z\   a   J     o\    a  J 

18.  Show  that,  when  a;  >  1, 
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1.  The  equations  aiX  +  agy  =  0,  (1) 

bix  4-  %  =  0,  (2) 

have  evidently  the  solution  0,  0.     Let  us  inquire  if  they  can  be 
simultaneously  satisfied  by  values  of  x  and  y  other  than  0,  0. 
Multiplying  (1)  by  b^,  and  (2)  by  Oj, 

Oib^  4-  «ss62y  =  0, 

aJ}iX  4-  aj)^  =  0. 

Subtracting,  (afii  —  ajb{)x  =  0. 

This  equation  will  be  satisfied  by  a  value  of  x  other  than  0, 

if  afii  —  ag&i  =  0. 

The  same  result  would    have  been  obtained,  had  we  first 
eliminated  y, 

2.  The  expression  afii  —  ajbi  (I.) 

is  an  example  of  a  form  which  occurs  frequently  in  mathe- 
matics, and  for  which  a  special  notation  has  been  devised. 

Such  an  expression  is  called  a  Determinant. 

The  determinant  (I.)  is  usually  written  in  a  square  form : 

ai    Oj 
bi     62 

The  positive  term  of  the  determinant,  obtained  from  the 
square  form,  is  the  cross-product  from  upper  left  to  lower 
right ;  the  negative  term  is  the  cross-product  from  upper  right 
to  lower  left. 

4     2 


E,g., 


3    5 


=  4.5- 


2.3  =  14; 
483 


3-1 

2      7 


=  3. 7_(_  1)2  =  23. 
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3.  We  shall  frequently  call  the  symbolic  form  in  which  the 
determinant  is  written  the  determinant. 

The  advantage  of  writing  determinants  in  this  form  will  be 
made  evident  in  subsequent  work. 

4.  The  Elements  of  a  determinant  are  the  unconnected  sym- 
bols in  its  square  form ;  as  ai,  a^  bi,  b^  in  (I.). 

A  Row  of  a  determinant  is  a  horizontal  line  of  elements ;  as 


A  Colomn  of  a  determinant  is  a  vertical  line  of  elements ;  as 


6i 


The  rows  are  numbered  jirsty  second^  etc.,  counting  from  top 
to  bottom ;  and  the  columns  from  left  to  right. 
The  square  form  has  two  diagonals. 
The  Principal  Diagonal  is  composed  of  the  elements  from  the 

upper  left-hand  corner  to  the  lower  right-hand  corner;  as 

in  (I.). 

The  Order  of  a  determinant  is  the  number  of  rows  or  columns 
in  its  square  form, 
tti    a. 


Thus, 


b,     b. 


is  a  determinant  of  the  second  order. 


EXEBCISBS  I. 
Find  the  values  of  the  determinants: 


1. 


5  3 

8  6 

X  y 

2  3 


6. 


-9    8 

-7    6 

b    2a 

2c       b 


3. 


11    0 
-5    7 
a-\'b    a  —  b 
a  —  b    a-^-b 


8 
10 


Verify  the  following  identities. 


11. 


13. 


a,    0 
6,    0 

=  0. 

9. 

b. 

.6, 

= 

a, 
a^ 

b, 
b. 

.     10. 

b. 

Cl2 

b. 

b,    b, 
ai   a. 

Oj    a, 
a,    Os 

'  =  0.    12. 

r 

bi       b. 

= 

ka^    ag 
kb,     b. 

=  k 

b,     b. 

• 

a,4-« 

1      Oj 

a, 

b2 

+ 

a, 

b. 

• 
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5.  Next,  let  us  inquire  when  the  equations 

biX  +  b^+b^  —  0, 

Cioj  +  C22/  +  Cs«  =  0, 

are  satisfied  by  values  of  x,  y,  2,  other  than  0,  0,  0. 
Multiplying  (2)  by  Cg,  and  (3)  by  b^, 

bic^  -f  b^c^  +  b,fi^  =  0, 

b^x  -f  63C22/  +  ^sP8«  =  0. 

Subtracting,   (6i(%  —  b^^x  +  (p^  —  b^y  =  0. 

Whence 


b>fis  —  b^ 


In  like  manner,  from  (2)  and  (3),  we  obtain 
2  _  biC2  -  62C1 .  aj 

^2^3  ~  63C2 

Substituting  these  values  of  y  and  2  in  (1), 

b^3  —    V2  O2C3  —    ftgCg 


a;  =  0, 


(1) 
(2) 
(3) 


or, 


[tti  (b./^  —  ftgCj)  -  a^C^iCs  -  63C1)  +  03(6102  —  b^i)^  x  =  0. 

This  equation  will  be  satisfied  by  a  value  of  x  other  than  0, 
if  the  expression 

01(6203  -  63C2)  -  02(6103  -  63C1)  +  a^(biC2  -  62C1),         (II.) 


=  Oi 


62       &3 

-  02 

ftl       &3 

+  a, 

ftl        &2 

Cs     C3 

Ci       C3 

Ci       C2 

(III.) 


be  equal  to  zero. 

The  expression  (II.)  is  called  a  determinant  of  the  third 
order,  and  is  usually  written  in  the  square  form 


(IV.) 


a, 

0, 

<h 

6. 

b. 

h 

Cl 

c, 

c» 
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Minors. 

6.  If  the  row  and  column  in  which  ai  stands,  in  the  deter- 
minant (IV.),  be  deleted,  the  remaining  elements  constitute  a 

determinant  of  the  second  order,     *      ^  • 

This  determinant  is  called  the  Minor  of  the  given  determi- 
nant with  respect  to  a^  and  may  be  denoted  by  Ay. 

If  the  row  and  column  in  which  ag  stands  be  deleted,  the 

remaining  elements  constitute  the  determinant     ^      '  • 

This  determinant,  with  sign  changedj  is  called  the  minor  with 
respect  to  a2,  and  is  denoted  by  A^^ 

bi    &2 


In  like  manner  the  minor  with  respect  to  Og  is 
denoted  by  A^* 


<h       Cjj 


and  is 


7.  The  form  of  the  determinant  of  the  third  order  given  in 
(III.),  Art.  5,  can  now  be  written 

UiAi  +  a^A^  +  a^A^, 

Written  in  this  form,  the  determinant  is  said  to  be  expanded 
in  terms  of  the  elements  of  the  first  row  and  the  corresponding 
minors.  By  this  expansion  the  value  of  any  determinant  of 
the  third  order  can  be  readily  obtained. 

E.g,, 

-3        1 


2 

5 

-1 


4     -2 

6         7 


=  2 


-(-3) 


5 
-1 


+ 


5 
-1 


2(28  +  12) -h  3(35  -  2)  +  (30  +  4)=213. 


8.  The  determinant  of  the  third  order  can  also  be  expanded 
in  terms  of  the  elements  of  any  row,  or  column,  and  the  corre- 
sponding minors. 

For,  rearranging  the  terms  of  the  determinant  (II.),  Art.  5, 
we  have 

—  ^i(a2C3  —  a^Ca)  +  &2(«iC3  -  asCi)  —  h{(hC2  —  ajC,),  (V.) 

=  ai(&2C3  —  &3C2)  -  hiP'^z  —  ^sc^)  +  Ci(a2&3  —  0362),  etc.  (VI.) 
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In  (V.)  and  (VI.),  —  {a^  —  a^  is  the  minor  with  respect  to 
bi  and  is  denoted  by  B^  etc. 

The  above  expansions  can  now  be  written 

h^Bi  H-  fcj^Ba  +  ftjjjBa,     a^A^  +  h^B^  +  CiCi,  etc. 

In  general,  the  minor  with  respect  to  any  element  is,  except 
for  sign,  the  determinant  obtained  by  deleting  the  row  and 
column  in  which  the  element  stands. 

The  signs  to  be  prefixed  to  the  determinants  thus  obtained 
alternate  +  and  —,  beginning  with  Oi,  and  going  either  hori- 
zontally or  vertically,  but  not  diagonally.  Thus,  the  sign  of 
the  minor  of  ai  is  +,  of  hi  is  — ,  of  62  is  +,  of  63  is  — j  of  <k  is 
H-,  etc. 

4-12 

3     os- 
ier 


Ex.   Find  the  value  of 


Since  the  second  row  contains  a  zero  element,  the  work  is 
simplified  by  expanding  in  terms  of  the  elements  of  this  row : 


-3 


-1      2 
6      7 

+0 

4  2 
1  7 

-6 

4  -1 
1      6 

=574.0-125= -€ 


9.  The  terms  of  a  determinant  of  the  third  order  can  also  be 
obtained  directly  from  the  square  form.  Removing  parentheses 
in  (II.),  Art.  5,  and  writing  positive  terms  first,  we  have 

The  terms  are  obtained  by  multiplying  together  the  elements 
connected  by  continuous  lines  in  the  following  schemes : 


POSITIVE   TERMS 


NEGATIVE   TERMS 


488 


ALGEBRA. 


[Ch.  xxxra 


Ex. 


12  3 
4  5  6 
7    8    9 


=  l-6-9  +  2.6-7  +  3-4.8-l-6.8 
-2. 4. 9-3-6. 7=0. 


either  of 


fll 

Os 

<h 

h 

b. 

h 

Ci 

<k 

Cz 

PrincipleB  of  DeterminantB. 
10.  The  form  in  (VI.),  Art.  8  can  be  regarded  as  the  expansion 

tti    bi    Ci 
or  of    Oa     62    ^2 

Oj      63      Cg 

That  is,  the  value  of  a  determinant  remains  the  same  when  the 
rows  are  changed  into  columns,  and  the  columns  into  rows, 

U.  If  aU  the  elements  of  any  row,  or  column,  of  a  deter- 
minant be  0,  the  determinant  vanishes. 

For,  expanding  in  terms  of  the  zero  elements,  we  have 


=  0. 


12.  If  any  two  rows,  or  columns,  of  a  determinant  be  inter- 
changed, the  sign  of  the  determinant  is  changed,  but  its  numerical 
value  remains  the  same. 

For,        ai(&2C3  -  b^  -  a^ib^c^  -  b^  +  a^ibyC^  -  b^ 

=  —  [^1(02^3  —  ttsCg)  —  &2(«iC8  —  <h<h)  +  h{(hC2  —  OjCi), 


000 

61    hi    6, 

C,      C,      (^ 

=  0 

C,       Ci 

-0 

61     6, 
c,     Cs 

+  0 

61    62 

or 


(h     (h     (h 

b^     b,     bs 

==  — 

Ci        C2        Cs 

bi     62     h 

Oi        Oj        Og 

Ci       C2        Cs 


That  is,  the  principle  enunciated  holds  when  two  adjacent 
rows  are  interchanged.  To  interchange  the  first  and  third  rows 
is  equivalent  to  interchanging  the  first  and  second  rows,  then 
in  the  resulting  determinant  the  second  and  third  rows,  and 
finally  in  the  last  determinant  the  second  and  first  rows. 
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ai 

(h 

«8 

fti 

h 

h 

=  — 

Ci 

Cs 

O3 

&1 

b,      bs 

fll 

(h     (h 

= 

Ci 

C2      C3 

&i 

&2 

^ 

Ci 

C2 

Cs 

=  — 

«1 

Ojj 

«s 

These  transformations  give 

Ci      Ca     Cs 

61     62     63 

Oj        Og        Og 

13.  ijr  iw70  roM7«,  or  two  columns^  of  a  determinant  be  identical, 
the  determinarU  vanishes. 

Let  D  be  the  value  of  the  determinant.  If  the  two  identical 
rows,  or  columns,  be  interchanged,  the  value  of  the  resulting 
determinant  will  be  —D,  by  the  preceding  article.  But  this 
interchange  of  identical  rows,  or  columns,  does  not  alter  the 
given  determinant. 

Hence  D==  —  D,  and  therefore  I>  =  0. 


14.  Let     D  = 


ai    Os    Os 
bi     bi    63 

Ci       Cg       Cg 


=  aiAi  +  02^2  -h  «3^» 


(1) 


=  a^Ai  4-  ftiA  +  CiCj,  etc.        (2) 
Then  61^1  H-  b^  H-  b^A^ 

differs  from  (1)  only  in  having  6's  where  (1)  has  a's.    That  is, 

bi      &2      ^8 

61^1  +  b^  H-  b^As  = 


=  0. 


bi    62    bs 

Ci       C2      C3 

In  like  manner,  a^i  +  bsBi  H-  CgCi  =  0,  etc. 

15.  If  each  element  of  a  row,  or  column,  of  a  determinant  he 
multiplied  by  the  same  number,  the  determinant  is  multiplied  by 
that  number. 

kori    ka2    ka^ 

=  ka^Ai  +  ka^2  +  ka^A^ 


For, 


bi 

Ci 


b, 
02 


=  k  (cLiAi  +  azAi  +  a^). 


Hence  the  truth  of  the  principle  enunciated. 

It  follows  that,  if  the  elements  of  any  row,  or  column,  of  a 
determinant  be  the  same  multiples  of  the  corresponding  ele- 
ments of  any  other  row,  or  column,  the  determinant  vanishes. 
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16.  If  each  element  of  any  roWy  or  column,  of  a  determinant 
be  the  sum  of  two  terms,  tJie  determinant  can  be  expressed  as  the 
sum  of  two  determinants. 

For,  Oi  +  ai    <h-\'(h    (h  +  ^h 

bi  62  ^3 

Ci  Cg  Cs 

=  (oi  +  aj)Ai  +  (02  H-  02)^2  +  (03-1-  "8)^8 

=  (aiAi  +  02^2  +  «3^8)  +  ("i^i  H-  «2^2  +  03-43) 

ttl      Oj      % 

bi     bi    63 

Ci       C2       Cg 

In  like  manner,  if  each  element  of  any  row,  or  column,  be 
the  sum  of  m  terms,  the  determinant  can  be  expressed  as  the 
sum  of  m  determinants. 

By  a  proof  similar  to  that  above,  we  have 


«1 

<h 

as 

61 

&2 

bs 

+ 

<h 

Ci 

Cs 

ai+«i    Oj  +  Oj    %+«, 
h  +  Pi    h  +  Pi    h+Pi 

Cj  C2  Ps 


Ol 

<h 

a» 

6i 

b. 

&3 

+ 

Cl 

Cs 

Cj 

«! 

Ch 

«3 

b. 

bi 

^3 

+ 

Ci 

Ci 

Cs 

flj 

a» 

a. 

A 

A 

A 

+ 

Ci 

c, 

Cs 

«!       02       «8 

A   ft  ft 

Ci       C2       C3 


If  the  elements  of  the  first  two  rows  be  simis  of  m  and  n 
terms  respectively,  the  determinant  can  be  expressed  as  the 
sum  of  mn  terms.  In  like  manner,  the  principle  can  be  ex- 
tended to  a  determinant  in  which  the  elements  of  all  the  rows 
are  sums  of  any  numbers  of  terms. 


17.  If  like  multiples  of  the  elements  of  any  row,  or  column,  he 
added  to,  or  subtracted  from,  the  corresponding  dements  of  any 
other  row,  or  column,  the  value  of  the  deteiKninant  is  not  changed. 
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bi  62  63 

Ci  Cj  Pj 
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=  (oiAi  H-aa^a  H-Os^s)  +  ^  (^1^1  +M2  +  Ms)?        by  Art  16, 
=  aiAi  H-  OiAi  +  a^Aof  since  6i-4i  +  ftj-^a  -f  Ms  =  0,  by  Art.  14. 

The  purpose  of  this  principle  is  to  reduce  the  elements  of  a 
row,  or  column,  to  smaller  numbers,  as  many  as  possible  to 
zero,  before  expanding  the  determinant. 


Ex.  1.    Find  the  value  of 


1 

5 

-6 


-4        2 
3        9 

8     -7 


We  have 

1-4  2 

5        3  9 

-6        8  -7 


10        2 
5        23        9 

-6     -16     -7 


1 

5 

-6 


0        0 

23     -1 

-16        5 


23     -1 
-16        5 


=  99. 


To  obtain  the  second  determinant  we  multiply  the  elements 
of  the  first  column  by  4,  and  add  the  products  to  the  corre- 
sponding elements  of  the  second  column ;  to  obtain  the  third 
determinant  we  multiply  the  elements  of  the  first  column  of 
the  second  determinant  by  2,  and  subtract  the  products  from 
the  corresponding  elements  of  the  third  column.  The  third 
determinant  is  then  expanded  in  terms  of  the  elements  of  the 
first  row. 

With  a  little  practice  we  can  replace  two  or  more  rows,  or 
columns,  at  the  same  time.  Thus,  the  third  determinant  could 
have  been  obtained  directly  from  the  first,  by  writing  the  one 
result  of  the  two  consecutive  steps. 


492 

AI/JEBRA. 

[Ch.  xxxm 

-4         8        16 

Ex.  2.    Find  the  value  of 

6-6-4 

. 

We  have 

14        11          9 

-4          8 

16 

-2          8        16 

-2      8    15 

6-6 

-  4 

=  2 

3-6-4 

=  2 

1      3    11 

14        11 

9 

7        11          9 

7    11     9 

»2 

0  14        37 

1  3        11 
0     -10     -68 

=  -2 

14        37 
-10    -68 



2 

_ 

4     -31 
■10     -68 

= 

1164. 

To  obtain  the  second  determinant,  the  factor  2  is  removed 
from  the  elements  of  the  first  column.  The  elements  of  the 
first  row  of  the  second  determinant  are  added  to  the  corre- 
sponding elements  of  the  second  row,  thus  introducing  an 
element  1  in  the  first  column  of  the  third  determinant.  To 
obtain  the  fourth  determinant,  the  elements  of  the  second  row 
are  multiplied  by  2  and  added  to  the  corresponding  elements 
of  the  first  row,  and  by  7  and  subtracted  from  the  correspond- 
ing elements  of  the  third  row.  In  the  fifth  determinant  the 
elements  of  the  second  row  are  added  to  the  corresponding 
elements  of  the  first  row,  to  introduce  smaller  numbers  before 
expanding. 

It  is  important  to  notice  that  the  row,  or  column,  which  is 
replaced  is  the  row,  or  column,  that  we  add  to,  or  subtract  from. 

Thus,  multiplying  the  elements  of  the  first  column  of  the 

II    9 
3      4 
elements  of  the  second  column,  we  have 

1      0 


by  2,  and  adding  to  the  corresponding 


3    10 


=  10. 


Had  we  multiplied  and  added  as  above,  but  replaced  the  ele- 
ments of  the  first  column  by  the  sums,  we  should  have  obtained 

0-2, 


10     4 


=  20 
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18.  The  work  of  evaluating  a  determinant  can  often  be 
simplified  by  some  special  device. 


Ex.  1*  Find  the  value  of 


1  a  a* 
1  6  y 
1     c     c^ 


If  we  let  a  =  &,  the  resulting  determinant  will  have  two  rows 
identical,  and  will  therefore  vanish.  Hence,  a  —  6  is  a  factor 
of  the  determinant.  For  similar  reasons  6  —  c  and  c  —  a  are 
factors.  The  product  of  these  three  factors  is  of  the  same 
degree  as  the  determinant.  Therefore  this  product  can  differ 
from  the  value  of  the  detei-minant  only  in  a  numerical  factor. 
Assume  the  value  of  the  determinant  to  be 

7c{a  —  &)  (6  —  c)  (c  —  a). 

If  we  identify  one  term  of  the  determinant  with  the  corre- 
sponding term  of  this  product,  all  terms  will  be  identical. 
The  term  obtained  from  the  principal  diagonal  is  6c*;  the 
corresponding  term  in  the  product  is  kb<^.    Hence  A;  =  1. 


Therefore 


1     a    a* 
1     b     V 

n    c    c* 


=  (a  —  h){b  —  c)(c  —  a). 


2.   Find  the  value  of 


&  +  C 

a-\-  c 
a-\-b 


Adding  the  elements  of  the  second  column  to  the  corre- 
sponding elements  of  the  first  column,  we  have 


a-\-b  +  c 
a-\-b-\-c 
a-\-b  -^  c 


b-\-c 
a  +  c 
a-\-b 


=  {a-\-b-\-c) 


6-f  c 
a  +  b 


'•(a-\-b+c) 


1  64-c  a* 
0  a—c  i^—a? 


=  (a-b)  (a-c)  (a-l-64-c) 

=  (a-b)(a  -  c)(b  -  c)(a  -^bfc) 


-(a+6) 
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Ex.  3.   Solve  the  equation 

Factoring  out  A;,  we  have 

a    0         x  —  a 
10  0 

b    x—b      0 


a    a    X 
b     X    b 


a 

a 

X 

1 

1 

1 

= 

b 

X 

b 

=  0. 


0     x  —  a\ 
x-b     0 


=  (a?  — a)(a;  — 6). 


Therefore  («  — a)(a;  — 6)  =  0;   whence  x  =  ay  a? =6. 


BXBBCISES  II. 

.  Find  the  values  of  the  determinants : 


10. 


12. 


14. 


12- 

3 

8 

11 

14 

11 

12 

5 

6      4     -10 

•     2 

9    12 

16 

.     3. 

-9        4    -3 

-7    .10        11 

10    13 

16 

2-7       8 

19     -12          7 

a 

h      9 

a  ■    b     c 

9        18     -21  . 

5. 

h 

b     f 

•       6 

b      c      a 

-11     -24        49 

9 

f     c 

cab 

1      a      a» 

1      a» 

a» 

o       a'      be 

1      b      l^ 

8. 

1      6' 

b* 

9. 

b      b^      ac 

1      c      c» 

1      c» 

& 

c       <?      db 

l+x       1          1 

X- 

-y—z        2x           2x 

1       1+y       1 

•      11. 

2y        y—z—x        2y 

1              1          1+2 

i 

22            2  2        z—x—y 

a      of —be       a* 

a  +  b       a  +  c        b  +  e 

6       ft''- CO       6'  • 

13. 

b              a              e 

c        c^  —  ab       <? 

a—b        a—c        b-e 

olve  the  following  equations : 

10-30?        4        a 

a—bx    b—cx    c—ax 

2-2a!     -2        4 

L    =0.    15. 

a+b      b+c     a+c 

= 

11-    « 

9 

-fi 

\ 

1 

1 

1 

18-19] 


DETERMINANTS. 


495 


16. 


S-x  7-|-2a;  ll-3a; 

5-1-0?  3-2a;  17-|-3a; 

12  3 


=  0.    17. 


2a;-l  3iB-|-2  -  7 
3a:-f-2  5a:-4  -  9 
4a;-f8    7a;-|-l    -20 


=  0 


(1) 
(2) 
(3) 


Solution  of  Linear  Simultaneous  Equations. 
19.   Solve  the  equations 

OiiB  -f  ajjy  -f-  Ogi?  =  a4, 
biX  -h  ^22/  -f-  ftga:  =  64, 

Cijc  -h  Cji/  +  Pa^  =  ^4- 
ai     aa    Og 
Let  D==  bi     bi     b^ 

^1  C2         Cg 

the  determinant  whose  elements  are,  in  order,  the  coefficients 
of  the  unknown  numbers  in  the  given  equations. 

Multiplying  (1)  by  A^,  (2)  by  J3i,  and  (3)  by  CV,  we  have 

OiAiX  -^a^Ajy  -|-  a^AiZ  =  a^Ai,  (4) 

b,B,x  -f  b2B^  -h  bsB,z  =  64B1,  (5) 

CiCiX  -h  CjCi^^  +  C3C12;  =  c^Ci.  (6) 

Adding  (4)- (6),  we  obtain 

(Oi^l  -f-  61^1  -h  Ci(7i)a;  -h  (ojj^i  -h  biBi  -f-  CaO^y 
-f.(a8^i  -h  bsBi  -h  C3(7i)2;  =  0.4^1  -f-  64^1  -|-  c^Ci. 

Now,  the  coefficient  of  x  is  Z>,  the  coefficients  of  y  and  z  vanish, 
by  Art.  14,  and  the  second  member  is  the  determinant 


«2 

b. 


Therefore,    x  = 


04 

Oj 

(h 

64 

6* 

K 

C4 

Cs 

_2i 

D 


In  like  manner,  we  can  obtain 


y  = 


di 

^4 

«8 

b. 

^^4 

&8 

Ci 

C4 

Ca 

z  = 


a, 

Oj 

a* 

61 

h 

64 

Ci 

c». 

C4 

D 
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Notice  that  tlie  common  denominator  of  these  values  of  x,  y,  z,  is 
the  determinatU  of  the  coefficients  ofx,  y,  z,  in  the  given  equations. 

In  the  value  of  Xy  the  determinant  in  the  numerator  is 
obtained  from  that  in  the  denominator  by  replacing  the  column 
of  coefficients  of  x  in  the  given  equations  by  the  colimm  of 
second  members. 

In  general,  the  determinant  in  the  numerator  of  the  value  of 
any  unknown  number  is  obtained  from  the  common  denominaJtor 
by  replacing  the  column  of  coefficients  of  that  unknown  number  by 
the  column  of  second  members  in  the  given  equaJtions;  as  in  the 
values  of  y  and  z. 

Ex.   Solve  the  equations 

3a;  +  25y-   6«  =  35, 

6a? -102^ -1-21 2  =  49, 

8a;.-|- 15^  —  142;  =-4. 
We  have 


35 

26 

-  6 

49 

-10 

21 

-4 

16 

-14 

3 

26 

-6 

6 

-10 

21 

8 

15 

-14 

y= 


3  35-6 
6  49  21 
8-4  -14 


3  25-6 
6  -10  21 
8      16  -14 


3 

26     36 

6 

-10     49 

?f  —  ■ 

8 

16-4 

,  «  — 

3 

26-6 

6 

-10     21 

8 

.16  -14 

Whence  a?  =  1,  y  =  2,  2  =  3. 


Determinants  of  Higher  Order. 

20.  The  principles  given  in  the  preceding  articles  hold  also 
for  determinants  of  order  higher  than  the  third.  The  student 
is  referred  to  treatises  on  determinants  for  a  fuller  development 
of  the  subject 


19-21] 


DETERMINANTS. 


497 


The  following  example  will  illustrate  the  evaluation  of  a 
determinant  of  the  fourth  order. 


Ex.     Find  the  value  of 


13       0      3    14 

3-214 

-2529 

18-3      6    22 


Subtracting  three  times  the  elements  of  the  third  column 
from  the  corresponding  elements  of  the  first  column,  adding 
twice  the  elements  of  the  third  column  to  the  corresponding 
elements  of  the  second  column,  and  subtracting  four  times  the 
elements  of  the  third  column  from  the  corresponding  elements 
of  the  fourth  column,  we  have 


4    6    3    2 

0    0    10 

-8921 

3    7    5    2 


=  — 

- 

4    6    2 

-8    9    1 

3    7    2 

=  ■ 

-2 

=  — 

2 

2    3 
-10    6 
-11 

1 
0 
0 

=  - 

2  3    1 
-8    9     1 

3  7    2 


=  -2 


-10    61 

-11 


=8. 


The  second  determinant  above  is  obtained  from  the  first 
by  expanding  the  latter  in  terms  of  the  elements  of  the 
second  row. 

In  general,  such  an  expansion  of  a  determinant  of  the  fourth 
order  gives  four  determinants  of  the  fourth  order.  Since  each 
of  the  latter  contains  six  terms,  the  general  determinant  of 
the  fourth  order  contains  twenty-four  terms. 

Observe  that  a  determinant  of  the  fourth  order  cannot  be 
expanded  by  a  method  similar  to  that  given  in  Art.  9,  for 
expanding  a  determinant  of  the  third  order.  For,  by  a  similar 
method  we  should  obtain  only  eight  terms. 


21.  The  following  considerations,  which  also  hold  for  deter- 
minants of  any  order,  enable  us  to  write  a  particular  term, 
with  its  proper  sign. 
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We  have 

Oi    Os    a, 

bi    bi     bs 

=  ai6s(%  +  aa&iA-f  aAc,- 

-  OiftaC,  - 

-aJ)iCs-aM' 

Cl         C,          Cg 

(i.)  Each  term  contains  one  element  from  each  row  and  one 
element  from  each  column. 

An  inversion  of  order  occurs  in  a  line  of  numbers  when  one 
of  them  is  out  of  its  natural  order  with  respect  to  some  other 
number.  For  example,  in  132  there  is  one  inversion  of  order, 
since  3  is  out  of  order  with  respect  to  2 ;  in  231  there  are  two 
inversions,  since  2  and  3*  are  out  of  order  with  respect  to  1. 

We  determine  the  sign  of  any  particular  term  as  follows  : 

(ii.)  Write  the  letters  in  the  order  in  which  they  indic4JiJte  the 
rows  in  the  gioen  determinant,  as  in  the  above  expansion. 

Prefix  the  sign  +  to  any  term,  if  the  number  of  inversions  of 
order  in  the  subscripts  be  even,  the  sign  — ,  if  the  number  of  in- 
versions be  odd. 

Thus,  in  the  term  a^iC^,  there  is  one  inversion  in  the  sub- 
scripts. Therefore  the  sign  of  this  term  is  — ,  as  in  the  above 
expansion.  In  like  manner,  the  signs  of  the  other  terms  are 
determined. 

It  is  important  to  note  that  the  natural  order  in  the  sub- 
scripts is  the  order  in  which  they  denote  the  columns  in  the 
given  determinant,  which  may  or  may  not  be  the  natural  order 
of  numbers. 

EXERCISES  m. 

Find  the  values  of  the  following  determinants : 


1 

1 

1      1 

1 

1 

2 
3 

3      4 

6    10 

2. 

1 

4 

10    20 

4  3  3  3 

3  4  3  3 

3  3  4  3 

3  3  3  4 


3. 


7 

7 

16 

15 


5 
3 
9 

7 
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6. 


11 

-  9 
7 

-  6 


1 
0 

c» 


1 
0 


12 

7 

-13 

4 

1 

a* 
0 


7. 


0 


6' 
as* 
0 


29 

-14 

4 

5 

y' 

0 


-18    15 
-17    21 

19 
-  6 


11 

7 


13 

5 

-7 
-8 

a*    a* 

<?     (? 
cP    d» 


Solve  the  following  systems  of  equations : 


f60a!-23y  =  27, 
'■  l48ir  +  26y  =  73. 


10. 


1 


u. 


13. 


15. 


17. 


19. 


»  +  y  + 21  =  14, 
6aj-3y- 721  =  0, 
4a?-93^  +  72  =  0. 

8aj  +  21y-92;  =  -23, 
12  a? -28y- 1521  =  89, 
16  a;-49y-f  182  =  29. 

16a:  +  17y  +  13«  =  90, 
17aj  +  13y -1-152  =  90, 
13a?-|-15y-hl72  =  90. 

o/x -\- by -\- cz  =^  a, 

cx-\-ay  +  bz=zc» 

x-^2y  =  5, 
2^  +  32  =  13, 
32  +  4w  =  25, 
4u  +  5a;  =  21. 


12. 


14. 


16. 


la 


20. 


65  a? +  43y  =  - 19, 
17a?-lly  =  67. 

2aj  +  3y-42  =  l, 
3a? -h  42-5^  =  2, 
4y-t-62-6a?  =  3. 

21a?  +  15y  +  ll2  =  84, 
5x-'7y-\-10z  =  21, 
8a?  +  9y-72  =  6. 

a?  +  y  +  2  =  1, 
ax-^by  +  cz^n, 
a*x-\-b^y  +  c?z  =  n\ 

x-[-ay-\-ah  +  a^^  0, 
X'\-by-\-bh'\-b^  =  0, 
«-f-cy  +  c%-|-c'  =  0. 

«  +  y  +  2  +  w  =  l, 
«a?  +  &y  +  C2;  -f-  dw  =  w, 
a*a?  -I-  6^  -h  0%  -I-  cPm  =  wl 
a'a?  -f-  6  V  +  0*2  +  cPw  =  n\ 


CHAPTER   XXXIV. 

THEORT   OF  EQUATIONS. 
Qeneral  Form, 

1.  If  all  the  terms  of  a  rational  integral  equation  of  the  nth 
degree  in  a;  be  brought  to  the  first  member  and  terms  contain- 
ing like  powers  of  x  be  united,  we  have  the  equivalent  equation 

0^  +  OiX"-^  +  a^-^  H h  a„_2«^  +  a^-iX  -f-  «„  =  0.     (I.) 

In  this  equation  the  coefficients  a^  Oiy  <hf  •••?  «n  do  not  con- 
tain X,  but  otherwise  may  denote  any  numbers,  real  or  imagi- 
nary.   Any  of  the  a's,  except  Oq,  may  be  0. 

A  Complete  Equation  of  the  nth  degree  is  one  which  contains 
all  powers  of  the  unknown  number  from  the  0th  to  the  nth 
inclusive. 

E.g.,  oj*  —  3ic*4-6a;-fl=0isa  complete  cubic  equation. 

An  Incomplete  Equation  of  the  nth  degree  is  one  in  which 
some  powers  of  the  unknown  number  are  wanting. 

E.g.,  2  «*  —  5  a;  — .  5  =  0  is  an  incomplete  cubic  equation,  since 
the  term  in.  a^  is  wanting. 

2.  The  first  member  of  equation  (I.)  is  a  function  of  x  by 
Ch.  XXIV.,  Art.  3.  For  the  sake  of  brevity  in  subsequent 
work,  we  shall  denote  this  function  of  x  by  f(x)  ;  that  is, 

f(x)  =  a^  +  aix""^  -f  cupT-^  +  —  +  a^.iX  +  a^. 
For  example,  if-  f(x)  =  cc*  —  5  a;  -f  6,  then  f(x)  =  0  is  only  an 
abbreviated  statement  for  a*  —  5  a;  +  6  =  0.  (1) 

The  roots  of  eqiiation  (1)  are  2  and  3,  since 

22  -  5  X  2  -f  6  =  0,  and  32  -  6  X  3  -h  6  =  0. 
These  statements,  in  the  abbreviated  notation,  are 
/(2)  =  0,  and/(3)  =  0. 

In  general,  if  r  be  a  root  of  f(x)  =  0,  then  /(r)  =  0. 
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Synthetic  Division. 

3.  In  the  following  work  we  shall  have  frequent  occasion  to 
divide  f(x)  by  expressions  of  the  form  x  —  r, 

Ex.1.   Divide  3aj8- 40^2^7^ _3  l3y  ^_  2. 

We  know  that  the  quotient  will  be  of  the  second  degree. 
Let  us  assume  it  with  undetermined  coefficients  to  be 

The  division  can  be  continued  until  the  remainder  is  free 
of  X,  Let  this  remainder  be  denoted  by  R.  Then,  by  Ch.  III., 
Art.  48,  we  have 

3a8-4a^  +  7aj-3  =(a;  -  2)(h^  +  \x  -f-  h^-^  R 

=h^-it{h-'2h)7?+{h^^2h^x+{R-2hi). 

Whence,  by  Ch.  XXVI.,  Art.  3, 

6o  =  3,  and                         6o  =  3 ; 

6,-26o  =  -4,  &i  =  2&o-4  =  2; 

6,  -  2  6i  =  7,  ftj  =  2  6i  -h  7  =  11 ; 

i?  -  2  &2  =  -  3,  i?  =  2  62  -  3  =  19. 


(2) 


The  quotient  is  3  ar^  -r  2  a;  -f  11,  and  the  remainder  is  19. 
From  the  relations  (2),  we  see  that  h^  is  the  same  as  the  coeffi- 
cient of  a^  in  the  given  function ;  that  hi  is  obtained  by  multi- 
plying \  by  2,  and  adding  the  product  to  the  second  coefficient 
in  the  given  function;  and  so  on.  The  following  arrangement, 
in  which  only  coefficients  are  written,  will  be  seen  to  be  equiva- 
lent to  the  above: 

3     _4      7-3(2^ 

6      4       22 
3         2    11       19 

This  example  illustrates  the  following  method:  Write  the 
coefficients  of  the  given  expression  in  a  horizontal  line  and  the 
number  which  is  subtracted  from  x  in  the  divisor  on  its  right, 
as  2  above.     This  number  is  called  the  Synthetic  Divisor. 
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Bririg  down  the  first  coefficient  as  the  coefficient  of  the  first  term 
of  the  quotient ;  multiply  this  coefficient  by  the  synthetic  divisor 
and  add  the  product  to  the  second  given  coeffi^ent ;  mrdtiply  this 
sum  by  the  synthetic  divisor  and  add  the  product  to  the  third  given 
coeffijdent ;  and  so  on. 

The  laM  sum  loill  be  the  remainder,  and  the  preceding  numbers 
in  order  the  coefficients  of  the  quotient. 

If  any  term  be  wanting  in  the  given  function,  it  must  be 
supplied  with  a  zero  coefficient. 

Ex.  2.   Divide  a?*-3a^-f2a?-.5bya?-3. 

We  have 

10-32  -5(3 

3         9    18       60 
13         6    20       56 

The  quotient  is  aj*  -f  3  a^  +  6  a?  -f-  20,  and  the  remainder  is  55. 
Ex.  2.  Divide  2aj»  +  5a^-4ar-5bya?-f-2,  =a?-(—  2). 
Observe  that  the  synthetic  divisor  is  —  2. 

2         5-4     -5(-^ 
-4-2       12 


2         1-67 
The  quotient  is  2  a^  +  a?  —  6,  and  the  remainder  is  7. 

The  Remainder  Theorem. 

4.  If  3a^  — 4a^  — 6a;4-7  be  divided  by  a?- 2,  we  obtain  a 
partial  quotient  3  aj*  -f  2  a?  —  2,  and  a  remainder  3. 

If,  now,  2  be  substituted  for  x  in  the  given  expression,  we 
have  3x2^  —  4x2^  —  6x2  +  7,  =3,  the  above  remainder. 

This  example  illustrates  the  following  principle : 

If  a  ratiovjol  integral  expression  in  x  be  divided  by  x  —  r,  the 
remainder  of  the  division  will  be  equal  to  the  result  of  substituting 
rfor  X  in  the  given  expression. 

Let  Ooa^  -h  ai«"~^  -+-•••+  a^-iX  +  a„ 

be  the  given  expression. 
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If  Q  stand  for  the  quotient  of  the  division  by  a?  —  r,  and  B 
for  the  remainder,  we  have,  by  Ch.  III.,  Art.  48, 

OoX"  4-  <h^~^  -\ h  cin-i^  +  a»  =  Q(a;  -  r)  -h  i2. 

Substituting  r  for  x  in  the  last  equation,  we  obtain 
aor»  +  air"-i  +  ...-|-an_ir  +  a,=  Q(r~r)  +  ^,  =  i?. 

5.  Observe  that  the  process  of  synthetic  division  explained 
in  Art.  3  may  now  be  regarded  also  as  a  process  of  substi- 
tuting the  synthetic  divisor  for  x  in  the  given  function. 

Ex.     Substitute  -3  for  a;  in  4ar»-3a^-|-7a:-|-l. 
The  result  of  the  substitution  will  be  equal  to  the  remainder 
obtained  by  dividing  4a^  —  3a:*  +  7a5  +  l  by  05  +  3. 

4-37  1  (-3 

-12    45     -156 
4     -15    52     -156 
The  result  of  the  substitution  is  —  155. 

6.  If  r  he  a  root  of  f{x)=.  0,  then  f(x)  is  exactly  divisible  by 
x  —  r;  and,  conversely,  if  f(x)  be  exactly  divisible  by  x  —  r,  then 
r  is  a  root  of  f(x)  =  0. 

For,  if  r  be  a  root  of  function  of  f(x)  =  0,  then,  f(r)  =  0. 
Therefore,  by  the  preceding  article,  i?  =  0. 
Also,  ii  E  =  0,  then  /(r)  =  0,  and  r  is  a  root  of  f(x)  =  0 

BXBBCISBS  I. 
By  the  synthetic  method,  divide 

1.  a^-3a^-10a?+24by  a?-2;  by  a?-3;  by  aj  +  3. 

2.  4aj»-24ic*-f  13aj-|-35by  a;  +  4;  bya?  — 5;  bya;-f7. 

3.  a^  +  6ar'-22a?  +  15by  a— 8;  by  a;  +  5;  by  a;  — 4. 

4.  32aJ*-46ar^  +  9a;+5by  a;4-2j  by  iB-^;  by  aj-hf. 

Substitute  for  x,  by  the  synthetic  method,  in  a^— 8a^+17aj— 4 
the  following  numbers : 

5.  2.  6.   -2.  7.    3.  8.   -3.  9.   4. 
In2a^  —  Oaj*-  170*  —  6  substitute  the  following  numbers : 
10.   4.            U.  -4.            12.   5.            13.   -5.             14.   a 
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Number  at  Roots. 

7.  As  we  have  seen,  every  equation  of  the  iSrst  degree  in  one 
unknown  number  has  one  and  only  one  root ;  every  equation  of 
the  second  degree  in  one  unknown  number  has  two  and  only 
two  roots.  If  we  assume  that  every  equation  has  a  root,  real 
or  imaginary,  we  can  prove  that  a  rational  integral  equation  of 
the  nth  degree  has  n,  and  only  w,  roots.  The  proof  that  every 
equation  has  a  root  is  too  difficult  for  the  scope  of  this  book. 

Let  ri  be  a  root  of /(«)  =  0. 

Then,  by  Art.  6,       /(x)  =  (a?  -  n)  Q„ 
wherein  Qi  is  a  rational  integral  function  of  the  (n  — l)th 
degree  in  x. 

Since  every  equation  has  a  root,  let  r^  be  a  root  of  Qi  =  0. 

Then,  Qi  =  (x^r,)Q^ 

wherein  Qg  is  of  the  (n  —  2)th  degree. 

Continuing  in  this  way,  we  finally  obtain  a  quotient  of 
degree  1,  =n'-(n  —  1),  in  x.    This  quotient  is  therefore  Q,_i. 

Let  r„  be  a  root  of  Q„_i  =  0. 

Then,  Qn-i  =  (a?  -  r„)  Q„, 

wherein  Q„  is  free  of  x. 

Evidently  the  first  term  in  Qi  is  afpif~\  in  Qg  is  a^"^,  and  so  on. 

The  first  term  in  Q„_i  is  Offic,  and  hence  Q*  =  «o- 

Therefore  Q„_i  =  (x  —  r^)ao- 

We  now  have    /  (x)  =  (a;  —  r^)  Qi, 

=  («-n)(«-^2)Q2, 


=  («  -  n)  («  -  rj)  {x  -  rg) ...  (x  -  r„)ao. 
We  know  that  Vi  is  a  root  of  f(x)  =  0.     Now,  let  x=r2. 
Then,   f(r^)  =  Oo  (rg  -  n)  0 (rg  -  rg)  ...  (rg  -  r„)  =  0. 
ThereforiB,  r^  is  a  root  of  f{x)  =  0. 

In  like  manner  it  can  be  shown  that  rg,  r^,  ••.  r„,  are  roots. 
Let  A:  be  any  number  different  from  Vi  ,r2,  .••,  r^. 
Then,  fik)  =  (k^r,)(k^r,)  ...  (A:-r„). 
Since  A;  is  not  equal  to  any  r,  the  factors  on  the  right  are  all 
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different  from  0,  and  therefore  their  product  does  not  reduce 

to  0;  hence  k  is  not  a  root  of /(a;)  =  0. 

Therefore,  if  an  equation  of  the  nth  degree  have  one  root,  it 

has  Uy  and  only  n,  roots. 

Equal  Roots. 

8.  If  two  or  more  of  the  /s  be  equal,  the  equation  has  equal 
roots. 

Ex.        aj8-5ic2-f  8a:-4  =  (a?-.l)(aj-2)(a?-2). 
The  roots  are  1,  2,  2.     In  such  cases  the  equation  is  said 
still  to  have  n  roots. 

Depression  of  Equatioiis. 

9.  It  follows  from  Art.  7  that  if  one  root  of  an  equation  be 
known,  the  remaining  roots  can  be  obtained  as  follows : 

Divide  the  given  equation  by  x  minus  the  known  root. 
The   quotient,   equated    to    zero,  is    called   jbhe    Depressed 
Equatioiu 
Solve  the  depressed  equation. 

Ex.   One  root  of  the  equation  aj*  —  6iB*-flla?--6  =  0isl. 

Dividing  the  given  equation  by  a;  —  1,  we  obtain  the  depressed 
equation  a?  —  5x-\-6  =  0.  The  roots  of  this  equation  are  2 
and  3.  Therefore,  the  three  roots  of  the  given  equation  are  1, 
2,3. 

EXERCISES  II. 

Solve  the  following  equations : 

1.  aj*  -f  .^  —  17  »  -h  15  =  0,  one  root  being  3. 

2.  X*  —  8  aj^  -f  25  a;  —  50  =  0,  one  root  being  5. 

3.  Oaj'  -f-  18aj2  -  4a?  -  8  =  0,  one  root  being  —  2. 

4.  4aj'-f  12a:2-lla;-f-20  =  0,  one  root  being  -4, 

5.  4ar*  —  9a;^  +  14a;  —  3  =  0,  one  root  being  \. 

6.  27  aj»  -  63  a;  -  34  =  0,  one  root  being  -  f . 

7.  a^  -f  3aj'  -  19aj*  -  27aj  -h  90  =  0,  two  roots  being  2,  —  5. 

8.  QE^-^a^^  17a:*  +  5a;  -h  60  =  0,  two  roots  being  4,  -  3. 

9.  12a^-59a^  +  33a:*4-99a;-f  27  =  0,  two  roots  being  3,  3. 

10.  a?*  -  20  ar*  -  21  a?  -  20  =  0,  two  roots  being  5,  -  4. 
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Relation  between  the  Roots  and  Coefficients. 

10.  We  can,  without  loss  of  generality,  divide  both  mem- 
bers of  an  equation  by  the  coefficient  of  af .  We  thus  obtain 
an  equation  of  the  form 

wherein  pi,  pj,  •••,  p^  denote  any  numbers,  real  or  imaginary. 

11.  If  Vi,  r^  r^  be  the  roots  of  the  equation 

we  have 

«*  -f  PiflJ*  +p^-\-Ps  =  (a?  -  ri)(x  -  r;)(x -  rj) 

=  «» -  (n  +  ra  +  ra)^*  +  (nr,  -f  ^r,  +  r^ijx  —  Vyr^^ 
In  general, 

af  +i>iaf-^  +P2»""'*  +  —  +i>n-i»  +i>« 

=  (»-  n)(«-  raXaj-  rs) .-  (aJ-r.) 

=  af  —  (ri  +r2  H h  r„)«»-* 

+  (n^2  +  n^8  +  —  +  r„_ir^)aJ»-« 

-  (n^2^8  +  n^2^4  +  •  •  •  +  r^-2^»-l^n)  «""* 
-h  •  •  •  +  (—  1)*^1^2  •'•  V 

Equating  coefficients  of  like  powers  of  a;,  we  have 
/•i  +  /"2  +  r3+...  =-^i; 


/•ir2...r„  =  (-!)>„. 

From  these  equations  we  obtain  the  following  relations  be- 
tween the  roots  and  the  coefficients,  when  the  coefficient  of  the 
highest  power  of  x  is  unity : 

The  sum  of  the  roots  is  equ^il  to  the,  coefficient  of  the  second 
term  with  sign  changed. 

The  sum  of  the  products  of  the  roots  in  pairs  is  equal  to  the 
coeffi^nent  of  the  third  term* 
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The  sum  of  the  products  of  the  roots  taken  three  at  a  time  is  equal 
to  the  coefficient  of  the  fourth  term  with  sign  changed;  and  so  on 
'  The  product  of  the  roots  is  equal  to  tJie  last  term  if  n  be  even, 
and  to  the  last  term  with  sign  changed  ifn  be  odd, 

Ex.   Given  ar»-6iB2-f3aj +  4  =  0. 

The  sum  of  the  roots  is  —  (—  5),  =  6. 

The  sum  of  the  products  of  the  roots,  two  at  a  time^  is  3. 

The  product  of  the  roots  is  —  4. 

12.  The  following  special  cases  may  be  noted : 

(i.)   If  the  sum  of  the  roots  be  0,  the  second  term  is  wanting, 
(ii.)  If  one  root,  or  more  than  one  root,  be  0,  the  last  term  is 
wanting, 

13.  It  is  important  to  notice  that  the  relations  given  in  the 
preceding  articles  cannot  be  used  to  obtain  the  solution  of  an 
equation. 

Ex.    From  the  equation  o^  —  5aj^  +  3ic  +  4  =  0,  we  have 
ri  +  r2  +  r3  =  6  (1),     ^rj  +  ^rj  +  r^rj  =  3  (2),     rir^r^^-^  (3). 

Multiplying  (1)  by  ri%  (2)  by  —  ri,  (3)  by  1,  and  adding 
the  resulting  products,  we  obtain  ri^  —  5  ri*  -f-  3  ri  -f  4  =  0. 

This  is  a  mere  statement  that  ri  satisfies  the,  given  equation, 
and  in  no  way  helps  us  to  find  its  value. 

14.  The  properties  of  Art.  11  can  sometimes  be  used  to 
solve  an  equation,  if  a  relation  between  the  roots  be  known. 

Ex.     One  root  of  the  equation  x*— 6iB^-f-lla;  —  6  =  0  is 
twice  a  second  root.     Solve  the  equation. 
Let    r2  =  2  rj.    From  the  relations, 

n  +  ^2  +  ^8  =  6,      n^2  +  n^8H-^2^3  =  iii      n^2^a  =  6, 

we  have 

3n  +  r8  =  6     (1),        2n«  +  3r,r8  =  ll     (2),         riV,=  3    (3). 

From  (1)  and  (2)  we  obtain  rj  =  1,   ^,  and  rj  =  3,  ^. 
Since  these  values  of  ri  and  r^  must  also  satisfy  equation  (3), 
1,  3,  is  the  only  admissible  solution. 

Finally^  r^  =  2,  and  the  required  roots  are  1,  2,  3. 
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83rmmetrical  Functions. 

15.  An  expression  is  symmetrical  with  respect  to  two  letters 
if  it  remain  the  same  when  these  letters  are  interchanged. 

E.g.,  ab,  a-f  6,  a? -{- 2 ab '\- b^ 

are  symmetrical  with  respect  to  a  and  b,  since  when  a  and  b 
are  interchanged  they  become 

ba,  6  +  a,  b^  +  2ba  +  a^. 

An  expression  is  symmetrical  with'  respect  to  three  or  more 
letters  if  it  be  symmetrical  with  respect  to  any  two  of  them. 

are  symmetrical  with  respect  to  the  three  letters  ri,  r^  r^\  for, 
if  any  two  letters,  say  Vi  and  rj,  be  interchanged,  we  obtain 
rar-i  +  Vs  +  n^sj   r^-^r^'\-ri. 

16.  The  value  of  an  expression  which  is  symmetrical  in  the 
roots  can  be  found  without  solving  the  equation. 

Ex.   If  ri,  ra,  rg,  be  the  roots  of  the  equation 
x^'\-p^x^  -f  Pa^J  +  J58  =  0, 
find  the  value  of  Vi  -f  r^  +  r^. 

We  have 

(n  +  rg  -f  r^^  =  n^  +  ri  -f  r^  -f  2(rir2  -f  nr^  +  r^ri), 
or  (-Pi)'=r,2  +  r2^  +  r3^  +  2i>2; 

whence  r^ -\- ^z  +  r^  =  pi^  —  2  p^^ 

Formation  of  an  Equation  from  its  Roots. 

17.  The  relations  of  Art.  11  enable  us  to  form  an  equation 
if  its  roots  be  known.  We  may  assume  that  the  coefficient  of 
the  highest  power  of  the  unknown  number  is  1. 

Ex.  1.   Form  the  equation  whose  roots  are  —  2,  3,  4. 

We  have 
^1  +  ^2  +  ^3  =  ^>  *^6  coefficient  of  a?,  with  sign  changed. 
f^r^  _|.  r^r^  -f  VzV^  =  —  2,  the  coefficient  of  a;  and 
r^r^r^  =  —24,  the  term  free  from  x,  with  sign  changed. 

Therefore,  the  required  equation  is  a?^  —  5a^  —  2a;4- 24  =  0 
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Ex.  2.   Form  the  equation  whose  roots  are 

The  work  will  be  simplified  by  first  forming  the  quadratic 
equation  whose  roots  are  the  conjugate  imaginaries,  and  the 
quadratic  equation  whose  roots  are  the  conjugate  surds,  and 
then  multiplying  together  these  two  equations.  The  first  of 
these  quadratic  equations  is  q^^2x-\-3  =  0' 
and  the  second  is  aj^—2ic  — 2  =  0. 

The  required  equation  of  the  fourth  degree  is  therefore 

aj4_4^^5aj2__2a;-6  =  0. 

We  could  also  have  formed  the  equation  in  Ex.  1  by  multi- 
plying together  the  three  linear  factors  which  equated  to  0 
have  as  roots  the  given  roots.     We  should  thus  have  obtained 

(a;-f2)(aj-3)(aJ-4)  =  0,  or  ar^-5aj2--2a?  +  24  =  0.  , 

EXERCISES  III. 

Solve  the  following  equations : 

1.  ic'  —  3  iB^  —  4  a?  4- 12  =  0,  the  sum  of  two  roots  being  0. 

2.  2  ic'  —  11  aj2  -f  12  a;  -f  9  =  0,  two  roots  being  equal. 

3.  a^  —  6aj*  —  a;  =  —  6,  one  root  being  2  greater  than  a  second. 

4.  3  a^  —  25  iB^  — 19  »  +  9  =  0,  the  product  of  two  roots  being  0. 

5.  a^  —  3a^  —  6aj-f8  =  0,  the  roots  being  in  A.  P. 

6.  2  ar^  -  9  ar^  -  27  a;  +  54  =  0,  the  roots  being  in  G.  P. 

7.  8  ar^  —  30  aj2  Hh  27  a;  —  5  =  0,  one  root  being  twice  the  sum 
of  the  other  two. 

8.  aj*  —  7aj'4-9a^H-7a;  —  10  =  0,  one  root  being  equal  and 
opposite  to  a  second  root. 

9.  6  a;*  -  13  a:^  -  18  a^  +  52  a;  -  24  =  0,  one  root  being  the 
reciprocal  of  a  second  root. 

10.  8  aJ*  +  30  o^  -  135  aj2  -  135  a?  +  162  =  0,  the  roots  being 
inG.P.  ^ 

11.  a?*  — 14  ar^  + 51  ar^- 14  a;  — 80  =  0,  the  roots  being  in  A.  iP. 
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Given  the  equations  o^  -^PvX?  -{-p^  +Pz'=^^ 
and  a^  4-pia^  -{-p^  +P»c  4-^)4  =  0, 

express  the  following  symmetrical  functions  in  terms  of  the 
coefficients : 

12.  1+1  +  ....        13.   J-  +  -L-f ....        14.   ri«  +  ra»  +  .... 

Form  the  equations  whose  roots  are : 
15.   2,  -3,  4.  16.    -  1,  5,  |.  17.    - 6,  3  ±  V3. 

18.    -5,  l±V-5.     19.3,3,-2,-4.     20.    -1,4,  J,  J. 
21.    ±V2,3±V-2.  22.    iV-l^  -2±V-3. 

23.  2,  2,  1±V2,  2±V-1. 

If  ri,  rj,  rg  be  the  roots  of  the  equation  a^  -^-pi^  +P2*  +1>8 = 0, 
form  the  equation  whose  roots  are ; 

24.  nV/,  nV,  r,v.  25.  ^i+rs  ri±Ii,  ri±Ii 

»3         ^2        n 

Real  and  Rational  Roots. 
18.   If^iO,  rational  fraction  in  its  lowest  terms,  he  a  root  of 

8 

the  equation     a^  +  ajOf^  ^  -f  •  •  •  +  OLn-i^  +  ^n  =  0> 

wherein  a^  a],  •*•,  a^  are  now  assumed  to  he  integers,  then  a^is 
divisihle  hy  s,  and  a^  is  divisihle  hy  r. 

Since  -  is  a  root,  we  have 
s 

^"i+^i'lizi"^ l-a^-i-  +  a»  =  0. 

Multiplying  by  s""',  we  obtain 

ao^  +  air'-»H-a2r»-2s+...  +  a„_irs'^2H-a^«"->  =  6,        (1) 
.  s 

or         M!  =  -  (air»-i  +  a^r^h  +  —  +  a^-ir^-^  +  a„s«-i). 

8 

The  second  member  of  the  last  equation  is  integral.    Con- 
sequently 5^  must  reduce  to  an  integer j  that  is,  Ot/*  must  be 

9  / 
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divisible  by  «.    Since  r,  and  therefore  r",  is  not  divisible  by 
8,  Oq  must  be  divisible  by  s. 

Now,  multiplying  (1)  by  «,  and  dividing  by  r,  we  readily 
infer  that  a«  is  divisible  by  r. 

Ex.     Forming  the  equation  whose  roots  are  ^,  f ,  5,  we  obtain 

or  6aj«-37aj»-f37a;-10  =  0. 

We  see  that  6  is  divisible  by  2  and  3,  the  denominators  of 
the  two  fractional  roots,  and  that  10  is  divisible  by  1,  2,  and  5. 

19.  If  the  coefficient  of  the  highest  power  of  x  in  a  rcUional 
integral  equation  with  integral  coefficients  be  unity,  the  equation 
cannot  have  a  rational  fractional  root. 

For,  by  the  preceding  article,  the  denominator  of  any  frac- 
tional root  must  be  a  factor  of  this  coefficient,  and  hence  be  1. 

Surd  Roots. 

20.  IftJie  coefficients  in  a  rational  integral  equation  he  rational, 
quadratic  surds  enter  in  conjugate  pairs. 

That  is,  if  a  4-  -y/b  be  a  root  oif{x)  =  0,  then  a  —  -^b  is  also  a 
root. 

Divide  f(x)  hj  (x  —  a-r  ■\/b){x  —  a  +  -y/b),  and  let  Q  stand  for 
the  quotient,  and  Rx  -f  S  for  the  remainder,  if  any. 

Then,  f(x)  =  (x^a-  ^b) (a? -  a  +  V^ )  Q  +  -^  +  ^• 
Substituting  a  +  V^  ^^r  x,  we  have 

f(a  +  -yJb)^R(a'\-^b)  +  S^Ra  +  S  +  Ry/b. 
But  since  a  +  -y/b  is  a  root  of  f(x)  =  0,  f(a  +  'y/b)  =  0, 
and  therefore,  Ra-\-S  +  R^b  =  0. 

Whence,  by  Ch.  XV.,  Art.  37, 

R^b  =  0,  (1)  and  i2a  +  5  =  0.  (2) 
From  (1),  since  6:5^0,  i2  =  0;   and  then,  from  (2),  ^«0. 
Therefore,  if  a  +  ^6  be  a  root  of  f(x)  =  0,  we  have 
.    f(x)=^(x-a^-^b)(x-a+-y/b)Q, 
and  a  —  -y/b  is  also  a  root. 
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The  quadratic  factor  (a?— a— ^6)(aj— a-f  ^6),  =(a?— a)*— 6^, 
corresponding  to  a  pair  of  conjugate  surd  roots,  is  rational  in  a 
and  b. 

Imaginary  Roots. 

21.  If  the  coefficients  of  a  rational  integral  equation  he  realf 
imaginary  or  complex  roots  enter  in  conjugate  pairs. 

That  is,  if  a-\-hi  be  a  root  of /(«) =0,  then  a—hi  is  also  a  root. 
The  proof  is  similar  to  that  given  in  the  preceding  article. 

The  quadratic  factor  {x  —  a  —  hi){x  —  a  +  hi),  =  (x  —  af  +  6*, 
corresponding  to  a  pair  of  conjugate  complex  roots,  is  real. 

Ex.  One  root  of  the  equation  a?*  —  5ar»4-3aj2-|.l9aj-30  =  0 
is  2  -f  ^  —  1 ;  solve  the  equation. 

The  quadratic  factor  corresponding  to  the  roots  2  -f  -y/  —  1 
and  2  —  ^  —  1  is 

(aj- 2  -  V- 1)(«- 2  +  V- 1),  =  (a? -  2)«+ 1,  =  ar»- 4a?  +  5. 

Determining  the  other  quadratic  factor,  we  have 

ai^-5a^-^3a^-\-19x-30  =  (a^-4.x-\-  5){a^  -  a;  -  6). 

The  roots  of  the  equation  a:^  —  a?  —  6  =  0  are  found  to  be  —2, 
3.     Therefore  the  required  roots  are  —  2,  3,  2  ±  y'—  1. 

EXERCISES  IV. 

Find  the  factors  of  the  first  members  of,  and  hence  solve,  the 
following  equations.     Also  solve  by  Art.  11 : 

1.  ar^  +  3aj2  +  2a;  +  6  =  0;  one  root:  ■y/'-2. 

2.  ar^  — 2a:2_3^^g^Q.  one  root:  — V^- 

3.  2aj»  +  2a^-19a;H-20  =  0;  one  root:  K?  -  *)• 

4.  ar^  -  7  aj2  4-  9  a?  +  5  =  0 ;  one  root :  1  +  ^2. 

5.  4aj*-4a;8_23a^  +  4a?  +  19  =  0;  one  root : J- +  V^. 

6.  a^-8a,'3  +  ?li»'-26a;  +  14  =  0;  one  root:  3-V2- 

7.  36aJ*-24a^-143aj2-146a;-50=0;  one  root:   -|-i» 
a   a^-16a^-4a^-17a:-4  =  0;  two  roots:  z,  2+V^- 
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To  transform  an  Equation  into  Another  whose  Roots  are  Any 
Multiples  of  the  Roots  of  the  Gtiven  Equation. 

22.  Transform  the  equation 

OoiB"  H-  aiof-^  4-  a^-^  H -f  an-iX  +  a^  =  0 

into  another  equation  whose  roots  are  k  times  the  roots  of  the 
given  equation. 

Let  y  be  the  unknown  number  of  the  new  equation* 

Then  y  =  kx,  or  x  =  ^, 

and  oog  +  a,^,  +  a,^,  +  -  +  «n-i|  +«"  =  0. 

Multiplying  by  k% 

a«y»  +  A:a,jy"-^  +  ^-^a^y""^  +  -  +  l^'^a^-iy  +  A:X  =  0. 

That  is,  to  form  an  equation  whose  roots  are  k  times  the 
roots  of  a  given  equation : 

Multiply  the  coefficient  of  the  second  term  by  k;  that  of  the 
third  term  by  k^ ;  that  of  the  fourth  term  by  T^ ;  and  so  on, 

Ex.  Form  the  equation  whose  roots  are  3  times  the  roots 
of  the  equation  a^  —  2ar^  —  a;4-6  =  0. 

We  have  y^  -  3  •  2  2^2  __  32  ^^  ^  33 .  g  ^  0, 

or  2/^  -  6  2^2  -  9  y  + 162  =  0. 

23.  Ex.  1.  Form  the  equation  whose  roots  are  ten  times  the 
roots  of  the  equation  a?*  —  3a^  +  8aj^  +  2aj  — 19  =  0. 

The  transformed  equation  is 

3^  - 10  X  3 1/»  + 10^  X  8  y2  ^  108  X  2  y  - 10*  X  19  =  0, 
or,  y*  -  30  2/»  + 800  y«  + 2000  2^ -190,000. 

To  obtain  the  transformed  equation,  when  the  multiplier  is  10 : 

Annex  one  cipher  to  the  coefficient  of  the  second  term  ;  two 
ciphers  to  the  coefficient  of  the  third  term  ;  three  ciphers  to  the 
coefficient  of  the  fourth  term;  and  so  on. 

If  any  term  be  wanting,  it  must  be  supplied  mentally  with  a 
ssero  coefficient. 
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Ex.  2.  Form  the  equation  whose  roots  are  ten  times  the 
roots  of  the  equation  ic*  —  5a;-f6  =  0. 
We  have  3^-600^4-6000  =  0. 

24.  An  important  application  of  this  transformation  is  to 
obtain  an  equation  in  which  the  coefficient  of  the  highest 
power  of  the  unknown  number  is  1  and  the  other  coefficients 
are  integral. 

Ex.  Transform  the  equation  12a^  —  5a^  —  ^a;  +  l  =  0  into  an 
equation  without  fractional  coefficients,  in  which  the  coefficient 
of  the  third  power  of  the  unknown  number  shall  be  1. 

Dividing  hy  12,  a^^-^a^ -^x  +  ^  =  0. 

Forming  an  equation  whose  roots  are  k  times  the  roots  of 
the  given  equation,  we  have  y*  —  -j^yA:^  —  ^A:*y4-^Ar*  =  0. 

We  find  by  inspection  that  12  is  the  least  value  of  k  which 
will  make  all  the  coefficients  integral.  Substituting  12  for  k, 
we  obtain  t/*  —  6y*  —  42y-h  144  =  0. 

To  transform  an  Equation  into  Another  whose  Roots  are  Thoae 
of  the  Given  Equation  with  Signs  Changed. 

25.  Let  /(a?)  =  (ic-ri)(a;-r2)...(aj-r^)=0  (1) 
be  the  given  equation.     Substituting  —  y  for  x,  we  have 

.     fi-y)  =  (-y  -  nX-y-  ra)  ...(-  y  -  r^ 

=  (-l)''(2^  +  rO(2/+r2)-(y  +  rO  =  0.  (2) 

Evidently  the  roots  of  equation  (2)  are  —  r^,  —  rg,  •••,  —  r.. 
If  the  given  equation  in  a;  be 

OoiB'*  -f  cii^'^  +  OaOJ"-*  +  —  +  an-2a^  +  ««-!«  +  a,  =  0, 
the  required  equation  is 

a^«  _  OiT-'  +•••+(-  ly-'a^-iy  +  (-  1)X  =0. 
That  is,  to  obtain  the  transformed  equation : 
Change  the  sign  of  every  alternate  term,  beginning  with  the 
second  ;  (yr  the  signs  of  the  terms  containing  odd  powers  of  x. 

If  any  term  be  wanting  it  must  be  mentally  supplied  with 
a  zero  coefficient. 
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Ex.  Transform  the  equation  aJ*-|-6a^  —  3aj  —  2  =  0  into 
another  whose  roots  ai'e  those  of  the  given  equation  with  signs 
changed. 

We  have  y*  +  5f +  Sy —  2  =0. 

DesoarteB'  Rule. 

26.  If  the  signs  of  the  terms  in  the  equation 

aj*-3iB«-4ar^  +  2a-3 
be  arranged  in  order,  we  have  H 1 — . 

A  Permanence  of  Sign  is  a  succession  of  two  like  signs,  as 
,  above. 

A  Variation  of  Sign  is  a  succession  of  two  unlike  signs,  as 
H —  or  — 1->  above. 

In  the  above  equation  there  is  one  permanence  of  sign  and 
three  variations. 

27.  Tff(x)  be  multiplied  by  x  —  Vy  the  number  of  variations  of 
sign  in  the  product  will  be  at  least  one  greater  than  the  number  of 
variations  of  sign  inf(x). 

The  number  of  variations  of  sign  in 

aj8  +  2iB'-5a^-a?»-4a?*  +  7ar»-3a^  +  4a;  +  l 
is  four.    Let  us  multiply  this  expression  by  a?  —  1. 

Grouping  in  parenthesis  all  successive  terms  which  have  like 
signs,  we  have 

+  (+a^+2«T)-(+5aJ»+a^+4a:*)  +  (+7a<)-(+3«2)  +  (+4a;+l) 

-\rX-\ 

(  -  g8)-(+2gT-6a^-gft)  +  (+4g<)-(  +  7z8)  +  (+3g8-4g)-l 
+  (+x»+a^)-(+7»7-4a:6+3a*)  +  (  +  ll«*)-(  +  10a^)  +  (+7a;2_3x)_l 

Observe  first  that  in  the  given  expression,  as  grouped,  the 
number  of  variations  of  sign  is  one  less  than  the  number  of 
groups ;  in  fact,  that  in  counting  variations  we  need  give  atten- 
tion only  to  the  signs  preceding  the  parentheses. 

Also,  that  the  grouping  in  the  partial  products  and  in  the 
result  corresponds  to  that  in  the  given  expression,  although 
thereby  variations  of  sign  enter  in  some  of  the  groups. 
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We  see  that  the  number  of  variations  of  sign  in  the  signs 
before  the  parentheses  in  the  product  is  one  more  than  in  the 
given  expression.  That  this  should  be  so,  can  be  inferred  from 
the  following  considerations. 

The  distribution  of  signs  in  the  first  partial  product  is  evi- 
dently the  same  as  in  the  given  expression. 

In  the  second  partial  product  there  is  no  term  in  a?.  There- 
fore in  the  result  the  sign  of  the  first  term  in  the  first  paren- 
theses, and  therefore  the  sign  before  the  parentheses,  is  the 
same  as  in  the  given  expression. 

The  first  term  in  the  second  parentheses  is  obtained  by 
multiplying  the  last  term  in  the  first  parentheses  in  the  given 
expression,  -f  (-h  2  a?),  by  —  1,  and  is  —  (-h  2  o?),  of  the  same 
sign  as  the  like  term  in  the  first  partial  product.  Therefore,  in 
the  result  the  sign  of  the  first  term  in  the  second  parentheses, 
and  therefore  the  sign  before  the  parentheses,  is  the  same  as  in 
the  given  expression. 

Similar  considerations  hold  for  the  other  groups.  Therefore 
no  variation  of  sign  in  the  signs  of  the  groups  of  the  given 
expression  is  lost. 

But  to  the  last  term  in  the  second  partial  product  there  is 
no  corresponding  term  in  the  first  partial  product.  Since  this 
term  is  obtained  by  multiplying  the  last  term  in  the  last  paren- 
theses by  —  1,  its  sign  will  be  opposite  to  that  before  the  last 
parentheses.  Hence  at  this  point  one  additional  variation  of 
sign  in  the  signs  of  the  groups  is  obtained. 

Therefore,  the  product  contains  at  least  this  one  more  varia- 
tion of  sign  than  the  given  expression. 

Finally,  observe  that  two  variations  of  sign  are  gained  in  the 
second  group.  Therefore  in  multiplying  the  given  expression 
by  a;  —  1  we  gained  three  variations  of  sign. 

If  any  term  be  wanting  in  the  given  expression,  it  should  be 
supplied  with  a  zero  coefficient,  and  be  included  in  the  group 
with  the  preceding  term. 

Evidently  the  reasoning  in  the  preceding  example  is  general, 
and  holds  for  any  rational  integral  expression  in  x. 
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28.  Descartes'  Rule.  —  The  number  of  real  positive  roots  of 
f{x)  =  0  cannot  he  greater  than  the  number  of  variations  of  sign 
in  f(x)  ;  and  the  number  of  real  negative  roots  cannot  be  greater 
than  the  number  of  variations  of  sign  in  /(—»). 

Let  F{x)  stand  for  the  product  formed  by  multiplying 
together  the  factors  of  f{x)  corresponding  to  imaginaiy  and 
real  negative  roots,  and  let  r^,  r^  rg,  •••,  r^  be  the  k  real  posi- 
tive roots  of  /(«)==  0. 

Then,        /(a;)=  F{x)(x -  r^(x  -  rg) ...  (x  -  r,). 

Now,  F{x)  (x—ri)  has  at  least  one  more  variation  of  sign  than 
F{x);  the  product  F{x)(x  —  ri)(X'-r2)  has  at  least  one  more 
variation  of  sign  than  F(x)  (x  —  rj),  and  therefore  at  least  two 
more  than  F(x),  and  so  on.  The  last  product,  that  is  /(«),  will 
therefore  have  at  least  k  more  variations  of  sign  than  F(x). 
Since  there  will  be  at  least  k  variations  of  sign  in  /(a?),  the 
number  of  real  positive  roots  of /(a?)=0  cannot  be  greater  than 
the  number  of  variations  of  sign. 

By  Art.  25,  the  positive  roots  of  /(— a?)  =  0  are,  with  their 
signs  changed,  equal  to  the  negative  roots  oif(x)=0.  But,  by 
the  preceding  proof,  the  number  of  real  positive  roots  of /(—  x) 
=  0  cannot  ex(^eed  the  number  of  variations  of  sign  in  /(—»). 
Hence  the  number  of  real  negative  roots  of  f(x)=  0  cannot  ex- 
ceed the  number  of  variations  of  sign  in  /(—  x). 

29.  If  f(x)  be  a  complete  rational  integral  expression,  the 
variations  of  sign  in /(—a;)  are  evidently  permanences  of  sign 
in  f(xy 

Thus,  if       /(a:)  =  4ar^-a;*  +  3aj3  +  2aj2_5aj-7, 
then  .  /(-a;)  =  4aj*  +  a?*-f  3a^-2ar^-5a?-|-7. 

The  variations  of  sign,  3  a:^  —  2  ar^  and  —  5  a?  -|-  7,  in  /(—  a), 
correspond  to  the  permanences  of  signj  3  0^+2  a^  and  —5  a?— 7, 
in /(a:). 

The  second  part  of  Descartes'  Rule  may  therefore  be  stated 
as  follows : 

If  f(x)  =  0  be  a  complete  rational  integral  equation,  the  num- 
ber of  real  negdtive  roots  cannot  be  greater  than  the  number  of 
permanences  of  sign  in  f{x). 


618  ALGEBRA.  [Ch.  XXXIV 

30.  From  Descartes'  Rule,  we  infer  the  following: 

(i.)  If  the  signs  of  the  terms  off(x)  be  all  positive,  the  equation 
f(x)  =  0  does  not  huve  a  real  positive  root. 

(ii.)  If  f{x)  =  0  be  a  complete  rational  integral  equation^  and 
the  signs  of  the  terms  be  alternately  -f  and  — ,  the  equaJtion  does 
not  have  a  real  negative  root. 

Limits  to  the  Roots. 

31.  In  determining  the  real  roots  of  a  given  equation,  the 
work  is  often  simplified  by  knowing  that  the  roots  cannot  be 
greater  or  less  than  a  certain  number. 

A  Superior  Limit  to  the  real  roots  is  a  number  greater  than 
the  greatest  root 

An  Inferior  Limit  is  a  number  less  than  the  least  root. 

Various  formulae  have  been  given  for  finding  the  limits  to 
the  roots,  but  we  can  as  a  rule  determine  closer  limits  by 
inspection  than  are  obtained  by  using  these  formulae.  The 
following  examples  will  illustrate  the  method  of  procedure : 

Ex.  1.   Find  a  superior  limit  to  the  real  roots  of  the  equation 

iB*  4. 3aJ^  _  13aJ8  -  27aj  +  36  =  0. 
Grouping  terms  and  factoring,  we  have 

x'ix'  -  13)  +  3ar(aj«  -  9)  +  36  =  0. 

It  is  evident  that  the  first  member  of  this  equation  will  not 
reduce  to  zero  for  any  value  of  x  greater  than  4.  Therefore  4 
is  a  superior  limit  to  the  real  roots.  In  the  above  example  the 
terms  are  arranged  in  groups,  each  having  a  positive  term  first. 
We  then  determine  by  inspection  what  is  the  smallest  value  of 
X  which  will  make  all  the  groups  positive. 

An  inferior  limit  is  obtained  by  forming  the  equation  whose 
roots  are  those  of  the  given  equation  with  signs  changed,  and 
finding  a  superior  limit  to  the  real  roots  of  the  transformed 
equation.  This  number  with  its  sign  changed  will  be  an  in- 
ferior limit  to  the  real  roots  of  the  given  equation. 
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Ex.  2.   Find  an  inferior  limit  to  the  real  roots  of  the  equation 

aj4  4. 3a^  _  4a^  __  30a;  -  36  =  0. 
Changing  the  signs  of  the  alternate  terms,  we  have 

a:* -  3a;« -  4ar*  +  30a;  -  36  =  0, 
or  2a;*~6a;»-8ar*-H60a;-72  =  0. 

Whence  ^(x  -  6)  +  7?{x'  -  8)  +  60(a;  - 1\)  =  0. 

It  is  evident  that  6  is  a  superior  limit  to  the  real  roots  of  the 
transformed  equation.  Therefore  —  6  is  the  required  inferior 
limit  to  the  real  roots  of  the  given  equation. 

Where  nearly  all  of  the  terms  are  negative,  as  in  Ex.  2,  it  is 
necessary  to  distribute  the  term  containing  the  highest  power 
of  X  among  the  negative  terms,  multiplying  the  equation  by 
some  number,  if  the  coefficient  of  this  term  be  unity  or  less 
than  the  number  of  negative  terms. 

EXBROISES  V. 

Transform  the  following  equations  into  others  whose  real 
rational  roots  are  all  integers : 

1.  a;3_|aj2^ja._|^0.  2.  a:«  +  6a;«- Ja;- *^  =  0. 
3.  8a;«-14ar^-lla;+3=0.  4.  ;i^^\;iiS^-^^^^x-^z=0. 
5.  12x*H-40ar^-9a;-14=0.  6.  a;8H-4.2ar^-6.35 a; -1.804  =  0. 
7.  a;8-2.5a;«-4.5a;+9=0.  a  a;* + 12.6 ar^ - 4.32  a;-f. 1539=0. 
9-ia  Transform  the  equations  in  Exs.  1-5  into  others  whose 
roots  are  those  of  the  given  equations  with  signs  changed. 

Show  that  the  roots  of  the  following  equations  are  all 
imaginary : 

14.  a;*H-3a;»  +  5  =  0.  15.  a;«  + 5a;* +  8 a;* +  10  =  0. 

Determine  the  least  possible  number  of  imaginary  roots  of 
the  following  equations: 

16.  a;*-9a;»-5a;-4  =  0.       17.  a;*-4ar»  +  3a;*  +  l  =  0. 
la  3x^-a^  +  5a;8-9  =  0.      la  2a;^  -  3a;*- 4a;8-aj  =  0. 
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32.  The  principles  thus  far  developed  enable  us  to  find  all 
the  rational  roots  of  a  given  rational  integral  equation. 

Ex.  1.   Solve  the  equation  x*  —  a^  — 16  ai^ -\- 4:  x  +  ^S  =  0. 

By  Descartes'  Rule  this  equation  cannot  have  more  than  two 
positive  roots,  or  more  than  two  negative  roots.  We  find  that 
6  is  a  superior  limit,  and  —  4  an  inferior  limit,  to  the  real  roots. 
Also,  since  the  coefficient  of  a^  is  unity,  the  equation  cannot 
have  a  fractional  root.  By  Art.  11,  the  integral  roots,  positive 
or  negative,  are  factors  of  48.  These  factors,  within  the  limits 
to  the  roots,  are  ±1,  ±2,  ±3, 4.  We  now  determine  by  trial 
which  of  these  factors,  if  any,  satisfy  the  equation. 

Substituting  1  and  —  1,  we  find  that  these  numbers  are  not 
roots.  Substituting  2,  the  equation  is  satisfied,  and  the  de- 
pressed equation  is  found  to  be 

3^-\.x'-Ux-24:  =  0. 

Substituting  —  2  in  this  depressed  equation,  we  find  that  this 
factor  is  a  root,  and  that  the  second  depressed  equation  is 

a:«-aj-12  =  0. 

The  roots  of  this  equation  are  found  to  be  —  3,  4. 
Therefore  the  roots  of  the  given  equation  are  2,  —  2,  —  3, 4. 

Ex.  2.    Solve  the  equation  6a^ -\- 237^ —  6x^8  =  0. 

We  find  that  1  is  a  superior  limit,  and  —  5  an  inferior  limit, 
to  the  roots.  Therefore  the  integral  roots,  if  any,  are  among 
the  numbers  —  1,  —  2,  —  4,  and  the  fractional  roots  among 

±h  ±h  ±h  ±h  ±i' 
We  will  first  try  for  fractional  roots.     Substituting  ^, 

6        23-6         -8(i 

3  13  I 

6.       26  7         -f 

Therefore  J  is  not  a  root.     Substituting  —  ^, 

6        23-6         -8(-j- 

-3-10  8 

6        20       -16  0 
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Therefore  —  ^  is  a  root,  and  the  depressed  equation  is    . 

6aj2  4.20aj-16  =  0,  or  3ar*  +  10a;-8  =  0. 

The  roots  of  this  equation  are  found  to  be  |,  —  4. 
Therefore  the  roots  of  the  given  equation  are  —  i,  f ,  —  4. 
The  above  equation  could  also  have  been  solved  as  follows : 
Letting  x  =  ^y,  we  have,  by  Art.  22, 

y8  +  23y«-36  2^-288=0. 

This  equation  can  have  no  fractional  roots.  The  integral 
roots  are  found  to  be  —3,  4,  —24.     Then  x,  =iy,  =  —  ^,  |,  —4. 

Although  by  this  method  we  avoid  solving  for  fractional 
roots,  yet  the  number  of  integral  factors  of  the  last  term  which 
it  is  necessary  to  test  becomes  greater. 

Newton's  Method. 

33.  The  factors  of  the  last  term  are  as  a  rule  more  easily 
tested  by  the  method  which  follows. 
From  Art.  3  we  have 

a^-^-aiO?  -f  a^  +  03  =  h^-\-  (pi  —  b^r)  aP-\-  (b^  —  biv)  x-\-  {B  —  b^r). 

Now,  let  r  be  a  root  of  the  given  equation. 
Then  B  =  0,  and  the  form  of  the  equation  which  we  shall 
use  is 

&oa^+  (&i  -  6o>-)aJ*+  (&2-  V)a?-  V  =  0. 

The  last  term  is  divisible  by  r,  and  the  quotient  is  —  ftj. 
Adding  this  quotient  to  the  coefficient  of  x,  we  obtain  —  ft^r. 

Dividing  this  sum  by  r,  and  adding  the  quotient,  —  b^,  to 
the  coefficient  of  ar^,  we  obtain  —  60^. 

Dividing  this  sum  by  r,  and  adding  the  quotient,  —  bo,  to 
the  coefficient  of  ar*,  we  obtain  a  sum  0. 

Arranged  as  in  synthetic  division, 

—  60     —  ^j  —  &2 

It  is  evident  from  the  form  of  /(»),  given  in  Art.  3,  that  the 
above  method  is  general.     Observe,  also,  that  the  numbers  in 
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the  second  line  of  the  work  above  are,  in  order,  the  coefficients 
of  the  depressed  equation  with  signs  changed. 
We  thus  have  the  following  method  : 

Divide  the  last  term  by  r  and  add  the  quotient  to  the  coefficient 
of  X,  Divide  this  sum  by  r  and  add  the  quotient  to  the  coefficient 
of  a^.  Divide  this  sum  by  r  and  add  the  quotient  to  the  coeffir 
dent  ofa?f  and  so  on.     The  last  quotient  wiU  be  —  bo. 

If  at  any  stage  the  division  be  not  exact,  this  fact  at  once 
shows  that  the  niunber  being  tested  is  not  a  root. 
Ex.   Solve  the  equation  o^  —  4ar^  —  9a?4-36  =  0. 
Substituting  1  and  —  1,  we  find  that  they  are  not  roots. 
Testing  —  2  by  Newton's  Method, 

1     -4       -9    36(-2 

-18 

-27    36 

Since  —  27  is  not  divisible  by  2,  2  is  not  a  root.    Testing  3, 
1     -4     -9    36(3 
-1         1       12 


0-3         3    36 
Since  the  division  at  each  step  is  exact  and  the  last  quotient 
is  —  1,  3  is  a  root,  and  the  depressed  equation  is 
a^-a;-12  =  0. 
The  roots  of  this  equation  are  —  3,  4.    Therefore  the  roots 
of  the  given  equation  are  3,  —  3,  4. 

BXEBOISBS  VI. 

Find  a  real  root  of  each  of  the  following  equations^  and 
solve  the  depressed  equation: 

1.  a^-2aj2_i3aj-10  =  0.  2.  a:^- 19aj  +  30  =  0. 

a  a^^5ixl^  +  17x-13  =  0.  4.  a:^ « 7 aj^  +  36  =  0. 

5.  a^  — 5aj*-f  5a?  +  3  =  0.  6.  a^  —  Sa^'\-9x-\-BS  =  0. 

7.  iB8_7aj2^49a;+237  =  0.  a  a:^  4.  aj*  -  61  a?  -  205  =  0. 

9.  a^+4:a^-S4:a^-76x-\-105=0,  10.  a^~15a^-10a;H-24  =  0. 

U.  a?*-2a?«-13aj2+14a;+24=0.  12.  aj*-37a^-24aj+180=0. 
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la  a^-8aj8+7ar^+40aj-60=0.       14.  a^-a^-llaj*-aj-12=0 
15.  a?*~-9a^H-15a;«+39a;-70=0.     16.  iB*-3ar»-2aj«-32=0. 
17.  a^+5ar^H-llaj«+67a;H- 156=0.    la  iB*-26iB*+57a?-18=0. 

19.  ic' 4- 6a^  -  2ar* -36a^  4- «H- 30  =  0. 

2a  ar'-llaJ*  +  36ar»-10a^-148a;  +  240  =  0. 

21.  ir'-8iB*-6ar»H-134ic2-43a?-510  =  0. 
22.  2  a:»+aj« -r- 26  a?H- 12=0.  23.  6a:»+7iB*-46aj+24=0. 

24.  6iB*-13aj»-18aj*  +  7a?  +  6  =  0. 

25.  12aj*-64a^H-9a^  +  63aj4-10  =  0. 

26.  96aj*  +  128a^-74a^-63a?  +  18  =  0. 

Derived  FunctioiiB. 

34.  Given  f(x)  =  a^  +  ttjaf*"^  +  agOJ""*  +  •  •  •  +  a„_i»  +  a^ 
to  find  the  value  of  f{x  -\-  h).        We  have 
f(x  +  A)  =  ao(x  +  hy  +  a^(x-{-  hy-^  +  aaCa?  -j-  fe)*-« 

-|--.-+a„_i(a?  +  ^)  +  a, 
=  Oo^  +  OiOf-^  +  OaaJ"-'  +  —  +  a^^iX  +  a^ 

+  hlnOfflf"^  +  (n  —  l)aiaf-^  +  (n  —  2)a^-^  H f-  a«-i] 

+^[,n(n'-l)a^-^+(n^l)(n^2)a,x^-^+ ...  +a„_J+  .... 

The  coefficient  of  h  is  derived  from/(x)  as  follows : 

Multiply  each  term  of  f(x)  by  the  exponent  of  x  in  that  term 
and  subtract  1  from  the  exponent 

Thus,  from  Ooa?'  we  derive  wooaf"^;  from  aypif"'^  we  derive 
(n  —  1)  aio""* ;  and  so  on. 

On  this  account  the  coefficient  of  h  is  called  the  First  Derived 
Function,  and  is  represented  by /'(a?). 

Observe  that  from  a^^^x  we  derive  1  x  CLn-v^y  =  <^n-v 

From  a  term  without  x  we  obtain  0. 

That  is,  from  a^  =  a^aP  we  derive  0  x  a„aJ~S  =  0. 

hi 
In  a  similar  way  the  coefficient  of  --  is  derived  from  the 

18  I—  ;^2 

coefficient  h ;  the  coefficient  of  —  from  that  of  -- ;  and  so  on. 

|3  \2' 
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These  successive  coefficients  are  therefore  called  the  Second 
Derived  Function,  the  Third  Derived  Function,  and  so  on;  and 
are  represented  by /"(a?),  f'"(x),  and  so  on,  respectively. 

Notice  that  /'(«)  is  of  degree  one  lower  than  /(«);  that 
/"(«)  is  of  degree  two  lower  than /(a?);  and  so  on. 

We  now  have 

f(x  +  A)  =  fix)  +  hf>  (X)  + 1/"  (x)  +  .... 

In  like  manner  f(x  -\-  h)  could  have  been  expanded  in  terms 
of  ascending  powers  of  x : 

f(x + A) = f(h)  -H  xf(h)  +  ^r(h)  -h .... 

Ex.    Given  f(x)  =  ar*  -  2  a;* -j-  a: -j-  3,  find  /(a:  -f  2). 

We  have  ^^^  _^  2)  =  /(2)  +  xf{2)  +  ^  f\2) 4  •... 

l£ 
In  the  terms  of  the  second  member,  .2  is  to  be  substituted 
'  for  X  in  /(a;),  f\x),  and  so  on.     We  now  have 

/(a;)=ar»-2ar»-|-a;  +  3,    /'(x)  =  3a^- 4a;+ 1, 
/"(a:)=6aj-4,    /'"(a?)  =  6,    /-(a;)  =  0,  etc. 
Whence/(2)  =  5,    /'(2)  =  5,    r(2)=8,    /"'(2)  =  6. 
Therefore,        /(a:  -j-  2)  =  5  +  5  a;  -j-  4  «2  ^  a^s^ 

Multiple  Roots. 

35.  If  r  be  A;  times  a  root  of  f{x)  =  0,  then  a?  —  r  is  fc  times 
a  factor  of  /(a?),  or  (a;  —  r)*  is  a  factor. 

Therefore,  f{x)  =  (a?  -  r)*  i^(a;), 

wherein  F{x)  stands  for  the  product  of  the  remaining  factors 
of  f{x),  and  does  not  contain  the  factor  x  —  r. 

We  now  have  f{x  -j-  ^)  =  (x  —  r  -j-  hYF{x  -j-  h). 

Expanding  f(x  -h  h)  and  F{x  +  h)  by  the  preceding  article, 
and  (a?  —  r  -h  hy  by  the  binomial  theorem,  we  have 

/(aj)  +  A/'(«)+|/"(a;)  +  - 

=  [(«  -  r)*  +  *(«  -  r)»-'A  +  •••]  [.F{x)  +  Ai?"(a!)  +  -.] 
=  (x-  ryF(x)  +  hlk(x  -  ry-'F(x)  +  {x-ryF'(x)}  +• .... 
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Equating  coefficients  of  h, 

f\x)  =  k(x  -  rf-^F{x)  +  (a?  -  rfF\x) 
=  (a;  -_  rY-\kF{x)  +  (a?  -  r)F'(a;)]. 

We  now  see  that /'(a;)  contains  a;  —  ?•  as  a  factor  A:  —  1  times ; 
therefore,  f{x)  =  0  has  k  —  1  roots  equal  to  r. 

That  is,  if  f(x)  =  0  have  a  multiple  root,  then  f\x)  =  0  has 
the  same  root  repeated  one  less  time. 

36.  It  follows  also  from  the  preceding  article  that  (a;— r)*"^ 
is  the  H.  C.  F.  of  f(x)  and  /(«).  We  can  therefore  find  the 
multiple  roots  of  any  given  equation,  f{x)  =  0,  by  finding  the 
roots  of  the  H.  C.  F.  of  f(x)  and  f'(x)  equated  to  0. 

If  f(x)  and  f'(x)  have  no  common  factor,  f(x)  =  0  does  not 
have  a  multiple  root. 

Ex.  The  equation  «*  -  9  «» -H  23  a^  -  3  a?  -  36  =  0  has  multi- 
ple roots.     Solve  the  equation. 

We  have      /(a;)  =  a?*  -  9  a:*  +  23  aj^  -  3  a?  -  36, 
and  /'(a;)=4ar*-27ar^  +  46a;-3. 

The  H.  C.  F.  of  f(x)  and  f'(x)  is  found  to  be  a;  -  3. 
Therefore,  (x  —  3)^  is  a  factor  of  f(x),  and  3  is  a  root  twice 
of  the  given  equation.     Removing  the  root  3  twice, 
1-9         23       -3     -36(3 
3-18         15         36  " 
1-6  5         12  0 

3       -  9     -  12 
1     __3       _4  0 

The  final  depressed  equation  is  a^  —  3a;  —  4  =  0;  whence, 
a?  =  —  1,  4.     The  roots  of  the  given  equation  are  3,  3,  —  1,  4. 

EXERCISES   VII. 

Find  the  successive  derived  functions  of  the  following : 

1.   2ar»-3a;  +  6.  2.   x* -\-7  x^  -  Bx' -Sx-^-ll. 

Given  f(x)  =  a^ -dx' -\-Ux +  24.,  find 

3.   /(aj  +  1).  4.   /(a:-2).  5.   /(a;-3> 
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Solve  the  following  equations,  which  have  multiple  roots : 

6.  aj*-j-6ar»-14ar»-90a?H-25  =  0. 

7.  a^-4a^-4iB*4-16a;  +  16  =  0. 

a  a^-6a^  +  38a^~112aj-M04  =  0. 

9.   a^H-2aj»-3aj*-f  136a?H-464  =  0. 
10.   ar*  -  iB*  -  11  ar»  +  29  iB*  -  26  a;  +  8  =  0. 
U.  iB»  +  7a?*-6a^-162ar^-459aj-405  =  0. 

Ghraphic  Representation. 
37.  Two  perpendicular  straight  lines  divide  the  plane  in 
which  they  lie  into  four  parts,  called  Quadrants.     Thus,  the 

lines  XX',  YT,  in  Fig.  3, 
divide  the  plane  of  the  paper 
into  four  quadrants : 
XO  Y  called  the  first  quadrant ; 
YOX'  the  second  quadrant ; 
X'OY'  the  third  quadrant,  and 
Y'OX  the  fourth  quadrant. 

The  position  of  a  point  in  a 
plane  is  known  if  its  distance 
from  these  two  fixed  lines,  and 
the  quadrant  in  which  it  lies, 
be  known.  Thus,  the  position  of  a  point  Pi  in  the  first  quad- 
rant is  known,  if  we  know  the  distances  AiPi  and  BiPi ;  that 
of  the  point  Pj  ^^  the  second  quadrant,  if  we  know  the  dis- 
tances A2P2  and  B2P2. 

3a  The  two  lines  X'OX  and  Y'OY  are  called  Axes  of 
Reference,  and  the  point  0  is  called  the  Origin. 

The  distance  of  a  point  P  from  the  axis  Y'OY,  measured 
along  or  parallel  to  the  aods  X'OX,  is  usually  designated  by  the 
letter  x,  and  is  called  the  Abscissa,  or  the  x  of  the  point. 

Thus,  the  x  of  the  point  Pi  is  OAi,  =  ^iPi- 

,The  distance  of  a  point  P  from  the  axis  X'OX,  measured 
along  or  parallel  to  the  axis  Y'OYy  is  usually  designated  by  the 
letter  y,  and  is  called  the  Ordinate,  or  the  y  of  the  point. 
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Thus,  the  y  of  the  point  Pj  is  OBj,  =  A^Py* 
The  abscissa  and  the  ordinate  of  the  point  are  together  called 
the  Coordinates  of  the  point. 

The  axis  X'OX  is  called  the  Axis  of  Abscissas,  or  the  x^uxis. 
The  axis  F' OF  is  called  the  Axis  of  Ordinates,  or  the  y-axia, 

39.  The  quadrant  in  which  a  point  lies  is  determined  as 
follows : 

Abscissas  measured  to  the  right  of  the  origin  are  taken 
positively ;  those  to  the  left,  negatively.  Ordinates  measured 
upward  are  taken  positively;  those  downward,  negatively. 
The  signs  of  the  x  and  y  of  a  point  thus  determine  the  quad- 
rant in  which  it  lies. 

Locate  the  point  x  =  2,  y  =  3. 

The  most  convenient  way  is  to  measure  two  units  along  the 
x-Bxis  to  the  right,  and  from  the  point  thus  reached  three  units 
upward  parallel  to  the  y-axis,  as  in  Fig.  4. 

Instead  of  writing  x  =  2, 
y  =  S,  we  may  indicate  the 
coordinates  of  the  point  by 
(2, 3),  it  being  understood  that 
the  first  number  is  the  x  and 
the  second  the  y  of  the  point. 

To  locate  the  point  (—  2,  3), 
we  measure  two  units  to  the 
left  along  the  avaxis,  and  three 
units  upward  parallel  to  the 
y-axis.  In  like  manner,  the 
points  (-3,-4)  and  (5,  —  2)  are  located,  as  in  Fig.  4. 


(-2.3)<> 


)f- 


(-3.-4)(^ 


^2.3) 


<y 


(3.-2) 


Y' 

Fig.  4. 


X 

y 

0 

-3 

1 

-1 

2 

1 

3 

3 

-1 

-6 

-2 

-7 

40.  If,  in  the  equation  y  =  2  a;  —  3,  we  give  to 
X  a  series  of  numerical  values,  we  obtain  cor- 
responding values  of  y.  In  the  table  on  the  left, 
corresponding  values  of  x  and  y  are  written  in 
the  same  horizontal  line.  Each  set  of  values  of 
X  and  y  may  be  taken  as  the  coordinates  of  a 
point  in  the  plane,  in  Fig.  5. 
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If  we  give  to  x  values  between  those  in  the  table,  we  obtain 
corresponding  values  of  y.     Thus,  if  we  give  to  x  the  value  ^, 

between  0  and  1,  we  obtain 
for  y  the  value  —  2,  between 
—  3  and  —  1.  To  each  of 
these  sets  of  values  likewise 
corresponds  a  point.  If,  then, 
X  be  made  to  change  contin- 
uously from  0  to  1,  passing 
through  every  intermediate 
value,  y  will  change  contin- 
uously from  —  3  to  —  1,  and 
the  points  corresponding  will 
form  a  continuous  line  from 
(0,-3)  to  (1,-1). 
In  like  manner  we  have  a  continuous  line  connecting  all  the 
points  given  in  Fig.  5. 

41.  It  is  proved  in  analytic  geometry  that  a  simple  equation 
in  two  unknown  numbers  represents  in  this  way  a  straight 
line.     It  is  on  this  account  that  it  is  called  a  linear  equation. 

The  figure  is  called  the  Graph  of  the  equation,  and  the  equa- 
tion is  said  to  be  the  Equation  of  the  Graph. 

42.  Every  solution  of  the  equation  corresponds  to  a  point 
on  the  graph ;  and,  conversely,  the  coordinates  of  every  point 
on  the  graph,  and  of  no  other  points,  satisfy  the  equation. 

We  thus  have,  corresponding  to  the  infinite  number  of  solu- 
tions of  an  indeterminate  linear  equation,  an  infinite  number 
of  points  on  a  straight  line. 

43.  Since  a  linear  equation  represents  a  straight  line,  it  is 
necessary  to  locate  only  two  points  to  determine  its  position. 
By  letting  a;  =  0  in  the  equation  of  the  graph,  we  obtain  the 
point  where  the  straight  line  crosses  the  y-axis,  and  by  making 
y  =  0,  the  point  where  the  line  crosses  the  aj-axis. 

Ex.   Draw  the  graph  of  Sx-{-2y  =  6, 

When  a?  =  0,  y  =  3 ;  the  point  (0,  3)  is  on  the  y-axis. 
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When  y  =  0,  a;  =  2 ;  the  point  (2,  0)  is  on  the  aj-axis. 
The  graph  is  shown  in  Fig.  6. 


Y 

Fig.  6.  Fig.  7. 

Intersection  of  Graphs. 

44.  The  solution  of  the  equations  x-\-y=^5, 
and  0?  —  2  y  =  —  4,  is  2,  3. 

Since  this  solution  satisfies  both  equations,  it  gives  the 
coordinates  of  a  point  which  is  common  to  the  graphs  of  these 
equations,  as  in  Fig.  7.  Therefore,  the  point  of  intersection  of 
two  graphs  is  obtained  by  solving  their  equations. 

We  thus  see  that  corresponding  to  the  one  solution  of  two 
simultaneous  linear  equations  we  have  the  one  point  of  inter- 
section of  two  straight  lines. 

45.  As  was  shown  in  Ch.  X.,  a  definite  solution  of  two  linear 
equations    in    tw6    unknown  y 
numbers  cannot  be  obtained  if 
the  equations  be  inconsistent 
or  equivalent. 

Inconsistent  Equations. 

46.  The  two  equations 
x-\-2y  =  4:,   and   x-\-2y  =  6^ 
are  inconsistent,  and  are  not 
satisfied  by  any  set  of  finite 
values  of  x  and-  y.     Drawing  the  graphs  of  these  two  equa- 
tions, we  find  that  they  represent  two  parallel  straight  lines. 


Fig.  8. 
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Fig.  9. 


Equivalent  Equations. 

47.  The  two  equations 

and  4a; -6  2/ =  12, 
are  equivalent,  and  are  there- 
fore satisfied  by  an  indefi- 
nite number  of  sets  of  values 
of  X  and  y.  Drawing  the 
graphs  of  these  two  equations, 
we  see  that  they  coincide,  as 
in  Fig.  9. 


Graphic  Representation  of  Roots. 
48.  Ex.  1.  Draw  the  graph  of  the  equation 

y  =  a8-5a2^2a;  +  8. 
Sets  of  values  of  x  and  y  are  given  in  the 
table  on  the  left.     The  corresponding  points 
(0,  8),  (1,  6),  (2,  0),  etc.,  indicate  the  general 
outline  of  the  curve  as  represented  in  Fig.  10. 
Observe  that  at  the  points  where  the  graph 
crosses  the  a;-axis,  y  =  0  ;  that  is, 
aJJ-5a:2  4.2x4-8  =  0. 
The  values  of  x,  2,  4,  —  1,  at  these  points,  are 
therefore  the  roots  of  the  above  equation. 
In  like  manner,  if  we  place  the  first  member  of  any  rational 
integral     equation,    when    all 
terms  are  transferred  to  that 
member,  equal  to  y  instead  of 
0,  and  draw  the  corresponding 
graph,    the    abscissas    of   the 
points  where  this  graph  crosses 
the  a>axis  are  the  roots  of  the 
equation. 

In  this  graphic  representa- 
tion the  ordinate  of  any  point  I  Y\ W    Fig.  lO. 


X 

y,=f(p) 

0 

8 

1 

6 

2 

0 

3 

-   4 

4 

0 

6 

18 

-1 

0 

-2 

-24 
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is  in  fact  the  value  of  the  function  corresponding  to  the  value 
of  X  at  the  point.  It  will  be  helpful  in  what  follows  to  dis- 
pense with  the  letter  y  and  to  denote  the  ordinate  of  a  point 
by  f{x). 

Ex.  2.     Given  the  equation        a?*  —  10  aj*  +  9  =  0, 
draw  the  corresponding  graph. 

We  have        f{x)  ==  aj*  -  10  x^  _,_  9^ 

The  graph  is  shown  in  Fig.  11. 
The  curve 
crosses  the  aj-axis 
three  units  to  the 
left  of  the  origin, 
one  unit  to  the  ^> 
left,  one  to  the 
right,  and  three 
to  the  right. 
Therefore  the 
roots  of  the  equation  are  —3, 

—  1?  Ij  3.  to^-tf     Fia.  11. 

Ex.  3.   Given  the  equation 

a^- Gar*  4- 7a? +  4  =  0, 
draw  the  corresponding  graph. 

We  have  f{x)  =  aj8-6a^-h7a;  +  4. 

The  graph  is  shown  in  Fig.  12. 

Observe  that  in  this  case  two  of  the  points  where  the  graph 
crosses  the  aj-axis,  yi 

those  between  2 
and  3,  and  0  and 
—  1,  are  not  ac- 
curately located. 
Therefore  the  two 
roots  correspond- 
ing are  not  accu- 
rately shown  by 
the  graph.     The 
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importance  of  graphs  for  our  present  work  is  not,  therefore,  to 
determine  the  exact  values  of  the  roots,  but  to  make  clearer 
some  principles  which  are  to  follow. 

Orapbio  Representation  of  Real  and  Equal,  and  Imaginary  Roots. 

49.  The  graphs  corresponding  to  the  three  functions 
Jl{x)==x^^ex^S,    (1)  Mx)  =  i^-ex+   9,     (2) 

f,{x)  =  x'-6x-{-10,  (3) 

are  shown  in  Fig.  13. 
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Fig.  13. 

The  graph  corresponding  to  (1)  cuts  the  avaxis  in  two  points, 
two  and  four  units  to  the  right  of  the  origin.  Observe  that  2 
and  4  are  the  roots  of  the  equation  a**  —  6  a?  -|-  8  =  0. 

In  equation  (1),  when  a;  =  3,  y  =  —  1,  and  the  corresponding 
point  on  the  graph  is  one  unit  below  the  a^axis. 

Now  observe  that  the  second  member  of  (2)  is  obtained 
from  the  second  member  of  (1)  by  adding  unity  to  the  latter. 
Therefore  the  ordinates  in  the  graph  of  (2)  will  be  one  greater 
than  the  corresponding  ordinates  in  the  graph  of  (1),  as  shown 
in  the  figure.  This  graph  is  tangent  to  the  aj-axis  at  the  point 
3,  0,  and  could  have  been  obtained  by  sliding  the  graph  of 
(1)  vertically  upward  one  unit.  In  so  doing,  the  two  points 
where  (1)  cuts  the  avaxis  would  have  moved  toward  each  other 
and  coincided  in  the  point  where  (2)  touches  the  aj-axis.  The 
root  3  is  a  multiple  root  of  the  equation  aj*  —  6a?  +  9  =  0. 

Finally,  the  second  member  of  (3)  is  obtained  from  the 
second  member  of  (1)  by  adding  two  units  to  the  latter.     The 
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graph  of  (3),  therefore,  could  have  been  obtained  by  sliding 
the  graph  of  (1)  vertically  upward  two  units,  as  shown  in  the' 
figure.  This  graph  does  not  intersect  the  a>-axis,  and  therefore 
indicates  the  presence  of  imaginary  roots ;  in  fact,  the  roots 
of  the  equation  a^— 6x-\-10  =  0  are  conjugate  imaginaries. 

BXEBCISES   VIII. 

1.  Locate  the  points  (1,3);  (-  1, 3)  ;  (2,-2);  (-  4,  -  1) ; 
(0,-2);  (3,0);  (0,4);  (-3,0);  (0,0);  (4,-2);  (3,2); 
(-5,-3);    (-6,4). 

Draw  the  graphs  of  the  following  equations : 

2.  a  =  2.  3.  y  =  —  4.  4.   aj  =  0.  5.  y  =  0. 
6.  y  =  2x-S,          7.  2a  =  y  +  4.          8.  3a;-4y  =  l^. 

Draw,  to  one  set  of  axes,  the  graphs  of  the  equations  in 
each  of  the  following  examples,  and  determine  their  point  of 
intersection : 

fa;4-2y  =  5,  |2a;  +  6y=-7, 

•  \3x^y  =  l.  '  l4a;4-3y  =  7. 

.       -,  'a;  4-6 2/ =  10, 

11.   ^  .  .  12.    '  ^ 


r3a;-2y  =  6, 
|6a:-4y  =  6. 


2  a;  +  10  2/  =  20. 
2/  =  a;  -  1, 
y  =  a^-{-3x-\-2.  l2/  =  iB*-3aj  +  3. 

p  =  2a;-2,  ,^    f2/=-2x  +  4. 


r2/  =  a?-f2,  14    j^^^"""^' 


13. 


15.    K  16.    . 

[yz=Sx^-\-2x-l  [y  =  a?'-63i^-\-7x  +  4. 

Draw  the  graph  of  each  of  the  following  functions,  and 
locate  each  irrational  root  between  two  consecutive  integers : 

17.  a^-5x.  18.   3ar^-7aj«  +  4.  19.    2a^-7a:*-30. 

20.  a^-3aj«-3a?  +  l.  21.   aj^  -  6  ar^  +  2  a; -j- 12. 

22.  a8-7a^+16a;-9.  23.   a^  -  2ar» -  7 a*-}- 8 a;  +  12. 

24.  aJ*-9«*  +  4aj  +  12.  25.   a^  +  4  «"  -  9a^  -  120. 
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Oreatest  and  Least  Terms  in  fix). 

50.  In  the  function 

f(x),  =  oox"  +  •••  +  a^-i-iar*-"^  +  a„>*aJ*  +  a„_j+ja;*-*  +  ..-, 

the  term  a^^jpi^  can  he  made  to  exceed  numerically  the  sum  of  all 
the  terms  that  follow  it,  by  taking  x  large  enough,  and  to  exceed  the 
sum  of  all  the  terms  that  precede  it,  by  taking  small  enough. 

First,  let  a^^jfii^  =  m(a^_j+iCB*-^  +  —  +  a^^iX  +  a«).  (1) 

Whence, 

By  taking  x  large  enough,  we  can  make  each  term  in  the 
denominator  of  (2),  and  hence  the  denominator  itself,  as 
small  as  we  please.  When  the  denominator  is  made  smaller 
than   a„_t,  then   m>l,    numerically.     Therefore,    from    (1), 

ctn-iP^  >  an-»+i«*"^  +  ••  •  +  ««-!«  +  a«,  numerically. 

In  like  manner  the  second  part  of  the  principle  can  be 
proved. 

51.  Since  a^  ==  oo,  cw  a;  =  oo,  it  follows  from  the  preceding 
article  thatf(x)  =  oo,  a«  a  =  oo. 

If  we  take  x  large  enough  to  make  the  term  a^  exceed 
numerically  the  sum  of  all  the  terms  that  follow  it,f(x)  will  be 
positive  when  CLffitf  is  positive,  and  negative  when  a^  is  negative. 

Ex.  1.  3  iB*  -  5  a^  +  7  ic*  -  19  a?  -  17  =  +  00, 

when  a;  ==  00,  or  —  oo. 

Ex.2.   2a^- 9a?- 6a; +  5  =  +  00,  when  a:  =  00, 

=  —  00,  when  a;  =  —  oo. 

Principle  of  Continuity. 

52.  It  was  assumed  in  Art.  40  that  the  curve  is  continuous 
between  any  two  points  definitely  located ;  that  is,  that  a  point, 
which  we  may  assume  to  be  describing  the  curve,  nowhere 
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makes  a  jump.  An  instance  of  an  interruption  of  continuity 
is  shown  in  Fig.  14.  Here  the  point  which  is  describing 
the  curve  on  arriving  at  the 
point  Pj  whose  abscissa  is  a, 
say,  jumps  to  the  point  Q,  We 
assume  that  Q  is  a  finite  dis- 
tance from  P,  while  the  ab- 
scissa of  Q  is  greater  than 
a  by  less  than  any  assigned 
number,  however  small.  Now, 
let  /2  be  a  point  on  the  curve, 
whose  abscissa  is  a  -f  ^,  ^  being 
an  infinitesimal.  Then,  since 
ordinates  represent  values  of  the  function,  we  have 

AP=zf(d),  and  BR  =f{a  +  h). 

Evidently,  f(a  +  h)—f(a)  represents  the  change  in  the  value 

of  the  function  corresponding  to  the  change  h  in  the  value  of  x. 

Since  BE  —  AP,  =f(a  +  h)  —  f(a),  remains  finite  as  ^  =  0, 

corresponding  to  an  infinitesimal  change  in  the  value  of  x, 

there  is  a  finite  change  in  the  value  of  the  function. 

On  the  other  hand,  let  the 
curve  be  continuous  at  a  point 
a,  as  in  Fig.  16.     Then 

f(a  +  h)-f(d),  =BB-AP, 

As  h  =  Of  that  is,  as  the 
point  B  approaches  A,  it  is 
evident  that  CR  approaches  0. 
That  is,  when  the  function  is 
continuous  at  x  =  a,  corre- 
sponding to  an  infinitesimal  change  in  the  value  of  a?,  there  is 
an  infinitesimal  change  in  the  value  of  /(«). 

We  are  thus  led  to  the  following  definition  of  continuity : 
TTie  ftinction,  f(x),  is  continuous  at  x^  a,  if 
f(a  H- h)-f(a)=  0,  as  h  =  0. 
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53.  A  rcUional  integral  function  ofx  is  continuous  for  aU  finite 
values  of  x. 

Let  /(^)=  «03J"  +  Oiaf"^  +  •••  +  Cin-l^  +  <^n- 

Then,  by  Art.  34, 

/(a  +  /0  =  /(a)  +  ;i/'(a)+^r(a)  +  ^/'>)+ ••.. 

Whenee,/(a  +  A)-/(a)=/ir/'(a)  +  -|/>)  +  |V''W 
Now,  as  h^  0,  |/"(a)=  0,  |^/'"(a)=  0,  and  so  on. 

Therefore, /'(a)  +  |/"(a)-h^V"'(a)+  -  =/'(«), 

and  A|^/'(a)-h|/»  +  |/'»4-  ..-J^O. 

Consequently,  /(a  +  A)— /(a)=0 

as  A  =  0,  and  f{x)  is  continuous  at  a;  =  a. 

But  a  may  be  any  finite  value  of  x.  Therefore,  f{x)  is  con- 
tinuous for  all  finite  values  of  a?. 

54.  It  follows  from  the  principle  of  continuity  that  as  f(x) 
changes  from  a  value  /(a)  to  a  value  f(b),  it  must  do  so  by 
infinitesimal  changes,  and  therefore  pass  through  every  inter- 
mediate value. 

55.  If  f(a)  and  f(h)  have  opposite  signs,  at  least  one  reed 
root  of  f(x)  =  0  lies  between  a  and  b. 

By  the  principle  of  continuity,  a  number  cannot  pass  from  a 
positive  value  to  a  negative  value,  or  vice  versa,  without  passing 
through  0.  Since  f(x),  which  is  continuous  in  passing  from 
/(a)  to/(&),  changes  its  sign,  it  must  pass  through  0.  This 
value  of  X  between  a  and  b,  for  which /(a?)  becomes  0,  is  there- 
fore a  root  otf(x)  =  0. 

In  connection  with  this  principle  attention  is  called  to  the 
graphs  of  the  functions  in  Exx.  1-3,  Art.  48.  Thus,  in  Ex.  3, 
/(2)  and  /(3)  have  opposite  signs,  and  the  graph  in  Fig.  12 
cuts  the  a>-axis  once  between  2  and  3.     In  general,  if  /(a)  and 
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/(&)  have  opposite  signs,  the  corresponding  points  on  the  graph 
are  on  opposite  sides  of  the  avaxis.  Therefore  the  graph  must 
cross  the  a^axis  istt  least  once  between  a  and  b. 

56.  The  following  principles  are  derived  from  the  preceding : 

(i.)  Every  equation  of  an  odd  degree  has  aJt  least  one  real  root 
whose  sign  is  opposite  to  that  of  its  last  term. 

For,/(0)=a„;  and,  by  Art.  51,/(-|-oo)  =  +QO,/(-oo)  =  -qo. 

If  a„  be  positive,  /(O)  and  /(— x)  have  opposite  signs,  and 
there  is  a  negative  root  between  0  and  —  oo. 

If  a«  be  negative, /(O)  and/(-|-Qo)  have  opposite  signs,  and 
there  is  a  positive  root  between  0  and  +00. 

(ii.)  Every  equaJtion  of  an  even  degree^  whose  last  term  is  nega- 
tive,  has  at  least  two  real  roots,  one  positive  and  one  negative. 

For,  /(O),  =  a«,    is    negative,    and  /(H-  00)  =  +  oo,    and 

/(—  00)  =  +  00. 

.  Since  /(O)  and  /(4-qo)  have  opposite  signs,  there  is  a  posi- 
tive root  between  0  and  -f  00.  For  a  similar  reason,  there  is  a 
negative  root  between  0  and  —  oo. 

57.  The  following  is  a  more  general  enunciation  of  the  prin- 
ciple given  in  Art.  55 : 

If  f(a)  and  f{b)  have  opposite  signs,  an  odd  number  of  real 
roots  lies  between  a  and  b. 

If  f(a\  andfip)  have  like  signs,  either  no  real  root,  or  an  even 
number  of  real  roots,  lies  between  a  and  b. 

The  proof  is  a  simple  extension  of  that  given  in  Art.  55. 

The  graphs  of  the  functions  in  Art.  48  throw  light  also  on 
this  principle.  Thus,  in  Ex.  2,  /(— 4)  and  /(— 2)  have  oppo- 
site signs,  and  the  graph  in  Fig.  11  cuts  the  a>-axis  once  between 
—  4  and  —2;  /(— 4)  and /(2)  have  opposite  signs,  and  the 
graph  cuts  the  a>-axjs  three  times  between  —  4  and  2.  Again, 
/(— 4)  and/(0)  have  like  signs,  and  the  graph  cuts  the  a>-axis 
twice  between  —4  and  0 ;  /(— 4)  and/(4)  have  like  signs,  and 
the  graph  cuts  the  a>-axis  four  times  between  --  4  and  4 
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To  find  an  equation  whose  roots  are  less  than  the  roots  oi  a 
given  equation  by  a  definite  number. 

SB.  Ex.  Form  the  equation  whose  roots  are  2  less  than  the 
roots  of  the  equation  a^  —  7  a*  -f  7  a?  -f- 16  =  0.  (1) 

Let  y  be  the  unknown  number  in  the  required  equation. 

Then  y  =  aj  — 2,  or  x=^y-\-2. 

Substituting  3^  +  2  for  a:  in  equation  (1),  we  obtain 

(y  +  2)«-7(y  +  2)«  +  7(y  +  2)-hl6  =  0. 

This  is  a  cubic  equation  in  y,  and  its  simplified  form  can  be 
found  by  performing  the  indicated  operations,  and  uniting  like 
powers  of  y.    We  thus  obtain  y^  —  y*  —  9y-f-9  =  0. 

The  following  method  will,  however,  lead  to  a  simple  way 
of  determining  the  coefficients. 

Let  us  assume  the  transformed  equation  to  be 

Substituting  a?— 2  for  y,  we  obtain 

A(aJ-2)«-h^i(aj-2)«  +  ^2(aJ-2)  +  ^3  =  0.  (2) 

But  this  is  the  original  equation,  written  in  a  different 
form.  Therefore  any  result  obtained  from  this  form  will  be 
obtained  by  the  same  process  from  the  original  form. 

Dividing  (2)  by  a?  — 2,  we  obtain  a  quotient 

Aii{x  —  2y  -I-  Ai(x  —  2)-\'A2,  and  a  remainder  ^3. 

Dividing  this  quotient  by  a?  —  2,  we  obtain  a  second  quotient 

A^{x  —  2)  -I-  Aiy  and  a  second  remainder  A^ 

Dividing  the  second  quotient  by  a;  —  2,  we  obtain  a  quotient 
^  and  a  remainder  Ai. 

That  is,  the  last  term  in  the  transformed  equation  is  the  re- 
mainder obtained  by  dividing  the  given  eqtiation  by  x  —  2)  the 
coefficient  of  y  is  the  remainder  obtained  by  dividing  the  first 
quotient  by  x~-2\  the  coefficient  of  y^  is  the  remainder  obtained 
by  dividing  the  second  quotient  by  x  —  2]  and  so  on. 
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The  work  may  be  arranged  compactly,  thus : 

The  remainder  in  the  first  division  is  9, 
and  the  coefficients  of  the  quotient  are  1, 
—5,-3.  We  therefore  continue  the  work 
of  the  second  division  below,  obtaining  a 
second  remainder  —  9.  By  the  third  di- 
vision, we  obtain  a  third  remainder  —  1, 
and  a  final  quotient  1.  The  remainders 
and  the  last  quotient  have  been  cut  off 
from  the  rest  of  the  work  by  vertical  lines.  These  numbers 
from  left  to  right  are  now  the  coefficients  of  the  transformed 
equation.     We  therefore  Jiave 

2/*  —  y*  —  9y-f-9=0,  as  before. 

The  method  is  evidently  general. 

59.  If  k  be  negative,  the  work  will  give  an  equation  whose 
roots  are  k  greater  than  the  roots  of  the  given  equation. 

Ex.  Form  the  equation  whose  roots  are  2  greater  than  the 
roots  of  the  equation  a*  —  6  ar*  -f  3  a^  -f  26  a?  —  24  =  0. 

The  synthetic  divisor  is  now  —  2.  By  the  method  of  the 
preceding  article,  we  find  the  required  equation  to  be 

2^_  14y»  4- 633/2- 903^  =  0. 


BXEBCISBS  IX. 


Find,  by  Art.  55  and  Descartes'  Rule,  the  first  figure  of  each 
real  root  of  the  equations : 


1.  aj8-2a2_5a,^7^0. 

3.  ar'-h3a2-4aj-l  =  0. 

5.  ar»-- 12a2_,.i6a.^gO  =  o. 

7.  a8-6a2-|-9aj-3  =  0. 

9.  aj*H-2a8_i6aj2_256  =  0. 

U.  aj*-f4a8_9aj2__  120  =  0. 

13.  aj*-4a8_35aj2_,.3ga.^l26  =  0. 

14.  ar«-6aj*  +  6a8_,^2a;-l  =  0. 


2.  a8_  28  a? -1-56  =  0. 
4.  aj3 -1-2  a? -140  =  0, 
6.  2aj3-7a;2__3o^Q 

8.   a^  — 5ar*  — 4aj  +  19=0, 
10.   a^-6a8_9a.  +  ioo  =  a 
12.   a^-f 4a8_i0aj«-85=0. 
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15-2a  Find  the  equation  whose  roots  are  less  than  the  rpots 
of  each  equation  in  Exx.  1-14  by  the  first  figure  of  the  least 
real  positive  root. 

Horner^  8  Method  of  Approximation. 

60.  The  method,  which  will  now  be  given,  of  finding  an 
irrational  root  of  an  equation  to  any  required  degree  of  accu- 
racy is  due  to  W.  G.  Horner,  an  English  mathematician,  who 
published  it  in  1819. 

61.  Ex.   Find  an  irrational  root  of  the  equation 

correct  to  three  places  of  decimals. 

We  first  find  between  what  two  integers  the  required  root 
lies.  The  smaller  of  these  integers  is  evidently  the  first  figure 
of  the  root.  The  principle  of  Art.  55  is  in  many  examples 
sufficient  for  this  purpose,  but  in  certain  cases  some  other 
work  may  be  necessary,  as  will  be  explained  in  Art.  72. 

Substitute  in  succession  0, 1,  2,  and  3,  in  /(a?). 

We  have  /(O)  =  -  3,  /(I)  =  -  8,  /(2)  =  -  5,  /(3)  =  12. 

Since  /(2)  and  /(3)  have  opposite  signs,  there  is,  by  Art.  65 
and  Descartes'  Kule,  one  real  root  between  2  and  3.     The  first 

figure  of  this  root  is  therefore 
2,  and  the  root  may  be  repre- 
sented by  2  .abed,  wherein  a, 
6,  c,  d,  stand  for  the  figures 
in  the  first,  second,  third,  and 
fourth  decimal  places.  In  the 
vicinity  of  the  root,  the  graph 
of  /(a?)  is  as  shown  in  Fig.  16. 
It  is  important  to  notice  that 
if  any  number  a  little  less  than 
this  root  be  substituted  for  x, 
the  result  of  the  substitution  will  be  negative ;  and  that  if  any 
number  a  little  greater  than  the  root  be  substituted  for  x,  the 
result  of  the  substitution  will  be  positive. 


Fig.  16. 
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Diminishing  the  roots  of  the  given  equation  by  2,  we  obtain 


1 
2 


7         -3  (2 
6         -2 


1 

3 

-  1 

-5 

2 

10 

1 

6 
2 

9 

^ 

^^  +  7^2+9^-5  =  0. 

The  root  of  this  equation  corre- 
sponding to  the  required  root  of 
the  given  equation  is  evidently 
.ahcd.  This  root  lies  between  two 
consecutive  tenths;  that  is,  be- 
tween 0  and  .1,  or  .1  and  .2,  or  .2 
and  .3,  and  so  on.  Since  this  root 
is  a  decimal,  its  square  and  its  cube  will  be  considerably 
smaller  than  its  first  power,  and  we  can  get  a  rather  close 
approximation  to  the  figure  in  the  first  decimal  place  by  neg- 
lecting the  terms  in  i^  and  y*.     We  then  have 

9  y  —  5  =  0,  whence  y  =  .5+. 

Before  assuming  that  this  is  the  correct  figure,  we  should, 
at  this  stage,  test  it  by  substitution.  Substituting  .5,  we  obtain 
1.375.  Since  the  result  of  this  substitution  is  positive,  .5  is  too 
great. 

We  next  try  .4,  and  obtain  —.216.  Since  this  result  is  nega- 
tive, .4  is  less  than  the  root,  which  therefore  lies  between  .4 
and  .5,  and  may  be  represented  by  .4  bed.  The  corresponding 
root  of  the  given  equation  is  2 A  bed.  In  general,  the  figure 
suggested,  at  this  stage  of  the  work,  by  neglecting  powers  of 
y  higher  than  the  first  will  not  be  correct,  and  should  be 
tested  before  continuing  the  work. 

We  now  diminish  the  roots  of  the  last  equation  by  .4 ;  that 
is,  the  roots  of  the  original  equation  by  2.4. 

The  new  equation  is 


1 

7 
.4 

9 
2.96 

-5 
4.784 

1 

7.4 
.4 

11.96 
3.12 

-   .216 

1 

7.8 
.4 

16.08 

(.4 


8.2 


7^  +  8.2  z^  4- 15.08  z  -.216  =  0. 

The  corresponding  root  of 
this  equation  is  .Obed;  that 
;s,  it  lies  between  0  and  .01, 
or  .01  and  .02,  or  .02  and  .03, 
and  so  on. 
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As  before,  neglecting  the  terms  in  ^  and  2*,  we  have 

15.08  z  —  .216  =  0,  whence  z  =  .01  approximately. 

We  may  expect  this  value  of  2  to  give  the  correct  figure  in 
the  second  decimal  place,  since  2^  and  2*  are  now  much  smaller 
compared  with  z.  If  .01  be  too  great,  the  result  of  the  substi- 
tution, which  is  the  first  step  in  the  process  pf  forming  the 
next  equation,  will  be  -|-.  If  it  be  too  small,  the  error  will  be 
shown  by^  the  figure  suggested  for  the  next  decimal  place  being 
greater  than  9.  Diminishing  the  roots  of  theJast  equation  by 
.01,  that  is,  the  roots  of  the  original  equation  by  2.41, 

1      8.2     ■   15.08  -.216        (M 

.01  .0821  .151621 


8.21 
.01 


15.1621 
.0822 


-  .064379 


8.22 
.01 


15.2443 


8.23 


The  next  equation  is  w«  -f-  8.23  v?  + 16.2443  u  -  .064379  =  0. 

Since  the  last  term,  —  .064379,  is  negative,  we  infer  that 
.01  is  not  greater  than  the  root.  Neglecting  the  terms  in  w' 
and  <  we  have  15.2443 w - .064379  =  0,  whence  w=.004+. 

Since  the  figure  4,  suggested  for  the  third  decimal  place,  is 
not  greater  than  9,  we  infer  that  .01  is  not  too  small ;  that  is, 
.01  is  correct.  The  root  of  the  given  equation  obtained  thus 
far  is  2.414.    Diminishing  the  roots  of  the  last  equation  by  .004, 

1      8.23        15.2443  -.064379        (.004 

.004  .032936  .061108944 


8.234 
.004 


15.277236 
.032952 


-  .003270056 


8.238 
.004 


15.310188 


1   8.242 
We  now  have  the  equation 

v«  4-  8.242  v^  + 15.310188  v  -  .003270066  =  0. 
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Neglecting  the  terms  in  v^  and  v^,  we  obtain  as  the  approxi- 
mation to  the  root  of  this  equation  .0002.  That  is,  the  ap- 
proximation to  the  root  of  the  given  equation  is  2.4142. 

Since  the  figure  in  the  fourth  decimal  place  is  less  than  5, 
the  required  root,  correct  to  three  decimal  places,  is  2.414. 

The  different  steps  need  not  be  kept  separate,  but  may  be 
arranged  compactly  as  follows : 

11  -    7  -3  (2.4142 

2  6  -2 


3 

2 

-   1 

10 

-6 

6 
2 

9 

7 
.4 

9 
2.96 

-6 
4.784 

7.4 
.4 

11.96 
3.12 

-    .216 

7.8 
.4 

15.08 

8.2 
.01 

15.08 
.0821 

-    .216 
.151621 

8.21 
.01 

15.1621 
.0822 

-    .064379 

8.22 
.01 

15.2443 

8.23 
.004 

15.2443 
.032936 

-    .064379 
.061108944 

8.234 
.004 


15.277236 
.032952 


.003270056 


8.238 
.004 


15.310188 


1      8.242 
It  is  not  necessary  to  write  out  each  new  equation  in  order 
to  find  the  first  figure  of  the  corresponding  root.     It  is  evident 
that  this  figure  is,  approximately,  the  first  figure  of  the  quo- 
tient obtained  by  dividing  the  last  term  of  the  equation  by  the 
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coefficient  of  the  first  power  of  the  unknown  number,  neglect- 
ing sign. 

If  the  coefficient  of  the  first  power  of  the  unknown  numbei 
be  0  at  any  stage,  the  corresponding  figure  of  the  root  is  obtained 
by  dividing  by  the  coefficient  of  the  second  power  of  the  un- 
known number,  and  taking  its  square  root.  For,  the  approxi- 
mate equation  is  then  of  the  form  im?  —  w  =  0,  or  y  =  ^p. 

\m 

62.  The  example  of  the  preceding  article  illustrates  the 
following  method : 

Fii\d  the  integral  part  of  the  root  by  the  method  of  Art  ^h. 

Form  the  equation  whose  roots  are  less  than  the  roots  of  the 
given  equation  by  this  number. 

Find  the  next  figure  of  the  root  by  dividing  the  last  term  of 
the  transformed  equation  by  the  coefficient  of  the  first  power  of  the 
unknown  number j  neglecting  sign,  and  checking  the  first  figure  of 
the  quotient. 

Form  the  equation  whose  roots  are  less  by  this  number  than 
the  roots  of  the  first  transformed  equation. 

Take  as  the  next  figure  of  the  root  the  first  figure  of  the  quo- 
tient obtained  by  dividing  the  last  term  of  the  second  transformed 
equation  by  the  coefficient  of  the  first  power  of  the  unktioivn  num- 
ber; and  so  on. 

The  last  term  of  each  transformed  equation  mu^  have  the 
same  sign  as  the  last  term  of  the  given  equation. 

If  for  any  transformed  equation,  too  great  a  figure  be  obtained 
by  the  required  division,  the  sign  of  the  last  term  of  the  next 
transformed  equation  will  be  opposite  to  that  of  the  given  equation. 

If  for  any  transformed  equation,  too  smaU  a  figure  be  obtained 
by  the  required  division,  the  number  suggested  for  the  next  decimal 
place  will  be  greater  than  9. 

63.  In  applying  Horner's  Method,  the  decimal  point  can  be 
avoided  as  follows,  referring  to  the  example  of  Art.  61. 

The  decimal  point  is  about  to  appear  in  the  second  stage  of 
'  the  work,  the  root  of  the  first  transformed  equation  being  ,abcd. 


61-63] 


THEORY  OF  EQUATIONS. 


545 


Before  finding  the  value  of  a,  let  us  form  the  equation  whose 
roots  are  10  times  the  roots  of  this  equation,  as  in  Art.  19. 
The  coefficients  of  the  resulting  equation  are  1,  70,  900,  —  5000. 

The  corresponding  root  of  this  equation  is  a,bcd.  We  now 
have  \Y«r  =  5.  As  in  Art.  61,  we  find  that  the  root  is  less 
than  5  and  greater  than  4 ;  that  is,  is  4,bal. 

Diminishing  the  roots  by  4,  we  obtain  a  transformed  equa- 
tion whose  corresponding  root  is  .bed. 

As  before,  we  multiply  the  roots  of  this  equation  by  10,  and 
obtain  as  the  next  figure  of  the  root,  1,  =fHtMj  approxi- 
mately.    The  work  follows : 

11-7        -3 
2       6-2 


(2.4142 


3 
2 

-  1 
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-6 
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2 
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70 
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312 

-  216 
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151621 
822 
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1 

152443 

8230 
4 
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S      61108944 

8234 
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32952 
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8238 
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8242 


15310188 
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In  general,  when  the  decimal  point  is  about  to  appear^  annex 
one  cipher  to  the  second  coefficient  (counting  from  the  left),  two  to 
the  third,  and  so  on.  Proceed  as  in  Art,  61,  noting  thai  the 
synthetic  divisor  is  then  an  integer. 

Proceed  in  like  manner  with  each  transft)rmed  equation. 

64.  A  negative  irrational  root  is  obtained  by  first  trans- 
forming the  equation  to  one  whose  roots  are  those  of  the  given 
equation  with  signs  changed,  and  finding  the  corresponding 
positive  root  of  this  equation. 

Roots  of  Numbers. 

65.  An  approximate  value  of  any  real  root  of  any  number 
can  be  obtained  by  Horner's  Method. 

From  X  =  -^n,  we  have  a^  —  n  =  0. 

The  q  roots  of  this  equation  are  the  q  gth  roots  of  n. 

BXBBCISBS  X. 

1-14.  Find  the  irrational  roots,  correct  to  three  decimal 
places,  of  each  of  the  equations  in  Exercises  IX.,  Exx.  1-14. 

The  following  equations  have  each  two  imaginary  roots. 
Find  the  real  rational  roots ;  remove  them  and  find  the  irra- 
tional roots  of  the  depressed  equation.  Remove  these  roots, 
and  solve  the  final  depressed  equation  for  the  imaginary  roots : 

15.  jK*-llaj8-f38a^-51aj  +  27  =  0. 

16.  a^--2ic*-16aj»-24a^  +  144a?-f320  =  0. 

17.  aj»-h3iC*-7aj»-18a^-lla?-60  =  0. 

la   2a^-8aj»-llic*-6ar»-f 48a^  +  38aj-15=r0. 

Each  of  the  following  equations  has  two  rational  roots  which 
can  be  expressed  as  decimal  fractions.  Find  them,  by  Homer's 
Method,  and  solve  the  depressed  equation : 

19.  32aj»-80iB«-66aj-f  189  =  0. 

20.  64  aj*  -  713  ic* -1-732  a? +  247  =  0. 

21.  40iC* -13aj8-328a2__  13^ _ 368  =  0. 
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Find,  correct  to  three  decimal  places,  by  Homer's  Method, 
the  values  of  the  following  arithmetical  roots : 

22.  ^9.        23.   ^2.5.        24.    ^8.         25.  ^9.2.        26.  ^5.7. 


Sturm's  Theorem. 

66.  Descartes'  Rule  does  not  give  the  exact  number  of  posi- 
tive and  negative  roots  of  an  equation.  The  principle  of  Art. 
67  does  not  inform  us  definitely  whether  there  is  one  or  an  odd 
number  of  roots  between  a  and  6,  when  /(a)  and  f(b)  have 
opposite  signs ;  whether  there  is  no  root  or  an  even  number  of 
roots  between  a  and  b,  when  /(a)  and  f(b)  have  the  same  sign. 
The  following  theorem,  discovered  by  Sturm,  a  Swiss  mathema- 
tician, in  1829,  gives  the  exact  number  of  real  positive  and 
negative  roots  of  an  equation,  and  also  the  exact  number  which 
lie  in  any  interval.  Before  applying  this  theorem,  it  is  assumed 
that  all  the  multiple  roots,  if  any,  have  been  obtained  and  the 
depressed  equation  formed. 

Let  f(x)  =  0  be  this  depressed  equation. 

Then,  f{x)  and /'(a?)  have  no  common  factor.  In  the  method 
now  to  be  employed,  the  process  of  finding  the  H.  C.  F.  of  two 
expressions  is  continued  until  a  remainder  free  of  x  is  obtained. 

But  the  sign  of  each  remainder  is  changed  before  it  is  used  in 
the  next  stage  as  a  divisar, 

Let/i(a?),  /2(aj),  etc.,  be  the  remainders,  with  signs  changed. 

Then  the  functions,  /(«),  /(a?),  /i(ic),  f^(x),  .- 
are  called  Sturm's  Functions.     We  now  have 

f(x)  =  Qif(x)  -f-  Bi,  or  since  Bi  =  -/i(a?), 

f(x)=^Q.f(x)^f,(xy,  .      (1) 

In  like  manner,    f(x)=^Q2fi(x)~-Mx);  (2) 

fi(x)  =  Qsf2(x)'-Mx);  (3) 


/»(«)  =  Q*+2/*+l(«)  -/»+i(«)- 
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67.  The  following  principles  are  derived  from  the  relations 
of  Art.  66: 

(i.)  Two  consecutive  functions  caniiot  reduce  to  0  for  the  same 
value  of  X. 

Suppose  yj(ic)  and^(a?)  reduce-  to  0  for  the  same  value  of  a, 
that  is,  have  a  common  factor  of  the  fprm  x  —  r.  Then,  from 
equation  (3),  fix)  and  fzix)  reduce  Ip  0  for  this  value  of  x, 
and  have  a  common  factor  x  —  r.  In  like  manner,  from  (2), 
we  infer  that  f(x)  and  fix),  and  finally,  from  (1),  that /(a?) 
and  /'  (x)  reduce  to  0  for  this  value  of  x ;  that  is,  have  a  com- 
mon factor  »  —  r.  But  this  is  contrary  to  the  hypothesis  that 
f(x)  and /'(a:)  do  not  have  a  common  factor. 

(ii.)  Any  value  of  x  which  reduces  to  0  any  function  except  the 
first  gives  to  the  two  adjacent  functions  opposite  signs. 

Let  r  be  a  value  of  x  which  reduces  /a  (a;)  to  0.     Since  this 
value  of  X  does  not  reduce  f  (x)  or  /g  (x)  to  0,  we  have 
Mr)  =  -Mr). 

The  following  principle  is  also  important : 

(iii.)  t/wst  before  x  passes  through  a  root  r,  of  f(x)  =  0,  f{x) 
and  f  (x)  have  opposite  signs  ;  and  just  after  x  (las  passed  through 
a  root  r,  of  f(x)  =  0,  f(x)  and  f  (x)  have  the  same  sign. 

Let  r  —  A  be  a  value  of  x  just  before  it  reaches  the  root  r, 
and  r  -f  A  a  value  of  x  just  after  it  has  passed  the  root  r, 
wherein  A  is  a  small  number  which  approaches  0  as  x  approadies 
r.     Then, 

/(r +  70  =/(r)  +  fe/(r)  +-|V"(r)  +  ••., 

f(r  -  h)  =f(r)  -  hf'(r)+^r(r)  -  .... 

Since  r  is  a  root  of  f(x)  =  0,  f(r)  =  0,  and  the  above  equar 
tions  become 

f(r  +  h)=  hfir)  +  ^f"(r)  +  ••.,  (1) 

/(r  -  h)  =  -  hfir)  +  ^/"(r)  -  ....  (2) 

If 
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.  By  taking  h  small  enough,  the  term  hf{r)  can  be  made 
numerically  greater  than  the  sum  of  all  the  terms  which  follow 
it.  Therefore,  as  A  =  0,  the  sign  of  the  second  member  will  be 
the  same  as  the  sign  of  the  first  term,  -f  hf\r),  in  equation  (1), 
and  —  hf'(r),  in  equation  (2).  From  (1)  we  infer  that  f(r-{-li) 
and  f(r)  have  like  signs ;  that  is,  the  sign  of  f(x)  just  after  x 
has  passed  the  root  r  is  the  same  as  the  sign  of  f'(x)  at  the  root 
r.  But  we  can  take  the  interval,  A,  so  small  that  no  root  of 
f\x)  =  0  is  included  between  r-{-h  and  r.  Then,  f'(r)  and 
/'(r  +  h)  will  have  like  signs.  Consequently, /(r -f  A)  and 
,r(^4-/0  have  like  signs. 

In  like  manner,  it  can  be  shown  that  /(r  —  h)  and  f'{r  —  h) 
have  opposite  signs. 

68.   Sturm's  Theorem  may  now  be-  stated  as  follows : 

If  a  be  substituted  forx  in  Sturm's  functions  and  the  number  of 
variations  counted,  and  then  6,  a  number  greater  than  a,  be  siib- 
stituted  for  x  and  the  number  of  variations  counted,  the  number 
of  real  roots  between  a  and  b  is  equxil  to  the  number  of  variations 
lost. 

First,  let  x  pass  through  a  root  r,  of  f(x)  =  0.  Then,  just 
before  x  reaches  r,f(x)  and  f(x)  have  opposite  signs;  that  is, 
there  is  here  one  variation  of  sign.  Just  after  x  has  passed 
the  root  r,  f(x)  and  /'  (x)  have  the  same  sign,  and  this  varia- 
tion is  lost. 

Next,  let  X  pass  through  a  root  r,  of  one  of  the  other  func- 
tions, say  fi(x).  Then,  by  Art.  67  (ii.),  when  x  =  ?•,  fi(x)  and 
f^  (x)  have  opposite  signs.  In  passing  from  a  value  a  little  less 
than  r,  say  r  —  A,  to  a  value  a  little  greater  than  r,  say  r  +  h, 
we  can  take  the  interval  so  small  that  no  root  of  fi(x)  =  0,  or 
of /aC-i^)  =  0,  is  included  in  it.  Therefore  fi(x)  and/3(ar)  do  not 
change  signs  in  this  interval.  Then,  just  before  x  reaches  r, 
and  just  after  it  has  passed  r,f{x)  and  f^(x)  have  opposite 
signs.     These  may  be  either  -f  and  — ,  or  —  and  -|-. 

The  sign  of  f^ix)  will  change  except  when  r  is  a  multiple 
root  of  ^(a;)  =  0  an  even  number  of  times. 
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The  f  ullowing  arrangement  of  signs  is  now  possible : 

fififs         fififs         fififs        fififs 

x  =  r-h:     +  +  -         + -  +  + + 

ar  =  r  +  ^;     + +  +  - -f         -  +  + 

Observe  that  the  effect  of  the  change  of  sign  in  /j  (x)  is  to 
shift  the  variation,  and  not  to  cause  it  to  disappear.  Evidently, 
if/2(«)  do  not  change  its  sign,  there  is  no  loss  of  variation. 

Since  a  variation  is  lost  when,  and  only  when,  x  increases 
through  a  real  root  of  f{x)  =  0,  the  number  of  variations  lost, 
as  X  passes  from  a  to  6,  is  the  same  as  the  number  of  real  roots 
between  a  and  b. 

G9.  Find  the  number  and  location  of  the  real  roots  of  the 
equation  a:^-4aj»-6a^  +  20a:-|-6=0. 

We  have      /(a;)  =  iC*- 4a»- 6iB«-h.20a;-f  5, 

fXx)  =  4a»  -  12a:*-  12x  -f  20. 

The  work  of  finding  the  other  Sturm's  Functions  follows : 

3c8_3xa-3a;+6)a:<-4a»-6a;a-f20a;+  5{x-l 
ac*-3z8-3a;H  bx 
-   x*-Sx^+Wx 

H-  (-2))-6a;g+12g+10 

/i(a;)=3a:^-  6x-  6)3x»-9x«-  9a;+16(a;-l 
3a:«-6z«-  6x 
-3a;2_  ix 
-3g8+  6x+  6 
+  (-10))-10g-flO 

/2(x)=     X-  l)Sx^-6x-b(Sx-% 
Sx^Sx 
-Sx 
-3x-f3 
-8 


Ux)=S 


The  first  divisor  is /'(a)  divided  by  4.  A  positive  factor  may 
be  thus  introduced  or  suppressed,  since  the  sign  of  the  result 
is  not  thereby  affected.    Each  remainder  is  divided  by  a  nega- 


68-70] 


THEORY  OF  EQUATIONS. 


651 


tive  factor  in  accordance  with  Art.  66,  but  otherwise  a  nega- 
tive factor  must  not  be  introduced  or  suppressed. 
We  now  have 

/(a:)=a:*-4a:«-6a^+20a:4-5,  /(x) =4 a^ - 12 ar^- 12x4-20, 

Then,  by  Art.  61, 

^         f    f     fi     f2     fs      Var. 


—  00 

0 

+  00 


+    -    +    -    -h 

4-     4-     -     -     4- 
4-     4-     4-     4--    4- 


4 
2 
0 


Since  two  variations  are  lost  in  passing  from  —  oo  to  0, 
there  are  two  real  negative  roots.  And  since  two  variations 
are  lost  in  passing  from  0  to  4-00,  there  are  two  real  positive 
roots.  We  next  locate  the  positive  roots  and  the  negative  roots 
by  substituting  in  succession  0,  1,  2,  •••,  and  0,  —  1,  —  2,  •••. 
Observe  that  1  reduces  f'{x)  and  /^{x)  each  to  0.     This  may 

be  disregarded  in  count- 
ing the  number  of  varia- 
tions. Since  the  adjacent 
functions  have  opposite 
signs,  the  number  of  variar 
tions  is  the  same  as  if 
4-  or  —  were  where  the  0 
is.  Since  one  variation  is 
lost  in  passing  from  2  to  3, 
one  positive  root  lies  be 
tween  2  and  3.  The  othet 
positive  root  is  found  to  lie 
between  4  and  5. 
The  negative  roots  lie  between  0  and  —  1,  and  —  2  and  —  3. 

70/  The  following  graphic  representation  of  the  Sturm's 
Functions  will  throw  some  light  on  how  the  various  signs 
change  and  how  the  variations  are  lost. 
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Let  a,  b,  c,  d,  etc.,  be  points  on  the  x-axis  between  each  pair 
of  roots  of  any  of  the  Sturm's  Functions,  in  Fig.  17. 


Fig.  17. 

The  following  table  shows  the  signs  of  the  different  functions 
at  these  points,  taken  from  their  graphs. 

Observe,  first,  that  a  va- 
riation is  always  lost  when 
X  passes  through  a  root  of 
/(a?),  as  from  a  to  6,  from 
ftog,  etc.  Also,  that  as  x 
passes  through  a  root  of  any 
other  function,  the  signs  of 
the  functions  are  so  dis- 
tributed that  no  variation 
is  lost,  but  a  variation  is 
moved  to  the  left  toward 
f(x)  and  /'(«),  as  in  pass- 
ing from  6  to  c  through  a 
root  of  f'(x)  =  0,  from  g  to  h  through  a  root  of  fi(x)  =  0,  etc. 
Observe,  also,  that  although  just  after  x  has  passed  a  root 
of  f(x)  a  permanence  is  established  between  f(x)  and  /*(«), 
yet  before  another  root  of  f(x)  is  reached,  the  distribution  of 
signs  has  changed  this  permanence  into  a  variation  without 
the  loss  of  a  variation  elsewhere.  Thus,  the  permanence 
established  at  h  is  changed  to  a  variation  at  c,  which  is  main- 
tained at  c?  and  lost  at  e.  Note  how  the  variation  at  e  between 
f^x)  and/8(a;)  is  gradually  shifted  to  the  left,  to  be  lost  at  J. 
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71.  Sturm's  Theorem  gives  the  exact  number  of  imaginary 
roots,  since  this  number  is  equal  to  the  degree  of  the  equation 
less  the  number  of  real  roots. 

Roots  nearly  Equal 

72.  Sturm's  Theorem  gives  the  exact  number  and  location 
of  all  the  real  roots  of  an  equation,  but,  in  application,  it  is 
very  laborious. 

As  a  rule,  the  method  given  in  Art.  55  is  sufficient  for 
determining  the  location  of  the  real  roots.  But  if  two  or  more 
roots  lie  between  the  same  pair  of  consecutive  integers,  it  is 
necessary  to  apply  Sturm's  Theorem.  The  following  example 
will  illustrate  this  special  case. 

Ex.  1.    Solve, the  equation  a:*  —  4ir'  +  a:*H-6aj  +  2  =  0. 
By  inspection,  as  in  Art.  58,  we  find  that  4  is  a  superior 
limit  to  the  real  roots,  and  —  2  an  inferior  limit.     By  Des- 
cartes' rule  of  signs  the  equation  cannot  have  more  than  two 
real  positive  roots,  or  more  than  two  real  negative  roots. 

Substituting  in  succession  0,  1,  2,  3,  4,  —1,  —2,  that  is, 
all  consecutive  integers  within  the  limits  to  the  roots,  we  obtain 
always  positive  results.  We  therefore  conclude  either  that 
the  roots  are  all  imaginary,  or  that  an  even  number  of  roots 
lie  between  two  consecutive  integers.  To  settle  this  question, 
we  apply  Sturm's  Theorem.     We  have 

f(x)  =  a;*-4a:8^aJj^6a:  +  2,     f\x)  =  4aj3-12a^  +  2a:-f-6, 
/,(a;)  =  5a^-10a;-7,    f2{x)  =  x-l,    /aC^)  =  12. 

We  infer  from  the  table 
on  the  left  that  the  equa- 
tion has  two  real  positive 
roots  and  two  real  negative 
roots. 

Since  two  variations  are 
lost  in  passing  from  2  to  3, 
the  equation  has  two  real 
roots  between  2  and  3.    For 
the  same  reason,  it  has  two  real  roots  between  0  and  —1. 
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We  proceed  to  find  the  two  roots  between  2  and  3,  the  integral 
part  of  each  being  2. 

Diminishing  the  roots  by  2,  we  find  the  transformed  equa- 
tion, with  its  roots  multiplied  by  10,  to  be 

y4  4. 40  2/»  4- 100  3/2  _  6000  2, 4. 20000  =  0. 

This  equation  has  two  roots  between  0  and  10.  Substituting 
successively  6, 1,  2,-«,  we  find  that  one  root  lies  between  4  and 
5,  and  one  between  7  and  8.  Hence,  the  required  roots  to  the 
first  decimal  place  are  2.4  and  2.7. 

The  roots  being  now  separated,  we  proceed  with  each  by 
itself,  in  the  regular  way.  The  two  roots,  to  four  decimal 
places,  are  foimd  to  be  2.4142  and  2.7321. 

Had  the  two  roots  of  the  transformed  equation  not  been 
separated,  it  would  have  been  necessary  to  apply  Sturm's 
Theorem  to  it,  as  to  the  original  equation. 

The  two  roots  between  0  and  —  1  can  be  found  in  like  man- 
ner, first  transforming  the  equation  into  another  whose  roots 
are  those  of  the  given  equation  with  signs  changed. 

EXERCISES  xr. 

Determine  the  number  and  location  of  the  real  roots  of  the 
following  equations.  Also,  find  each  real  positive  root  correct 
to  three  decimal  places : 

1.  a58-9aj-12  =  0.  2.  a?- 6a^  +  8aj-l  =  0. 

a  a58-3ar*-4a?-f  13=0.  4.  aj^ - 27 a?  +  246  =  0. 

5.  aj?  +  3aj2-4aj-f-l  =  0.  6.  a^- llaj»-f-28aj -6  =  0. 

7.  a^-4aj8-8ar»  +  40aj-20=0.    . 
a  a^-6a^  +  lla^-10a:  +  2  =  0. 
9.  aj*-8a^4-10ar*  +  40aj-63  =  0. 
10.  a^-2aj8-17ar*  +  20aj4-70  =  0. 
U.  2aj*-4a^-5ar»+12aj-3  =  0. 
12.  5aj*-10aj8-36a^  +  60a?  +  36  =  a 
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Reoiprooal  EquatlonB. 

73.  To  transform  an  equation  into  another  whose  roots  are 
the  reciprocals  of  the  roots  of  the  given  equation. 

Let  a^  +  Ojaf"*  -f-  a^~^  H h  a«-2«*  +  a^^aj  +  a,  =  0    ] 

be  the  given  equation. 

If  y  =  -,  or  a:  =  -,  then  each  value  of  y  is  the  reciprocal  of  a 

value  of  X.    Substituting  -  for  x,  and  multiplying  by  y", 

ttny*  +  an-ij^*"^  4-  ^m-ajr"*  H h  Oay*  +  ai3/  +  «o  =  0. 

That  is,  the  coefficients  of  the  transformed  equation  are  the 
coefficients  of  the  given  equation  written  in  reverse  order. 

Ex.   The  equation  whose  roots  are  the  reciprocals  of  the 
roots  of  the  equation  205**  —  3aj*4-7a;  +  5  =  0 
is  5f-{'7f^Sy-{'2^0. 

74.  A  Reciprocal  Equation  is  one  whose  roots,  in  pairs,  are 
reciprocals  one  of  the  other. 

That  is,  if  r  be  a  root  of  a  reciprocal  equation,  -  is  also  a  root. 

r 

75.  Now,  if  r  be  a  root  of  the  equation 

a^  +  a^af"^  H-  ...  +  a^^^x  +  a^  =  0,  (1) 

then,  by  Art.  73,  -  is  a  root  of  the  equation 
r 

a,^*  +  aM-i3/*~^  +  —  +  ai3/  +  «o  =  0.  (2) 

Equations  (1)  and  (2)  will  in  general  be  different;  but  if 

equation  (1)  be  a  reciprocal  equation,  -  will  be  a  root  of  it  also. 

r 

That  is,  each  root  of  (2)  is  a  root  of  (1),  and  vice  versa,  and 
the  two  equations  are  equivalent.  Hence,  corresponding  co- 
efficients must  be  equal  or  proportional,  and 

Whence,  Oo'  =  a^*,  Oj*  =  a^_i*, ..., 

or  Oo  =  ±  ^«>  ^  =  ±  ct^-i>  •••• 
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That  is,  in  a  reciprocal  equation,  the  coeflBcients  of  terms 
equally  distant  from  the  beginning  and  end  are  equal,  or  equal 
and  opposite.     Thus, 

2iB'H-3a:*  +  3a;  +  2  =  0,  and  a^  —  ba^  +  hx  —  a  =  0, 

are  reciprocal  equations. 

Observe  that  an  equation  of  even  degree  has  one  middle 
term.  When  the  equidistant  coefficients  are  opposite  in  sign, 
this  term  must  be  wanting,  since  it  cannot  be  equal  and  oppo« 
site  to  itself. 

Reciprocal  Equation  of  Odd  Degree. 

76.  Let  Qxfiif  4- OiO"-^  +  a^-^ H ±  a^ ±aiX±a^=sO 

be  a  reciprocal  equation  of  odd  degree. 
Grouping  equidistant  terms,  we  have 

ao(a?»  ±  1)  4-  aia;(af-2  ±  1)  -f  a^iaf"-*  ±  1)  +  ...  =  0, 

wherein  the  upper  signs  go  together,  and  also  the  lower.  When 
the  upper  signs  are  taken,  the  equation  is  divisible  by  a?  -f  1, 
and  —  1  is  a  root.  When  the  lower  signs  are  taken,  the  equation 
is  divisible  by  aj  —  1,  and  1  is  a  root. 

When  a^-fl  is  divided  by  a:-f-l,or  «"  — 1  by  a:  — 1,  the  first 
and  last  terms  of  the  quotient  have  the  same  sign.  These 
terms,  multiplied  by  a©,  are  the  first  and  last  terms  of  the 
depressed  equation.  In  like  manner,  it  follows  that  other 
equidistant  terms  in  the  depressed  equation  have  the  same  sign. 

Hence,  a  reciprocal  equation  of  an  odd  degree  has  a  root  —  1 
when  equidistant  coefficients  have  the  same  sign,  and  a  root  -f  1 
wJien  these  coefficients  have  opposite  signs. 

The  depressed  equation  is  a  reciprocal  equation  of  eveii  degree, 
in  which  the  equidistant  coefficients  have  the  same  sign. 

Reciprocal  Equations  of  Even  Degree. 

77.  Let  a^  -f  aiOJ""^  -f-  a^~^  4- ...  —  cu^  —  ajX  —  Oq  =  0 

be  a  reciprocal  equation  of  even  degree,  in  which  equidistant 
coefficients  have  opposite  signs. 
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Grouping  terms,  we  have 

ao(a^  - 1)  4-  a,x{x^-^  - 1)  +  o.^CaJ"""  - 1)  +  —  =  0. 

Since  n  is  even,  a"  —  1  is  divisible  by  aj^  —  1,  and  ±  1  are  roots. 

Therefore,  a  reciprocal  equation  of  even  degree,  in  which  the 
coefficients  of  equidistant  terms  are  opposite,  has  the  roots  ±  1. 

The  depressed  eqimtion  is  a  reciprocal  equation  of  even  degree 
in  which  the  coefficients  of  equidistant  terms  have  the  same  sign, 

78.  Standard  Form  of  Reciprocal  Equations.  —  It  follows  from 
the  preceding  articles  that  any  reciprocal  equation  can  be  re- 
duced to  one  of  even  degree  in  which  the  coefficients  of  equi- 
distant terms  have  the  same  sign,  if  it  be  not  already  in  this 
form. 

This  is  therefore  taken  as  the  standard  form  of  reciprocal 
equations. 

Ex.  Eeduce  the  equation  a^4-2a^-3iB'-3ar*  +  2ic^+l  =  0 
to  the  standard  form. 

By  Art.  76,  this  equation  has  the  root  —  1. 
Dividing  by  a;  -f  1,  we  obtain  the  depressed  equation 

iB*  +  a^  — 4a^-f-a:  +  l=0. 

79.  A  reciprocal  equation  of  the  standard  form  can  he  reduced 
to  an  equation  of  half  its  degree. 

Let       a^"  4-  a^vP^-^  H h  a^x""  H 1-  «!»  +  Oo  =  0 

be  a  standard  reciprocal  equation,  wherein  a^x**  is  the  middle 
term.  Dividing  by  a",  and  grouping  terms  having  equal  coeffi- 
cients, we  obtain 

Let  a:  -f-  -  =  «. 

X 

Then,   (^.+J,.)^.  +  i)  =  .»+i+a.-  +  J:,,. 
Whence,  ^ +^  =  z(^^^ ^l^^-(^-^  +  l-^. 
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When       n  =  2,  aj»  +  i=J8»-2j 

and  soon. 
Evidently  «j"  +  —  is  of  the  nth  degree  in  «.     Therefore, 

making  the  above  substitutions,  we  obtain  an  equation  of  the 
nth  degree  in  z. 

Ex.    Solve  the  equation 

a:«-.2aj*  +  2a^-2aj?  +  2aj»-2a;  +  l  =  0. 

Dividing  by  aj*  and  grouping  terms, 

Substituting  2;  f or  aj  4-  -,  we  have 

X 

2;«-3«-2(««-.2)-f-2«-2==0, 
or  .      2;»-2««-24-2  =  0. 

The  roots  of  this  equation  are  found  to  be  —  1, 1,  2. 
Solving  the  equations 

aj  +  i  =  -l,    a;  +  i  =  l,    x^-^^^, 

X  XX 

we  obtain 

~  1 4-  tV3  2  l  +  tV3  2  -,    -, 

2^    -.1  +  IV3'   ~2      '   rMV3'     ' 

Binomial  Equations. 

80.  An  equation  of  the  form 

af-.a  =  0  (J),  or  aj»+a  =  0  (2) 

is  called  a  Binomial  Equation. 

Since  ic"  —  a,  or  a"  +  «>  and  the  derived  function  na5*~^  do 
not  have  a  common  factor,  the  n  roots  of  a  binomial  equation 
are  distinct.    From  (1)  and  (2),  we  obtain  x  =  -{/a,  or  a?  =  -(J/ —a. 

Since  each  equation  has  n  distinct  roots,  we  conclude  that 
any  positive  or  negative  number  has  n  distinct  algebraical  nth 
roots. 
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81.  As  in  Ch.  XVIII.,  Art.  15,  Ex.  1,  the  n  roots  of  the 

equations 

aj»-a  =  0,  aJ"  +  a  =  0, 

can  be  obtained  by  multiplying  the  n  roots  of  the  equations 

a;**  -  1  =  0,  oj*  +  1  =  0, 

by  the  arithmetical  wth  root  of  a.  But  the  latter  equations 
are  evidently  reciprocal  equations  and  can  be  solved  by  the 
methods  of  Arts.  76-79. 

Ex.   Solve  the  equation  aj*  + 1  =  0.' 

We  have        (x  + 1)  (ai^  -  a?  +  a^  ^  x  +  1)  =  0. 

Whence  a:  =  —  1,  (±\ 

and  a?*-aj8  +  ar*-a;-f-l  =  0.  (2) 

From  (2),  by  the  method  of  Art.  79,  we  obtain 
aj  =  i(H-V5±V2V5-10),  a:  =  J(l-V5±V-2V5-10). 

EXERCISES  XII. 
Solve  the  following  equations : 
I.  iB*-3 0^4-4  a:^-3a;+l=0.       2.  2a^-\-5a?-21a?+5x+2z=0. 
3.  3a^-2aj»-34a^-2aj-f-3=0.  4.  6aJ*-a5»-14ar*-a;-f-6=0. 
6.  a?« -6aj* 4- 13a^-13aj* 4- 6a?- 1=0. 

6.  3aj*-aj*-2aj«-2a:2-a;  +  3  =  0. 

7.  4aj«+29aj»  +  55a^-55aj*-29a;-4  =  0. 

a  12a^  +  16aj*-25aJ*-33aj8-25aj2  +  l6a:  +  12  =  0. 
9.  a?* +  1  =  0.  10.  aj*  +  a2  =  0.  U.  aj*-l  =  0. 

12.  aj«-32  =  0.  13.  a^+l  =  0.  14.  a^  +  27  =  a 

General  Solutions. 

82.  Hitherto  the  only  applications  of  the  principles  developed 
have  been  to  the  solution  of  numerical  equations.  Nowhere 
have  we  obtained  a  general  solution^  that  is,  a  solution  in  terms 
of  literal  coefficients,  from  which  the  roots  of  a  particular  equa- 
tion could  be  obtained  by  substitution.     Such  a  general  solution 
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of  the  quadratic  equation  was  given  in  Ch.  XVIII.,  Art.  7.  We 
will  now  give  general  algebraical  solutions  of  the  cubic  and  the 
biquadratic  equations.  Abel  has  proved  that  it  is  not  possible 
to  obtain  a  general  algebraical  solution  of  an  equation  of  degree 
higher  than  the  fourth. 

To  transform  an  Equation  into  Another  in  which  a  Particolar 
Term  is  Wanting. 

83.  Let  it  be  required  to  transform  the  equation 

Ooaf  4-  a^^"^  -f  OaOJ"-*  -f-  —  4-  a^-iX  +  a^  =  0 
into  another  in  which  a  particular  term  is  wanting. 
Substituting  y  +  A;  f or  a?,  we  have 

or, 

We  now  equate  to  zero  the  coefficient  of  the  particular  term 
which  is  to  be  wanting  in  the  transformed  equation,  and  solve 
the  equation  thus  obtained  for  k. 

If  the  term  in  ?/**~^  is  to  be  wanting,  we  let  noofc  -f-  Oi  =  0. 

Whence,  A:=--^. 

In  particular,  for  the  general  cubic.  A;  =  —  ^* 

OOq 

Ex.   Transform  the  equation 

into  another  in  which  the  term  of  the  second  degree  shall  be 
wanting. 

By  Art.  83,  A;  =  2.  We  now  substitute  y  4-  2  for  a?  in  the 
given  equation.  Since  this  substitution  diminishes  the  roots 
of  the  given  equation  by  2,  we  obtain  by  the  synthetic  method, 
as  in  Art.  58,  the  equation  ^^  -  2  y  -f  1  =  0. 

Cube  Roots  of  Unity. 

84.  In  Ch.  XVIII.,  Art.  15,  Ex.  1,  we  found  the  three  cube 
roots  of  unity  to  be  1,  -  J(l  -  i^^),  -  U^  +  V^)- 
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Leta=-|(l-iV3);  then  a«=J(l- iV3)*=-ia+*V3)- 
Therefore  we  may  denote  the  three  cube  roots  of  unity  by 
1,  a,  al     Since  the  term  of  the  second  degree  is  wanting  in 
the  equation  ar^  —  1  =  0,  we  have,  by  Art.  12  (i.), 

1  4-  a  +  a^  =  0. 
In  general,  if  r  be  one  of  the  three  cube  roots  of  a,  the  three 
roots  are  r,  ra,  ra^y  wherein  a  is  one  of  the  two  imaginary 
cube  roots  of  unity. 

85.  By  the  method  of  the  preceding  article,  any  cubic  equa- 
tion can  be  reduced  to  the  form 

0^  -f  pa;  +  9  =  0. 

Cardan^'s  Solution  of  the  Cubic. 

86.  To  solve  the  equation  jr®-|-/>jr-|-y=0.  —  Leta;=y+2.     (1) 

Then,  {y  -f  zf  ^- p{y -\- z)-^q  =  0, 

or  f  +  ^  -^Syziy  +  z)'\-p(y  +  z)'\-q-Oy 

or  f  +  7^  +i3yz-hp)(y  +  2)+  ^  =  0.  (2) 

In  equations  (1)  and  (2)  we  have  a  system  of  two  equations 
in  the  three  unknown  numbers  x,  y,  z,  A  third  equation  is 
therefore  necessary.     Let  this  be  3  ya;  =  —  p.  (3) 

Then  equation  (2)  becomes  2/*  -f-  2^  4-  9  =  0.  (4^ 

Substituting  the  value  of  z  from  (3)  in  (4),  we  have 

From  (5),  3^=->|±^^  +  g.         ^ 

Then,  from  (4), 


Therefore, 


^=-,-^=-|.Vf^. 


wherein  the  upper  signs  go  together,  and  the  lower  together. 
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Observe,  however,  that  the  value  of  y+2J  is  the  same  whether 
the  upper  signs  or  the  lower  signs  be  taken.     Hence, 


In  this  value  of  x  each  cube  root  has  three  values,  apparently 
giving  nine  values  to  x.  But  a  cubic  equation  can  have  only 
three  roots.     This  apparent  contradiction  is  explained  thus. 

Each  pair  of  cube  roots,  values  of  y  and  2  respectively,  whose 
sum  is  X,  must  satisfy  the  equation  Syz  =  —  p, 

Let  yi  and  %  be  any  pair  of  cube  roots  which  satisfy  this 
condition.  Then,  by  Art.  83,  the  three  values  of  y  are  y^  y^a, 
yiu^'f  and  of  z  are  z^,  Ziu,  Zia\ 

We  have  3  yiZi  =  —  p, 

3  (yio)  {z^a%  =  3  y^z^cc",  =  -p, 

and  3  (y^a^)  (zio),  =  3  yiZ^a^,  =  -P', 

but  3  (y^a)  (z,a),  =  3  y^z^a^  ^-p; 

and  so  on. 

Therefore  the  values  oiy  -\-z,  and  hence  of  x,  are  restricted  to 

yi4-2i,  yia-\-z^a%  yia^-\-Zia. 

V7,  Although  the  above  solution  is  commonly  called  Cardan^s 
Solution,  after  Cardan,  who  first  published  it  in  1545,  it  is  not 
due  to  him.  The  solution  was  discovered  by  Tartaglia  and 
Ferreo,  independently  of  each  other,  about  1505.  Cardan 
obtained  it  from  Tartaglia. 

88.  The  chief  importance  of  Cardan's  solution  is  in  theoreti- 
cal rather  than  in  practical  applications.  The  more  general 
methods,  previously  given,  are  as  a  rule  to  be  preferred  in  solving 
numerical  equations. 

Ex.   Solve  the  equation  a:^  —  3x-\-2  =  0. 

We  have  p  =  —3,  </  =  2. 

Therefore,  x  =  ^-l+  ^- 1  =  -  2. 

The  depressed  equation  is        oc^  —  2x  +1]  whence    a;  =  1, 1. 
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These  two  roots  could  also  have  been  obtained  as  follows  : 

Since  t/j  =  ^i  =  —  1,  these  roots  are  —  a  —  a*,  =  —  a*  —  a  =  1, 
by  Art.  84. 

When  two  of  the  roots  are  equal,  or  two  imaginary,  the  third 
root  can  be  obtained  by  Cardan's  formula. 

When,  however,  the  three  roots  are  real  and  distinct.  Cardan's 
formula  does  not  give  a  practicable  algebraical  solution. 

General  Solution  of  the  Biquadratic. 

89.  One  of  the  various  solutions  of  the  biquadratic  equation 
follows. 

If  the  term  in  ic*  be  present  in  the  'given  equation,  it  is  first 
transformed  into  one  in  which  the  term  of  the  third  degree  is 
wanting.  We  therefore  assume  the  biquadratic  equation  in 
the  form  ^a  .^^^  4.  ga;  +  r  =  0. 

A  factor  of  this  equation  corresponding  to  two  real  roots  is 
of  the  form  ^^kx  +  k. 

Also,  by  Arts.  65-66,  a  factor  corresponding  either  to  a  pair 
of  conjugate  surd  roots,  or  to  a  pair  of  conjugate  imaginary 
roots,  is  of  a  similar  form.  Therefore,  whatever  be  the  nature 
of  the  required  roots,  we  may  assume 

= 0^  4- (^ + m)aj^ + (/c -f  n -f  7im)a:^  4- (/in -f  fcm)af -f  fcn. 
Equating  coeffieients  of  like  powers  of  x,  we  have 
h  +  m=:0,     (1)         A:  +  n-f /m=|),     (2) 
hn-^km  =  q,     (3)  kn  =  r.     (4) 

From  (1)  m  =  -K 

Then  (2),  (3),  (4)  become 
Tc^n^¥-^p,     (5)  n(n^k)=q,     (6)  hn^r,     (7) 

From  (5)  and  (7), 

Substituting  this  value  of  n  —  A;  in  (6),  squaring,  and  reduc- 
ing, we  obtain 

A«4.2p^*-h(p2-4r)A2_^^0^ 
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This  cubic  equation  in  A*  has  always  one  real  positive  root 
by  Art.  56  (i.).  When  h  is  known,  the  values  of  k,m,  n,  are 
easily  determined. 

Ex.   Solve  the  equation  a?*  —  9  a;^  —  12  a?  -f  10  =  0. 

Here  /)  =  -  9,  g  =  -  12,  r  =  10. 

Hence  the  cubic  in  h^  is 

A6_18^*4.41A«-144  =  0. 

A  root  of  this  equation  is  found  to  be  16.     Whence  h=  ±  4:. 

Let  us  take  ^  =  4.    Then  m  =  —  4,  and  from  (5)  and  (7), 
/c  4-  n  =  7,  kn  =  10;  whence  A;  —  w  =  ±  3. 

Taking  &  —  n  =  3,  we  obtain  k  =  5,n  =  2. 

The  required  factors  are 

aj*  4-  4  a?  4-5  and  a^  —  4  a;  4-  2. 

Taking  &  —  n  =  —  3,  we  obtain  &  =  2,  n  =  5. 

But  these  values  do  not  satisfy  (6),  since  4  (5  —  2)  :^  —  12, 
and  are  therefore  not  admissible. 

From  aj'4-4aj4-5==0,  we  obtain  x  =  —2  ±  y^—  1 ; 

and  from  a^-4aj4-2  =  0,  a;  =  2±  ^2. 

Had  we  taken  ^  =  —  4,  we  should  have  obtained  m  =  4, 
A:  =  2, 71  =  5.     These  values  give  the  same  factors  as  before. 

EXEBCISB  XIII. 

Solve  the  following  equations : 

1.  ir8  4.6a;-7=0.  2.  aj^- 27  a?  4- 54  =  0. 

3.  ar*-12aj-f  16  =  0.  4.  a^- 9a;4- 28  =  0. 

5.  aj8  4-24a;-56  =  0.  6.  aj^ - 48 a? - 128  =  0. 

7.  4aj»-3aj  +  l  =  0.  a   a^ -f  72 a; 4- 152  =  0. 

9.  a:8  4-9ar*4-21a;4-18  =  0.  10.  aj^- 6a^- 12a;-f  112  =  0. 
11.  3a^-f-3a^-lla;4-21  =  0.  12.  a:»-9a^H- 171a;- 755  =  0. 
13.  a?*-6a«-3a:4-2  =  0.  14.  a?*- 11«2^  lOaj-f  6  =  0. 

15.  a;*4.a;2^3ea:4.52  =  0.         la  a?*- 150^ -42a5-40  =  0. 
17.  iB*-4ar^+lla2-8a?4-18=0.  la  a;*-2ar»-6a* 4-a4-2  =  0. 

19.  a*4-3ar*-4a^-f  16aj  +  8  =  0. 

20.  80^-200^-300^-^40x^8  =  0. 
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